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PREFACE 



For some years the author has felt the want of a work on 
Mechanics for Elementary Students which would include 
(i) a discussion of the principles of the subject (commonly 
known as Theoretical Mechanics), (2) descriptions of and 
instructions for carrying out experiments in the laboratory, and 
(3) the application of the principles to the solution of easy 
problems of a more or less technical nature (generally called 
Applied Mechanics). 

The author has long felt that these cannot well be dis- 
sociated one from another, if a useful knowledge of the 
subject is to be imparted to junior or first-year students. 

On account of the distressing ignorance of the simplest of 
mathematics shared by some students, the author has been 
careful to avoid introducing matter which is commonly named 
"Mixed Mathematics," and in which the part played by 
mechanics proper is that of a peg upon which to hang a 
mathematical exercise. This has no doubt assisted in the 
past in deterring some students from willingly devoting to 
Elementary Mechanics that consideration and study which its 
usefulness should command. 

The author has been mindful of the fact that all teachers 
do not begin the subject at the same place, and in consequence 
the work has been so arranged that a start may be made with 
either chapters one, two, six, or eight. 

In the preparation of illustrations, scale drawings have 
been introduced where such were necessary to give proper 
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ideas of an object and, which is very important, to give a sense 
of proportion of parts. The introduction of mechanical 
drawing into schools has now become so general that no 
excuse is needed for this type of illustration, while the tech- 
nical student looks upon it as a language peculiarly his own. 

In some cases mere diagrammatic illustrations have been 
used, and especially is this the case where a complete scale 
drawing would be likely to complicate the figure without 
adding to the information imparted. 

Chapter V. may be considered rather above the capacity of 
the elementary student. It was introduced mainly on account 
of students in Building Construction who take a course in 
Mechanics, and, further, that it completes the course on the 
graphical representation of forces — a part of mechanics which 
is not seriously difficult because of the almost entire absence 
of calculation. 

The properties of materials have not been touched upon, as 
they are quite outside of the subject of Mechanics. 

Answers are given to a part only of the examples and 
exercises, so that teachers can please themselves in selecting 
questions with or without answers. Part of the examples have 
been selected from a number of public examination papers. 

One of the main ideas in the following pages is to- lead a 
student from the known to the unknown by easy stages. The 
rapid extension of laboratory instruction enables this to be 
done, while it gives the student a better opportunity of 
realizing the nature of the quantities with which he is dealing. 
In this way the subject will not be a mere collection of 
formulas, a condition into which it has sometimes fallen in the 
past. 

The author wishes to record his indebtedness to his 
colleague, Mr. Herbert Aughtie, A.M. Inst. M.E., for his kind 
assistance with some of the illustrations. 
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INTRODUCTION. 

In reading this work the student will require to be familiar 
beforehand with but little beyond the most elementary notions 
of Arithmetic and Geometry, and the solution of a simple 
equation. Trigonometry has been dispensed with, as it has 
been thought that its introduction would be a bar to the study 
of Mechanics by those who are ignorant of the subject; at the 
same time any reader familiar with the elerhents of Trigo- 
nometry can use it to advantage in solving some problems 
analytically, which would otherwise have to be done geometri- 
cally. 

The author is aware that there are a large number of 
junior and technical students who have not pursued the 
ordinary course in Elementary Mathematics, and for them 
these few lines of introduction are inserted to acquaint them of 
what will be required to be known by them for use in the 
following pages. 

Of course the teacher of a class would in general supply the 
same information, but it is hoped that this work will be used 
by students to aid them in their home work and private study, 
and hence these pages of introduction. 

Little legitimate progress can be made until a student can 
solve a simple equation, and hence it is here assumed that he 
has that knowledge. 

The following results in geometry are also assumed, but 
the student should satisfy himself of their accuracy by drawing 
the figures to scale, and testing by actual measurement. 

B 
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(i) The sum of the three angles of any triangle is equal to 
two right angles or i8o°. 

(2) The opposite angles between a pair of intersecting 
straight lines are equal. In Fig. i the angle A equals the 





Fig. 



Fig. ; 



angle B. Also the angle between two lines equals the angle 
between two perpendiculars to the lines. 

(3) In any right-angle triangle such as ABC (the right angle 
being at B), the square upon the hypotenuse equals the sum of 
the squares on the other two sides, or AC^ = CB^ + BA^. 

(4) If each angle of one triangle is equal to a corresponding 
angle of another triangle, the triangles are said to be similar to 




Fig. 3. — Similar triangles. 

one another, and their corresponding sides are proportional. 
Thus the triangle ABC has exactly the same angles as the 
triangle DEF ; then, if the triangles are arranged as in the 
figure with the angles of one triangle occupying similar 
positions to the angles of the other triangle, the ratio of the 
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side AB to the side BC is the same as the ratio of the side DE 
to the side EF, or, as it is sometimes written, AB is to BC as 
DE is to EF. 

This is generally written as — 



AB 
BC 



DE 

EF 



The side AB in one triangle corresponds to the side DE in 
the other triangle, and the side BC corresponds to EF. It will 
be noticed in the above equation that one pair of corresponding 
sides of the triangles is placed in the numerators, and the other 
pair in the denominators. 

The same relation holds for any two sides of one triangle 
and the corresponding sides of the other ; thus — 



or,- if we like — 



The similar triangles are seldom arranged with their 
corresponding sides parallel as in the last figure. Suppose 



AB 


DE 


AC 


" DF 


AB 


AC 


DE 


~ DF 




Fig. 4. — Similar triangles. 



they are found in the positions shown at PQR and STU. It 
may puzzle the beginner to write down the proportion of two 
pairs of sides. Proceed as follows :-r 
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Mark the equal angles so that they can be quickly recog- 
nized. In the figure their actual values in degrees have been 
written near them. Then — 

side opposite to iio° in one triangle 
side opposite to 50° in one triangle 

side opposite to 110° in the other triangle 
"~ side opposite to 50° in the other triangle 

Here a pair of angles have been selected for illustration, 
and it is obvious that any pair might have been selected. 

If we had liked, we might have written the proportion as 
follows : — 

side opposite to 110° in one triangle 
side opposite to 110° in the other triangle 

_ side opposite to 50° in one triangle 
side opposite to 50° in the other triangle 

(S) Two triangles are similar, if one angle in one is equal to 
one angle in the other, and any two sides of one proportional 
to the corresponding sides of the other. 




Fig. 5. 



(6) The angle in a semicircle is a right angle ; thus in Fio-. 
5, if AB is a diameter of the circle ADCB, and any point in 
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the circumference, such as C or D, be joined to the ends of the 
diameter, the angle included between the two lines is a right 
angle. 

(7) If any two straight lines in a circle intersect such as 
CD and FH in Fig. 6, then the product of the two parts of 
one line equals the product of the parts of the other. 

CE X ED = FE X EH 

Also, if A be any point outside a circle, and AB be a tangent 
to the circle, while ACD cuts the circle ; then the square on 
the tangent equals the product of the whole line cutting the 
circle and the part outside the circle^ 

AB^ = AC X AD 

The student should also make himself familiar with the 
matter relating to the vernier ; the equation to a straight line 
and the area of an irregular figure, all of which are dealt with 
at some length in the Appendix. 

The beginner may find that the experiments on Atwood's 
machine and band friction, the matter relating to the pendulum, 
the second proof of the expression for centrifugal force, the 
centre of pressure, and perhaps Bernouilli's theorem, could 
with advantage be left till revision or second reading, these 
items being rather more difficult to follow than the other parts 
of the book. 



CHAPTER I. 

SrJi£SS, STRAIN, AND FRICTION. 

Force (which we may define as a push or a pull) plays a very 
prominent part in the study of mechanics, and hence it will be 
necessary at the outset to be able to measure force, though at 
first only approximately. 

A Springs balance is used for measuring force approxi- 
mately, and is shown in Fig. 7. As the weight of a body is 
only the pull or force exerted on the body by the earth (due 
to gravity), the spring-balance will measure weight also 
(approximately). 

The standard unit of weight is one pound, and is the pull of 
the earth on a piece of platinum called the standard pound 
deposited with the Board of Trade in London. Innumerable 
copies and multiples of the standard pound have been made, 
and are used daily in commerce for weighing everything. 

The spring-balance (Fig. 7) consists of an outer brass 
shell S, containing a helical spring similar to that in Fig. 8, 
the upper end of which is fastened to the top of the shell, and 
the lower end to a smaller but similar brass tube T, which 
carries the pointer P. As weights are placed upon the hook H, 
the spring stretches and the pointer, P, moves down the scale. 
The balance is graduated in the following manner : with no 
load on the hook, the zero mark is made opposite the pointer. 
A one-pound weight is then put on the hook, and another 
mark made opposite the pointer in its new position. Successive 
pound weights are added, and the positions of the pointer 
marked on the brass shell S. Near the respective graduations 
are engraved the corresponding number of pound weights, and 
the balance is complete. 
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This method of graduation or calibration would produce 
a correct weighing balance, whatever the law of extension 
happened to be, provided the material of 
which the balance is made always behaved 
in the same manner, and if the pull of the 
earth on a body was always the same all 
over the surface of the earth. ^ 

' The pull of the earth on a body, or what is 
sometimes called the attraction of gravity, is not 
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Fig. 7- — Spring-balance. Fig. 8. Fig. g. 

Apparatus for experiments on helical springs. 

exactly the same all over the earth's surface, though the difference is not 



8 



Mechanics. 



It will be interesting to discover what this law is. The two 
pieces of apparatus (Figs. 8 and 9) are simple and useful for the 
purpose. The helical spring is suspended from a stout peg in 
the upper end of the frame, a cross-section of which is shown 
at the bottom of the figure. The lower end of the spring is 
hooked into a link or hook which passes through or is attached 
to the slider. To the lower end of the slider is attached a 
pillar with a foot at its lower end on which weights may be 
placed. A scale of inches and tenths, or centimetres and 
millimetres, is fixed to the frame, and a vernier on the slider. 
For a description of the vernier and the method of using it, see 
the Appendix. 

By putting weights on the load-pillar the spring will be 
stretched, and its extension can be read off on the scale. The 
apparatus in Fig. 9 is more suitable for springs of large diameter. 

The following are some observations obtained from an 
experiment on a helical spring : — 

Record of Experiment on Helical Spring. 
Date, March 10, 1902. Observer, R. R. Elliott. 

Number of coils = 40. 
Diameter of wire = o"i25 in. 
Diameter of coils, centre to centre = i in. 



Load. 


Scale-read ing. 


Load. 


Scale-reading. 


lbs. 


inches. 


lbs. 


inches. 





4-14 


IS 


5-89 


I 


4-25 


17 


6-13 


3 


4-59 


20 


6-47 


6 


4-85 


21 


6-59 


7 


4-96 


23 


6-8i 


9 


5-19 


25 


7-05 


13 


5-67 


28 


7-39 


"4 


578 


30 


7-63 



great. It is due to the diiferent distance from the centre of the earth of 
different places. Some idea of the difference may be gathered from the 
following figures, which are the different values of the pull of the earth in 
lbs. on the standard pound. 

At Greenwich, i lb. ; at Manchester, i '00018 lb. ; at Baltimore 
(U.S.A.), 0^9988 lb. ; at the equator, o'9969 lb. ; at latitude 45° and at 
sea-level, 0'9994 lb. ; and at the poles, l "002 lb. 
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Now take a piece of squared paper and set off a scale of 
pounds of weight along the base, as in Fig. 10, and set off 
along the vertical axis a scale of inches. 



;=■ 



\\ 



v-m 



v^. 




A 5C 

Fig. 10. — Extension of a helical spring. 
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Be careful to label each scale, stating what the 
scale represents, and always select the scale so that 
the side of one small square represents i or o'l or 0*5 
or 10 or 100. Do not arrange that the side of a large 
square should represent 2, or 4 or 7. 

Plot the observations in the table thus : Measure off 
OA = 3 lbs. along the base, and then above A mark the point 
B, so that its position is at 4*5 on the vertical scale. Next 
measure OC = 6 lbs. along the base, and mark the point D at 
a height 4*85 on the vertical scale. Proceeding in this way, 
the points shown by black dots are made to represent the 
observations in the table. 

These points, it will be noticed, lie approximately on a 
straight line ; hence, draw the straight line through them which 
will occupy the average position of the points ; that is, leave as 
many above as below the line. The position of this line can 
be most easily located by stretching a piece of thread along the 
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points and shifting it about until it appears to occupy the best 
position. A piece of celluloid or tracing-cloth with a straight 
line drawn upon it will do as well. 

Having drawn the average line through the points in Fig. lo, 
determine its equation as described in the Appendix. It is — 

ordinate = intercept + slope X abscissa 
or, scale reading = 4'i4 + o"ii6 X load 

This equation indicates that when the load is zero, the 
scale reading is 4*i4, and that the spring extends oTi6 in. for 
every i lb. of load put on the load-pillar. 

Now consider some load not used in the experiment, say 
10 lbs., and insert it in the above equation. We then find the 
corresponding scale-reading to be 5 '3 in. Now read off the 
line BD, Fig. 10 — the scale indication is 5 "3 in.; and finally 
return to the apparatus and put 10 lbs. on the load-pillar, and 
the reading is 5*3 in. We may state the results as follows : — 

Scale-reading with a load of 10 lbs. — 

derived from equation . . • 5'3 inches 
„ „ curve . . . ■ 5'3 .• 
„ experiment . . • S"3 » 

The coincidence of these numbers indicates that the experi- 
ment has probably been carried out with care, and that the 
results represent facts. The numbers will not always coincide 
exactly as those above do. 

Stress, Strain, and Young's Modulus of Elasticity. 
■ — ^If a rod of metal be pulled at its two ends by a force of 
P lbs., and the area of its cross-section is A square inches, the 
force per square inch of cross-section will be — 

P ,, total force 

lbs. = 



A ■ area of section 

This is called the stress in the material ; hence — 

total force 

stress = ,. -.- — 

area of section 

All substances are more or less elastic; that is, they change 
their dimensions temporarily when acted upon by force. 
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If the change of length, or extension, of the metal rod be 
measured, together with its original length, then — 

the extension 



the original length 

is called the strain of the material. This word " strain." will not 
be used in any other sense than this — the amount of extension 
or compression per unit of original length. 
The ratio — 

stress 



stram 



is called Young's Modulus of Elasticity, and is approximately 
constant for the same piece of material. 

It will now be appropriate to see what information can be 
obtained from stretching a piece of wire and measuring the 
extension produced and the force producing it. 

The apparatus used is shown in Fig. ii. The cross-piece 
at the top is made fast to an iron beam in the ceiling by two 
fang-bolts shown. From this cross-piece a wooden frame is 
suspended by two metal rods, A and B, something similar to that 
used with the spiral spring. In this frame is a slider S, to which 
is fixed a vernier V. The wire to be experimented upon is 
gripped between two plates on the crosspiece, and secured by 
a wing-nut W. The load-pillar is carefully weighed, and then 
attached to the wire (which is shown dotted in the fig.) just 
below the frame by winding the wire five or six times round the 
eye, and then two or three times round the vertical part of the 
wire or load-pillar. 

There is a small spring clip, K, on the slider, beneath which 
the wire is placed, the slider having been previously raised 
nearly to its topmost position. 

Measure with a tape the length of the wire from the under- 
side of the clips on the crosspiece to the middle of the spring 
clip, K, on the slider. Obtain the diameter of the wire with 
a rnicrometer caliper, or screw gauge, in two or three places, 
and take the average. (For a description of the micrometer, 
and how to use it, see Appendix.) Read the scale and vernier, 
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Fig. II.— Apparatus for straining wires. 
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with only the load-pillar on the wire, and enter the observations 
in a table as below. Put a single weight very carefully on the 
load-pillar, and then read the scale again. Repeat this until 
the wire breaks. Sometime before this happens, the wire will 
stretch considerably and take some little time in doing it. It 
should be allowed to finish stretching before the next load is 
applied. A record of some observations is given below. 

Wire-straining Experiment. 

Date, March 15, 1902. Observer, W. Wade, 

Material used — Copper wire. 

Object of Experiment. — To determine the breaking stress, the stress at the 
elastic limit, the percentage elongation at breaking point, and Young's 
modulus. 

Length of wire = 97 '6 in. 
Diameter = o'036 in. 
Sectional area of wire = O'ooio2 sq. in. 



Load. 


Scale-reading. 


Load. 


Scale-reading. 


lbs. 


inches. 


lbs. 


inches. 


O'O 


0-is 


15-0 


1-33 


2'0 


0-17 


17-0 


2-17 


3-5 


o-i8 


ig'o 


3-21 


5"° 


0-I9S 


2I-0 


4-39 


7-0 


0'2I 


23-5 


6-4 


8-0 


0-22 


25-5 


8-0 


9-0 


0-Z3 


27-5 


lo'os 


lo-s 


0-24 


29-5 


12-64 


I2'G 


0-3S 


3I-S 


160 


I4'0 


o'gi 


34-5 


23-4 



Now plot the observations on squared paper, as shown in 
Fig. 12. 

Between B and C the curve is straight, that is, the extension 
is proportional to the load, just as with the spiral spring ; but 
beyond C the material behaves in an entirely different manner. 
The part BC is called the elastic portion of the curve, and CD 
the plastic portion. The point C, where the elastic part ends, 
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is called the limit of elasticity ; the load at the elastic limit was 
io'5 lbs., and the stress there — 



_ load _ io'5 



area o"ooio2 



10,350 lbs. per square inch 




5 10 IS 20 

Scale Xea^i'nos incAeg. 

Fig. x2. — Load-extension curve, copper wire. 
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At the breaking-point the load was 34-5 lbs., and the stress 
was then — 

load ?4'i; o 11- • , 

= •'^ •' — = 33,800 lbs. per square mch 

area o'ooio2 

The elongation at the breaking-point was 23'4 — cij = 23"2S 
in., and the percentage this is'of the original length — 

extension „ 23'2« x 100 

= —, ; — X 100 = -5 — 2 = 23-g 

length 97-6 ^^ 

Young's modulus can best be found by replotting the obser- 
vations in the elastic portion of the curve to a very greatly 
enlarged horizontal scale as in Fig. 13, the numbers along the 
base being hundredths of an inch. Take any two points, Q 
and R on the line, and get the slope — 



But— 
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8 lbs. load 



RT 



o'o68 inches extension 



Young's modulus = 



stress 
strain 

load 

area 

extension 

length 

load 
extension 



length 
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Fig. 13. — Load-extension curve below elastic limit. 

Put in the value of the first fraction found above, together with 
the length and sectional area, and we get — 



8 X ^^ 



o'o68 o'ooi02 



11,250,000 lbs. per square inch 
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In the next figure a load- extension diagram is given for a 
piece of very soft annealed wrought iron. The peculiar 



35 



30 



25 



^ 



5S20 



% 
N 



Ol 



234567B9I0 

Scale readings in inches. 

Fig. 14, — Load-extension curve, annealed wrought iron. 
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extension CD at the beginning of the plastic stage is 
generally to be met with in wrought iron, which is not brittle 
or hard. The elastic line is not very straight. The first three 
points represent a straightening of the wire in addition to 
stretching. 



Record of Experiment on a Piece of Cast-steel Wire. 

Date, May 16, 1902. Observer, W. Wade. 

of Experiment. — To determine the breaking stress, percentage 
elongation at fracture, stress at elastic limit and Young's modulus of 
elasticity. 



Observations. 

Initial length of wire = 6 ft. \\ in. 
Mean diameter measured in five places = 0707 mm. = O'OzyS in. 
Mean sectional area of wire = o'ooo6o4 sq. in. 
Weight of load-pillar = o'3 lb. 
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Load on wire. 


Scale-reading. 


Load on wire. 


Scale-reading. 


lbs. 


inches. 


lbs. 


inches. 


1-3 


5-965 


27-3 


6 -095 


3 '3 


5-975 


28-3 


6- 10 


S"3 


5-985 


29-3 


6-105 


8-3 


6'o 


31-2 


6-115 


10-3 


6'oi 


36-4 


6-14 


123 


6-02 


41-5 


6-i6 


14-3 


6-03 


44-5 


6-i8 


"7-3 


6-04S 


46-7 


6-19 


20 '3 


6-o6 


49-7 


6-205 


21-3 


6 '065 


55-7 


6-235 


22-3 


6-07 


6o-8 


6-26 


23'3 


6-075 


65-9 


6-29 


24'3 


6-o8 


67-0 


6-33 


25-3 


6-085 


68-0 


broke 


26-3 


6-09 







S20 



--m 



These observations have been plotted in Fig. 15. 
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Scale-readings in inches. 
Fig. 1$. — Load, extension curve, cast-steel wire. 



Limit of elasticity is at D, where the load is 58 lbs. and 
58 



the stress = 



0-000604 



- = 96,000 lbs. per square inch. 



68 



Breaking stress = — "" — = 112,000 lbs. per square inch. 
° 0-000604 



1 8 Mechanics. 

Percentage extension ) f l'_37 r"_5!9^ ^ X loo 
at fracture ) \ 73-5 / 

= — 5_ = o"s6 
73'5 

This is obtained by taking points on the curve at no load 
and breaking load. These points are not shown in the 
diagram, Fig. 15. 

The points A and C on the curve were selected for the 
purpose of determining Young's modulus. AB = 56"6 — 8'3 
= 48'3 lbs.; CB = 6'24 — 6"o = o'24 inch. 

load 48'3 

,T 7 nT J 1 stress area o'oo o6o4 

Young's Modulus = = . = ■ 

stram extension o'24 

length 73-5 

= 24,500,000 lbs. per square inch. 

Results — 

Breaking stress = 112,000 lbs. per square 

inch. 

Stress at elastic limit = 96,000 lbs. per square 

inch. 

Percentage elongation at fracture = o"s6 

Young's modulus = 24,500,000 lbs. per square 

inch. 

Another experiment should now be carried. out on a piece 
of copper or iron wire ; but at some little distance beyond the 
elastic limit, the loads should be removed one by one and the 
observations noted. This is shown in Fig. 1 6 between C and 
D. Now replace the loads one by one, taking readings as 
before. When the previous maximum load has been reached 
the wire goes on stretching rapidly, the curve being a con- 
tinuation of ABC. After having stretched still more (up to 
E), remove the loads again, but this time two or three together. 
Replace them again a few at a time, and proceed with the 
experiment until the wire breaks at G. 

The parts AB, CD, and EF are straight and nearly parallel, 
indicating that Young's modulus is approximately the same 
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whether the material has been previously stretched or not. 
But the elastic limit is raised permanently by straining the 
material beyond the primary limit (B). 

When strained beyond the primary elastic limit, the material 
remains permanently stretched, or, as we say, it takes a per- 
manent set. For example, after the load had been removed 
the first time the wire was permanently longer by the length 

^S 27 27S. 2-8 615 6-2 6-25 63 



30 



25 



^ 



20 



■* 15 



¥ 



■-r- 
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Scale-readings in inches. 
Fig. 16. — Load, extension curves, soft-copper wire. 

AD, and after the second removal of the load, it was per- 
manently longer by the amount AF. The elastic lines AB, 
CD and EF, are shown by the dotted lines to a horizontal 
scale, twenty times as large as in the original figure, and from 
each of these Young's modulus has been calculated. The 
values obtained were 18,800,000, 16,600,000, and 16,300,000 
lbs. per square inch. 

The horizontal scales of these dotted elastic lines are shown 
at the top of the figure. 

Record of Experiment on a Piece of Soft-copper Wire. 
Date, May 10. Observer, W. Wade. 

Object of Experiment. — To determine the breaking stress, stress at 
primitive elastic, percentage elongation at fracture, and Young's 
modulus, and to show that the elastic limit is permanently raised by 
straining beyond the primitive elastic limit. 
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Observations. 
Initial length of wire = 67'6 in. 
Mean initial diameter = o'82 mm. = o'032 in. 
Mean final diameter = o'77 mm. 
Mean initial area of section = o'oooS i sq. in. 
Weight of load-pillar = o'3 lb. 



Load. 


Scale-readings in inches. 












Loading. 


Unloading. Loading. 


Unloading. 


Loading. 


lbs. 










0-3 


o-iS 


2-675 


— 


6-12 


6-12 


•■3 


oiSS 




— 


— 


6-13 


2-3 


o'i57 


— 


— 


— 


6-135 


3-3 


o-i6 


— 


— 


— 


— ■ 


4-3 


0165 


2-695 


269 


— 


— 


5 "4 


0-17 


— 


— 


— 


— 


6-4 


0175 


• — 


— 


— 


— 


8-4 


o-i8 


2-715 


2-715 


6-195 


— 


lo-S 


019 








6-18 


lis 


— 


2-73 


— 


— 


— 


I2'S 


O'20 




— 


— 


■ — 


J4-6 


0'2I 


— 


2-74 


— 


6-20 


i6-6 


0'24 


2755 


— 


— 


— 


17-6 


0-28 





— 


— 


— 


i8-6 


0-36 




2-76 


— 


— 


19-6 


0-51 


2-77 


— 


6-23 


— 


20"6 


072 


— 


— 


— 


— 


21-6 


0-99 


— 


— 


— 


6235 


22 '6 


1-34 


2-75 


— 


— 




23*6 


17s 




279 


— 




24-6 


2'20 


— 


2-8 


6-25 




25 '6 


2-8o 


2-8 


2-82 




— 


26-6 


— 


— 


3-45 


— 


6-27 


.27-6 


— 


— 


4'4 


— 


— 


28-6 


— 


— 


5'3 


— 


629 


29-6 


— 


— 


6-26 


— 


6-32 


3o'6 


— 


— 


— 


6-28 


775 


31-6 


— 


— 


— 


— 


9'3o 


326 


— 


— 


— 


— 


11-4 


33-6 


— 


- 1 -- 


— 


14-3 



Breaking stress 



_ iy(> _ 4Ij5°° 'bs. per square 
o-ooo8i inch. 

_ 15,400 lbs. per square 



Stress at primitive 1 _ 12-5 

elastic limit f ~ o'oooSi ~ inch, 

Stress at second ) _ 22-5 _ 27,800 lbs. per square 
' o-ooo8i inch. 



elastic limit 

Stress at third \ _ 
elastic limit j ~" 



22'5 _ 27,800 lbs. 
o'oooSi inch. 



per square 
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Slopes of I St, 2nd, and 3rd elastic lines respectively =226, 

200, and 196. 

Length 67 '6 „ 

■■ — T = ^-^ = 8^,i;oo 

sectional area o '00081 

Young's modulus = slope of elastic line X ^^ — 

area 

Substituting the above numbers, we get the following three 
values : — 

I st, 18,800,000; 2nd, 16,600,000 ; and 3rd, 16,300,000 lbs. 
per square inch. Mean 17,200,000 lbs. per square inch. 

Note. — There was a period of about ten minutes' rest 
between the unloading and reloading, represented by the 
second elastic lines. 

Here the rest has allowed it to recover a very small piece 
of its plastic extension. 

Example. — A steel tie-rod is 10 ft. long and ij in. in diameter. 
How much will it stretch under a load of 18 tons if Young's modulus 
for that quality of steel is 30,000,000 lbs. per square inch ? 

load 18 X 2240 lbs. 

stress = = 

area ir o 

— X — square m. 

4 4 
= 22,850 lbs. per square inch.^ 

^ . extension extension (in.) 





length 120 (in.) 




and Young's modulus (E) = ?^^ 
^ stram 




22^850 




extension (in.) 




120 


But E = 


= 30,000,000 lbs. per sq. in. Hence— 




22,850 X 120 

30,000,000 = ^-i y. r- 

' extension (in.) 




22,850 X 120 

or extension = — -^ 

30,000,000 




= o'ogi5 in. 



' This, and all other solutions, have been obtained by the aid of a pocket- 
calculator, which is equivalent in accuracy to a ic-in. slide-rule. 
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Example.— A square rod 12 ft. long and length of side I in. 
stretches ^ in. under a load of 4^ tons suspended at its extremity. 
Determine the stress in the material and Young's modulus for the 
material. 

_ load _ 4'5 X 2240 
area ^ 

16 
= 18,000 lbs. per square inch 

. . extension 32 

stram = — ; ^ — = .^- 

length 144 

= o'ooo6 

stress 18,000 



Young's modulus (E) = 



strain o'ooo6 

30,000,000 lbs. per square inch 



Example. — A steel tie-bar is used to draw together two walls of 
a building which have bulged. It is 2 inches in diameter, it is placed 
in position, and the nuts tightened with the bar at a temperature 
of 120° F. What pull will it exert to draw the walls together when 
it cools down to 50° F. Young's modulus for the material is 12000 
tons per square inch, and the linear co-efficient of expansion of 
steel is o'ooooo;. 

Let F = force in tons exerted by cooled rod. Then — 

force F . . , 

stress = = tons per square mch 

area tt 

4X4 

The extension of the bar due to the given rise of temperature of 
70° F = 70 X 0-000007 X length. Then — 







extension 
^'™"= length 








70 X o*ooooo7 X 


length 




^ length 








= 0-00049 








F 




12,000 = 


= E 


stress X 
stram 0-00049 




therefore F = 12,000 x O'ooo49 x ir 








= i8'7 tons. 
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Experiment on String. — It is interesting to subject 
other materials to the same treatment as described in the last 
experiment. A piece of hard string, very much like whipcord 
in appearance, was loaded like the wire, with the result indi- 
cated by the curve in Fig. 17. The diameter of the cord was 
o"o5S in., and the length 5 ft. 6 in. 

The curve indicates that there is scarcely any elastic stage, 
as with the copper wire, and certainly there is no plastic stage. 



40 



30 



^ 



20 



I 

^ 



10 



■ 



11 



I 



12 3 4-5 

Fig. 17. — Load, extension curve, hard string. 

as the curve turns upwards and not downwards, as is the case 
with the wire. Percentage elongation = -7- x 100 = 6"6. 



Breaking stress = 



43 



= 18,200 lbs. per square inch. 



0785 X 0-05S' 

Professor Barr's Autographic Wire=straining Appa- 
ratus, as made by Mr. Cussons, is shown in Fig. 18, while a 
detail of the recording arrangement is shown in the next figure. 
The wire to be strained is W, secured in a clip at C, the load 
being gradually applied by allowing fine shot to pass from the 
vessel R, through T, into the load-can V. The weight of shot 
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c-p? 



.p_ 




w 






p 

Q 




B 



m 



in R is proportional to the ex- 
tension of the spring S. A fine 
thread, C, shown dotted, is at- 
tached to the end of the spring, 
and passes round a small pulley, 
round the drum D, and over 
another pulley to the small 
weight B. As the end of the 
spring moves, the thread C com- 
pels the drum D to rotate and 
thus record the increase of load 
in V. The pen or pencil at P is 
coupled to the wire W by a light 
spring clip, and it slides along 
the rods Q. In this way the 
extension of the wire is recorded 
on paper on the drum D. 




Fig. i8 Professor Earr's apparatus 

for automatically recording the load 
—extension curve. 



Fig. ig. — Details of pen attach- 
ment. Barr's recorder. 
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Friction. 

The Resistance of Friction is most easily found in the 
following manner : — 

A stiff plank, A, Fig. 20, with a fairly smooth upper surface 
is supported on a couple of legs or on a table. On the plank 




Fig. 20. — Apparatus for experiments on friction. 



rests a slider, B, connected to a scale-pan or load-pillar by a 
strong string. 

The load-pillar is weighed, as is also the slider, B. 

A weight of say 7 lbs. is placed upon the middle of the 
slider, and smaller weights are placed on the load-pillar at P. 
These weights may be conveniently 1 lb. each. Smaller weights 
of yg- lb,, Y^ lb., etc., may be placed at Q. 

It will be found at the beginning of the experiment that 
more weights are required on the load-pillar to start the slider 
than are required to keep the slider moving slowly along the 
plank. This suggests that there are either two different frictions, 
one of rest and the other of motion ; or that, while at rest, the two 
surfaces in contact appear to be able to adhere to one another 
more closely than while in motion. Both of these frictions 
must be experimented upon, but we will first deal with the 
friction of the surfaces while they are in motion, called sliding 
friction. 
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As the slider will not start with a force sufficient to keep it 
moving, it must be started by hand. This may be done by 
tapping the plank, A, with the knuckles or by pushing the 
slider gently with the hand. The latter method is generally 
preferable, but great care should be taken not to start the 
slider with a rush. To prevent this, it is better to rest the 
hand firmly on the plank A, and then gently push the slider. 
This prevents the hand from imparting any appreciable impetus 
to the slider. 

The weight on the load-pillar must be carefully adjusted so 
that the slider moves very slowly and at a uniform rate along 
the plank A. 

Now add another weight to the slider, and repeat with 
six or eight different weights. Tabulate the observations as 
below. 



Experiment on Sliding Friction. 

Date, May lo, 1902. Observer, W. Wade. 

Object of Experiment. — To determine the relation between the resistance of 
friction and the pressure (between the surfaces in contact) which pro- 
duces friction ; when the surfaces are in actual uniform motion. 



Weight of slider = 4"4 lbs. 
Weight of load-pillar = 07 lbs. 
Kind of material = oak. 



Pressure between 


Resistance of 


surfaces, producing 


friction = force 


friction. 


parallel to surfaces. 


lbs. 


lbs. 


11-4 


i-S 


i8'4 


27 


22 '4 


3'5 


29-4 


4-3 


39 '4 


57 


50-4 


7'3 


6o.'4 


87 


74 '4 


10-8 


88-4 


12-8 


Ii8'4 


17-2 



Result — Friction = o'i4S x pressure between surfaces. 
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Now plot the pressure between the surfaces along the base 
(Fig. 21), and the resistance of friction vertically upwards. We 
find the points lie on a straight line through the origin whose 
equation ^ is — 

Resistance of Friction =o'i45 X pressure between surfaces. 

The number o"i45 is called the co-efficient of sliding friction. 

Static Friction, or the friction between surfaces at rest 
can be determined in the same manner, the only difference 
being that the slider is not started by hand. As the slider 
now starts off with a rush, it is necessary to prevent damage 



I7S 



§12-5 



K 10 



« 



'S'J-S 



^ 



2-5 
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10 20 30 40 SO 60 70 80 90 100 110 120 

Pressure befween surfaces mU»s. 

Fig. 21. 

and noise to stop it immediately after it has started. This can 
be done by placing the fingers and thumb of one hand astride 
of the cord about an inch in front of the slider and pressing 
firmly against the plank A. This will stop the slider immediately 
after starting, if the load is not great. 

The results are more or less irregular, and it is not an easy 
matter to carry out the experiment properly. The principal 
result to be noted is that the friction between surfaces at rest is 
considerably greater than between the same surfaces in motion. 



See Appendix for method of obtaining the equation to a straight line. 
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These experiments on friction indicate that the force or 
pressure producing friction acts perpendicular to the surfaces 
in contact, and that the resistance of friction acts along or 
parallel to those surfaces, and in a direction opposite to that 
in which motion takes place. 

A further examination of the nature of friction may be 
carried out in the following way. 

A heavy slider, A (Fig. 22), or a slider having a weight K 
attached to it, is supported by a spring-balance, S. The 
pressure between the surface of the 
slider A and the plank P may be 
produced by a weight E applied at 
the end D of a bent lever, DBC. At 
C a roller turns freely on a pin fixed 
in the lever, and presses A against the 
plank P. If the arms DB and BC are 
of equal length, the pressure of the 
roller on the slider will be equal to 
the weight E. Let the slider be 
moved slowly upwards over the plank 
by pulling steadily on the spring- 
balance. This is not easily accom- 
plished by hand, but if a cord be 
attached to a spring-balance, and the 
other end passed round a drum or axle, 
which is driven through a worm and 
worm-wheel or other mechanism for 
reducing speed, it can be easily done, 
or, as in the figure, a fly-wheel can be 
attached to the spindle, the rim of 
which can be easily moved by hand. 
The force indicated by the balance 
is greater than the weight of the slider plus the weight K, 
the excess of force being that required to overcome friction. 
Let W = weight of slider -|- K ; 

then spring-balance indication = W -f- friction. 

Now let the slider move downwards. Friction always acts 




Fig. 22. — Friction 
apparatus. 
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M'/^/if E Oft levr/: 

Fig. 23. 



N 



against motion, and hence its direction is now upwards, thus 
relieving the spring-balance of some of the weight on its hook. 

Then spring-balance indication = W — friction. 

Repeat the observations with different weights at D. Then 
plot the spring-balance indications vertically as in Fig. 23, the 
corresponding values of E 
being plotted horizontally. 
Thus MN represents the 
spring - balance indication 
when the weight E is given 
by ON and the motion is 
upward. NR represents W, 
and consequently RM repre- 
sents the resistance of friction 
to the same scale. During 
the downward motion NQ 
was the balance indication 
and RQ the friction. RQ = RM, and consequently QM 
must be twice the resistance of friction. Also if a line RL 
be drawn bisecting the space between LM and LQ, the 
ordinate to this line, such as NR, must represent the balance 
indication When there is no friction. This will be found useful 
in the next article, and later in the consideration of the friction 
of some of the machines. 

It gives a means of measuring both the friction of a 
contrivance and of the result without friction. There are very 
few experiments or operations which can be carried out without 
friction coming into play somewhere or other, and then, if it 
is appreciable, it must be accounted for and measured. 

The Determination of Young's Modulus with a 
greater degree of accuracy than in the experiment previously 
described, can with advantage be dealt with here. In Figs. 12 
and 14 the difficulty experienced in measuring extensions 
within the elastic limit was on account of their smallness. To 
render these more easily measured, they must be greater in 
magnitude, or more delicate apparatus must be employed for 
the purpose of measurement. The former method is the one 
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Wfo/ffO/cci- 



adopted here. Instead of a wire from 4 to 5 feet long, one 

from 40 to 100 feet in length is used (Fig. 24). It is 

made fast at one end to some 
fixed and rigid material, such 
as an iron beam in the ceiling 
of the laboratory, in a manner 
similar to that shown in Fig. 11, 
or to a bolt cemented in the 
wall. The wire is taken hori- 
zontally as far as possible and 
then over a pulley, P, to a 
slider, S, fitted with a scale and 
vernier similar to that in Fig. 
II. The wire, if over 40 feet 
in length, should be supported 
on a couple of pegs driven into 
the wall at two intermediate 
positions. This prevents sagging. 
A weight of a few pounds 
is permanently fastened to the 
end of the wire, so that it is 
always ready for use. The load 

applied is never sufficient to stretch the wire beyond the elastic 

limit. 

The stretching weights are applied with extreme care, so 

that there shall be no chance of a jerk or shock, and they 

must be removed with equal care. The following is a record 

of an experiment. 



Fig. 24. — Apparatus for determining 
Young's modulus. 



Experiment on a Long Wire. 

Date, March 12, 1902. Observer, W. Wade. 

Object to determine Young's Modulus. 
Material, cast steel. 
Length of wire = 98 ft. 

Diameter = 0*525 mm. = 0*027 "'• 
Sectional area = 0*000345 sq. in. 
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Load. 


■ Scale-readings. 


Load. 


.Scale-readings. 












Loading. 


Unloading. 




Loading. 


Unloading. 


lbs. 


inches. 


inches. 


lbs. 


inches. 


inches. 





2-94 


3 '02 


10 


4'lo 


4'2S 


I 


3-o6 


3-tS 


II 


4-22 


4-37 


2 


3-17 


3'Z7 


12 


4-33 


4-48 


3 


3-28 


3-39 


13 


4*44 


4 '60 


4 


3'40 


3-51 


14 


4"S6 


472 


S 


3-52 


3-64 


15 


4-68 


4-83 


6 


3-63 


377 


16 


4-80 


4'94 


7 


374 


3-88 


17 


4-92 


5-05 


8 


3-86 


4-00 


18 


5-03 


— 


9 


3=98 


4''3 









Now plot the observations as in Fig. 25, the loads being 
measured upwards and the scale readings horizontally. There 
will be two lines because there are two sets of observations, 
one for loading and the other for unloading. 

We have seen in Fig. 23 that the vertical intercept between 
th6se two lines represents twice the friction of the apparatus, 
hence draw the dotted line CA, bisecting all the intercepts. 
Then the abscissa of any point on this line represents the scale- 
reading which would have been obtained with the correspond- 
ing load if there had been no friction. 

Evidently this is what we require, hence treat the dotted 
line CA (Fig. 25) in the same manner that the line BC was 
treated in Fig. 13. Its slope 

AB 13*5 lbs. of load 
BC ~ I '6 in. of extension 

Substituting this in the expression for E, we get — 

load 
stress area load X length 



E = 



strain extension extension X area 



length 

13-5 X 98 X 12^ 
1-6 X o'ooo345 



28,800,000 lbs. per square inch 
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The Friction of a Simple Pulley turning on its spindle 
can be found by suspending weights on the ends of a cord 



•3 
IS 



i 



is 



■ i\ 



IV- 



W 



275 3 3-25 3S 4 45 5 

Scale-Headings in inches. 

Fig. 25. 

passed round the pulley, as shown in Fig. 26. The excess of 
weight on one end over that on the other represents the 
amount of friction as measured at the 
circumference of the pulley. 

A certain weight, say 5 lbs., is placed 
on each end of the cord, and then further 
small weights are added to those on one 
end, until that end moves sloivly downwards 
after having been given a start in the same 
manner as described in the experiment on 
friction some pages previously. Let P be 
the total weight on one end of the cord 
and Q the total weight on the other : then 
Q — P is the amount of friction measured 
at the surface of the pulley, and P + Q + 
weight of pulley is the pressure on the 
spindle which produces friction. 
Use a number of different weights and tabulate the results 
as below. The actual resistance of friction tending to prevent 
rotation occurs at the surface of the spindle, and not at the 




Fig. 26. 
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surface of the pulley, and equals that measured at the surface 
of the pulley multiplied by — 

Where P = diameter of pulley 
and d = „ „ spindle. 



Experiment on the Friction of a Simple Pulley. 

Date, May i, 1902. Observer, C. S. Scott. 

Object of Experiment. — To determine the relation between the friction of a 
pulley on its spindle and the total load on the pulley producing 
friction. 

Diameter of pulley = 7'S in. = D 

Diameter of spindle = 0'6 in. = d 

„ . D 
Ratio — = I2'5 
a 

Weight of each load-pillar = i lb. 
Observations, 











p 


P. 


Q- 


, P + Q. 


Q-P. 


Q 


I 


IT 


2T 


o-i 


0-91 


2 


2-IS 


4-lS 


0-15 


0-93 


3 


3-2 


6-2 


0-2 


0-94 


4 


4 -25 


8-2S 


0-25 


0-94 


s 


5-3 


IO-3 


o'3 


0-942 


6 


6'3S 


12-35 


0-3S 


0-944 


7 


7-4 


14-4 


0-4 


0-945 


S 


8-45 


16-45 


0-45 


0-948 


9 


9-5 


18-S 


0-5 


0-95 


10 


IO-S5 


20-SS 


0-5S 


0-95 


12 


12-65 


24-65 


0-65 


0-95 


14 


147s 


28-75 


0-75 


0-95 



Plot the values of P + Q horizontally, and those of Q-P 
vertically, and we get the straight line AB (Fig. 27) whose 
equation is — 

Q - P = 0-05 + 0-0244 (Q + P) 
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or- 



Resistance of friction measured 



and- 



at peripiiery of pulley 



Resistance of friction at surface 
of spindle 



I = 0-05 + 0-244 (Q + P) 

} 



= resistance measured at 
periphery X -z 



= 12-5 [o-o5 + 0-0244 (Q + P)] 
= 0-625 + 0-305 (Q+P) 

The number 0-305 is the coefificient of friction ; but the total 
load on the spindle = (P + Q + weight of pulley) ; and the 
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Fig. 27. 



20 
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30 



resistance of friction at surface of spindle = coefficient of 
friction X total load = 0-305 (P + Q + weight of pulley). 
This same resistance of friction also = 0-625 + °"3°5 (Q + ?)• 
Equating these equals we get — 

0-305 + weight of pulley = 0-625 

. „ 0-625 ,1 

and weight of pulley = — , — - = 2-05 lbs. 
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If the line AB, Fig. 27, is produced backwards to meet the 
base line, it will do so at a point 2*05 to the left of zero. This 
indicates that if the weight of the pulley could have been 
ascertained by weighing and added on to P + Q in column 
three of the table, then the line AB would have been shifted 
to the right, parallel to itself, a distance 2 '05 lbs. on the 
horizontal scale, and the line AB would then have gone through 
the origin like the line in Fig. 21. 

Example. — A horse pulls a cart which weighs 15 cwt. and is 
loaded with i ton. If the co-efficient of friction at the surface of 
the axle is o"2, and the diameters of the axle and cart-wheel are 
2 ins. and 4 ft. respectively, what force does the horse exert on the 
level in hauling the cart ; there being no other resistance than the 
friction of the axle ? 

Total weight producing friction = 175 tons = 175 x 2240 lbs. 

Resistance of friction at surface of axle = 175 x 2240 x o"2 lbs. 

Resistance at the surface of the wheel — 

= — X 175 X 224 X 2 

= ~ X 175 X 224 X 2 
48 

= 32'6 lbs. 

In the actual case, there is a considerable amount of resistance 
at the surface of the road in addition to the above. This resistance 
is of such a nature that we are not able at this stage to investigate 
its nature and amount. If there had been no wheels to the cart 
and the coefficient of friction between the cart frame and road 
were still o'2 ; what would be the necessary force to haul the cart 
and load on the level ? 

Total load producing friction = 175 x 2240 lbs. 
Resistance of friction = co-efficient x load. 

= 0-2 X 175 X 2240 

= 787 lbs. 

We are now able to see the use of wheels in reducing the force 
necessary to haul loads over a rough surface. 
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Summary of Chapter I. 

1. The extension of a helical spring is proportional 
to the load producing extension. 

2. Stress is the force or load per unit of area. 
Strain is the extension per unit of length. 

Young's Modulus of Elasticity = - — ;- 

stram 

3. The Resistance of Friction = a coefficient X total 
perpendicular pressure between the surfaces in con= 
tact. 

Examples on Chapter I. 

1. An iron rod, of I in. diameter and 12 ft. in length, stretches ^ in. 
under a load of 6 tons suspended at its extremity. Determine the stress, 
and modulus of elasticity of the bar. 

Ans. Stress = 7 '6 tons per square inch. Young's modulus 11, Soo tons 
per square inch. 

2. What do we mean by stress, strain, and modulus of elasticity ? 

A wire 10 ft. long and J sq. in. in sectional area, is hung vertically, and 
a load of 450 lbs. is attached to its lower extremity, when the wire stretches 
o'ois in. in length. What are the stress and strain respectively? And 
also the modulus of elasticity ? Ans. 28,800,000 lbs. per square inch. 

3. Define the following : — Stress, strain, Young's modulus. 

A wire 20 ft. long stretches J in. under a load of 9 lbs. Young's 
modulus 30,000,000 lbs. per square inch. Find the diameter of the wire. 

Ans. O'oi9i4 in. 

4. How would you find out for yourself the behaviour of steel wire 
loaded in tension till it breaks ? What occurs in the material ? Use the 
words stress and strain in their exact senses. 

5. What do you understand by stress and strain respectively? If an 
iron nod, 50 ft. long, is lengthened by J in. under the influence of a stress, 
what is the strain ? Atis. ^. 

6. A steel tie-bar is used to draw together two walls of a building which 
have bulged. It is 2 in. in diameter ; it is placed in position, and the nuts 
tightened with the bar at a temperature of 120° F. : what pull will it exert 
to draw the walls together when it cools down to 60° F. ? Assume the 
modulus of elasticity = 12,000 tons per square inch, and that the coefficient 
of linear expansion per degree F. for steel is o'ooooo?. Ans. IS'84 tons. 

7. The connecting-rod of an engine is to have a working stress of 4000 
lbs. per square inch, both in tension and compression, and it is required to 
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transmit a load of 14,950 lbs., its length is 75 in. ; what diameter must it 
be ? And how much will it change its length during working ? E = 
30,000,000 lbs. per square inch. 

Ans. Diameter 2'i82 in. ; change of length 0"02 in. 

8. The length of a rod of iron is 15 ft. and Young's modulus of the iron 
is 24,000,000 lbs. per square inch ; what is the diameter of the rod if a 
load of S'S tons produces an extension of 0'I2I in. 

Ans. Diameter = egg in. 

9. A mild-steel tie-rod in a roof is 12 ft. 6 in. long, it is if in. in 
diameter, and carries a load of I3'6 tons. What is the stress per square 
inch in lbs., and how much will the rod elongate under this load ? 

10. Describe carefully how you would carry out a tensile test of a piece 
of mild steel, so as to be able to draw a stress-strain curve (a) for nominal 
stresses per square inch of original area, (b) for the actual stresses on the 
actual cross-section at each instant. 

1 1. The connecting-rod of a steam-engine has the following dimensions : 
Length 50 in. ; diameter 2j in. The diameter of the cylinder is 10 in., and 
the steam pressure 90 lbs. per square inch. How much will the rod alter 
its length during one revolution? Assume modulus of elasticity I2,ooo 
tons per square inch, and neglect effect of obliquity of the rod. 

Ans. O'0O54 in. 

12. The diameter of the cylinder of a steam-engine is 9 in., and the 
steam pressure 60 lbs. per square inch. What must be the diameter of the 
piston-rod if the tensile stress in the body of the rod is not to exceed 3000 
lbs. per square inch? Ans. Diameter i'26 in. 

13. Explain carefully, with the aid of a diagram, the behaviour of a 
piece of good wrought-iron when tested in tension to destruction by gradu- 
ally increasing the load. Show how you could obtain the value of the 
modulus of elasticity of the material from the experiment. 

14. Define stress and strain. A rod of metal is |-in. square in section. 
The modulus of elasticity of the material is 20,000,000 lbs. per square inch, 
and when the rod is loaded with 800 lbs., the extension is 0-072 in. The 
elastic limit is not reached. Calculate the original length of the rod. 

1 5. During a test of a piece of |-in. hard round steel bar in compression 
it is found that a length of 20 in. is shortened by o'oo7 in. under " total 
load of 2 tons. What isithe squeeze modulus of elasticity in lbs. per square 
inch for this quality of steel ? 

Note. — Squeeze modulus is simply Young's modulus. 

16. How would you experimentally determine the nature of the friction 
between clean, smooth surfaces, say of oak, and what sort of law would 
you expect to find ? 

17. A locomotive weighs 54 tons, of which40 tons are upon the coupled 
driving wheels. Supposing the co-efficient of friction between wheel and 
rail to be 0*27. What is the maximum load of the train which it can haul ? 
Assuming the required tractive force to be 20 lbs. per ton on the level. 
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i8. The load upon a spindle is 15 tons, its diameter being 8 inches. 
What force applied tangentially to the circumference of a wheel 6 ft. 
diameter fixed on the spindle would be required to overcome the resistance 
of friction of the bearing ; the coefficient of friction being 0^04 ? 

19. The following observations were taken in a friction experiment. 
Plot them on squared paper and deduce, as accurately as you can, an equa- 
tion which will represent the relation between friction and the pressure 
between surfaces in contact. 



Friction in lbs 


o'8s 
4 


I '4 
7 


2-25 
II 


2-7 
14 


4-1 
21 


5-6 
28 


IS 




7-2 

36 


10 

50 


Tn-8 


Pressure between surfaces in lbs. . 


30 


54 


20. A wire, 55 in. long and 0-023 in. diameter, is strained with the 
results given below — 


Load (lbs.)' 

Scale-reading in centimetres 


I 
■i7'i7 


3 
17-23 


6 
17-31 


3 
17-37 


9 
17-45 


10 
19-85 


H 
22*9 


12 
26-94 


14 
44 



Calculate Young's modulus and the stress at the last observation. 



CHAPTER II. 

REPRESENTATION OF FORCES BY LINES. 

A force (push or pull) can be completely located and described 
when its amount or magnitude is known, when its position in 
space or line of action is known, and when its direction along 
that line is known. 

These three attributes of a force can be completely ' 
represented by a straight line ; for the magnitude of the force 
can be represented (to some previously selected scale) by the 
length of the line ; the position or line of action of the force is 
represented by the position of the linej and the direction of 
the force by the arrow-head placed on the line. Thus the 



B 



Scale — lo lbs. to i inch. 
Fig. 28. 

length of the line AB (27 in.) represents a force of 27 lbs. to 
a scale of 10 lbs. to i inch in the horizontal position acting 
from A to B. 

If forces can be represented by lines, then forces must obey 
the laws of lines, and consequently can be treated in every way 
just as lines can. 

By way of introduction, we will take the following simple 
problem : — A man walks 2 miles due north, then 2f miles due 
east, then 4 miles south-east, and finally 2 miles south-west. 
How far is he then away from home, or, in other words, what 
is the net result of his walk, measured from the starting-point ? 

Select some scale, such as 2 miles to the inch. Also select 
a starting-point, S (Fig. 29). From S draw ST in the direction 
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in which the man walked, and of such a length that it represents 
2 miles to a scale of 2 miles to i inch. Similarly from T 
draw TU to represent 2f miles in the direction due east. Then 
from U draw UV to represent 4 miles south-east, and finally 
VF to represent 2 miles south-west. The man is now a distance 
represented by SF = 475 miles away from home. 

In other words, the final result (as regards distance from 




Fig. 29. 

the starting-point) is just the same, whether he walks directly 
from S to F along SF or from S to F along STUVF. The 
line SF is called the resultant, because it represents the net 
result of the man's walk. 

It must be noted that whichever path is taken by which to 
arrive at F (the finishing-point), the sense of direction as 
indicated by the arrow-heads is from S (the starting-point) 
towards F. Thus the resultant has the same sense of 
direction as the components, namely, from the start- 
ing-point towards the finishing-point. 

It must also be noticed that the component lines ST, TU, 
etc., were drawn parallel to the directions in which the man 
walked. 



Representation of Forces by Lines. 



41 



When we come to represent forces by lines, we shall pro- 
ceed in exactly the same manner as above, where distances 
were represented by lines; because we may treat forces in 
exactly the same manner as straight lines, on account of forces 
being represented by lines. 

Example.— Forces A = 17 lbs., B = 13 lbs., C = 22 lbs., and 
D = 9 lbs. act together upon a body in the directions shown in 
Fig. 30. Find their resultant force. (Note that the lines in 
Fig. 30 only indicate the directions of the forces, and do not 
represent them in magnitude.) 

Proceed in exactly the same manner as in the last problem. 




Fig. 30. — Position diagram. 



s^— 



Residtanf_ __^^ 




Fig. 31. — Force diagram. 



Choose your scale — say 20 lbs. to i in. Select any starting-point, 
S, Fig. 31, and draw from S a line parallel to either of the forces ; 
say SP parallel to A.' Mark off SP a length to represent A = 17 




Fig. 32. — Harrison's clinograph. 



' This can be most easily and accurately done by means of the clino- 
graph shown in Fig. 32. It has a stiff joint at D like a 2-ft. rule, which 
retains it in any position after being set. It is used with the edge E in 
contact with the edge of a T-square on a drawing-board. By sliding the 
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lbs. to the scale of 20 lbs. to i inch, and put on it the arrow-head 
similar to A. Then from P draw the line PQ parallel to and in the 
same direction as B, and of a length representing B = 13 lbs. to 
the given scale, at the same time adding its arrow similar to B. 
From Q draw QT, representing C, and then TF, representing D, to 
the same scale as before. The resultant is represented by the line 
SF joining the starting- to \}ci& fmisMng-^o\vA, and its direction 
is indicated by the arrow-head— from starting to finishing 
point. 

We can now write down the general method of finding the 
resultant of any number of forces in the same plane. 

(i) Choose a scale of forces, and write it on your paper 

near to where the force diagram is to be drawn. 

(Some multiple of 10 lbs. or tons to the inch will 

be found most convenient.) 

(2) If the position diagram is not given, draw it upon 

your paper. 

(3) Choose a starting-point, S, and from it draw a line 

parallel to (and in the direction of the arrow on) 
any one of the forces, and mark off from S the 
length of the line to represent the given force to the 
above scale. Put the arrow on the line just drawn. 
From the end of this line, remote from S, draw 
a line parallel to (and in the direction of) one of the 
remaining forces, and mark off its length to repre- 
sent the given force to the scale given above. 
Repeat this construction for all the forces given. 

(4) The resultant is represented by the line drawn from 

the starting-point S to the finishing-point, and its 
direction is always from the starting-point. 

(5) It is useful to write near each line the number 

denoting the magnitude of the force it represents. 
It may also be convenient to distinguish the result- 
ant by a dotted line or some other artifice. 
A number of examples should now be worked by the 

student before passing on to the next few paragraphs. These 

will be found at the end of this chapter. 

clinograph along the edge of the T-square a number of parallel lines, such 
as C and B, can be drawn parallel to the edge A. 
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Example — The resultant of the forces (Fig. 33) A = 35 lbs., 
B = 21 lbs., C = 29 lbs., D = 18 lbs., X lbs. and Y lbs. is R = 
24 lbs. Find the magnitudes and sense of direction of X and Y. 

Method. — As directed above, select a starting-point S (Fig. 34), 
and draw the lines a, b, c, and d to represent the forces A, B, C, 
and D in Fig. 33. Also draw r to represent the resultant R. This, 
as in the previous figures, must be drawn ^o;« ^. 

There are two more lines required to complete the force diagram, 
and these lines must be parallel to X and Y, and fit in between the 




Fig. 33.— Position diagram. 




Fig. 34. — Force diagram. 



ends of d and r. Hence through the end of d draw a line parallel 
to X, and through the end of r draw a line pairallel to Y. These 
lines will intersect, if produced far enough, and their lengths x and 
y will represent the forces X and Y. The arrows on x and y must 
follow round the figure in the same direction as those on a, 6, c, 
and d. 

The student should draw these worked-out ex= 
amples to a large scale on paper, as directed by the 
method given above. This will familiarize him with 
the method quicker than anything else. 



Example.— Four forces A = 16 lbs., B = 13 lbs., C = 157 lbs., 
and D = 147 lbs. together produce a resultant R = 23 lbs., as 
shown in Fig. 35. Find the inclination of C and D to the horizon. 

Method. — As in the previous example, draw from a starting- 
point S (Fig. 36), the lines SQ, and QP representing in magnitude 
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and direction the forces A and B. Then put in the resultant SF. 
The other two hnes must begin at P and terminate at F. Their 
lengths represent 157 lbs. and 147 lbs. respectively. Hence with 
P as centre and radius representing 157 lbs. describe an arc. 
Similarly with F as centre and radius representing 147 lbs. 
describe an arc cutting the other arc in T and T^. Join PT and 
FT, and put in the arrows from P towards F. Then PT and TF 




Fig. 35- — Position diagram. 



v , 
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\i 
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F 


H 


Fig. 36.— Force diagram. 



w 



represent in magnitude and direction the forces C and D. Their 
respective inclinations to the horizon (FH) are 73° and 15°. 

It should be noted that these are not the only possible lines that 
can be drawn under the given conditions. PT' and T'F are also 
possible positions. 

We can also draw two other sets of lines (shown dotted) with 
arcs described from opposite points, with intersections at V and Z. 
Thus there are four possible positions for a pair of component 
forces of 147 and 157 lbs. to satisfy the given conditions, and 
these pairs of forces are inclined to the horizon at 75° and 18°, and 
27° and 67°. 

Note. — The scale to which these figures should be drawn is 
very much larger than that of the illustrations given here. 



Resolution of Forces. 

In the previous section we have shown how the resultant 
of two or more forces can be found. We are now going to 
approach the opposite problem, namely, given the resultant to 
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find two component forces, which, if they acted along given 
lines, would produce that resultant. 

The method is the same as that used in finding the 
resultant. 

Example. — Find the pair of components of the force R = 29 
lbs. which act parallel to the lines P and Q respectively (Fig. 37). 

Select a starting-point, S, and a suitable scale, and draw SF 
(Fig. 38) to represent R. Now, one component must begin at S 
and the other terminate at F ; hence draw through S a line 
parallel to Q, and through F a line parallel to P. These intersect 





Fig. 37. — Position diagram. 



Fig. 38.— Force diagram. 



in V. Put the arrows on SV and VF pointing from S towards F ; 
then SV is the component of R parallel to the line Q, and VF is 
the component parallel to P. Measure off SV and VF, and it will 
be found that they represent 36'8 lbs. and 38'5 lbs. respectively. 

Rectangular Components. — When the directions of 
the components are at right angles to one another, they are 
called rectangular components. This is by far the most 
general case. If the directions of these components are 
vertical and horizontal, we generally speak of them as vertical 
and horizontal components respectively. 

Example. — Resolve the force AB = i6'3 lbs. (Fig. 39) vertically 
and horizontally. 

Proceeding as in the last example, except that the component 
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directions are horizontal and vertical ; through one end (say A) 
draw a vertical line, and through the other end B draw a horizontal 
line cutting the vertical line in C. Then 
AC represents the vertical component, 
and CB the horizontal component. Note 
that the arrows on the components lead 
in the direction from the starting-point 
A towards the finishing-point B. 

Example.— The block shown in Fig. 
40 is being pulled by a force of 56 lbs. 
in the direction shown. 

If we resolve this force vertically and 
horizontally we get CA = 22 lbs. and 
BC = 52 lbs. That is, the force of 56 lbs. 
is equivalent to a vertical force of 22 lbs. 
tending to lift the block, and a hori- 
zontal force of 52 lbs. tending to drag 
the block in a horizontal direction. 




Fig. 39. — Rectangular 
components. 



The student should now redraw the example (Fig. 34), and 
then resolve each force vertically and horizontally, including 



><^ 




Fig. 40. 



Fig. 41. 



the resultant. Prefix a -)- sign before all those components in 
the upward direction and a — before those pointing down- 
wards. Similarly, put a -|- before all those pointing from left 
to right, and a — before those in the opposite direction. 

Find the algebraical sum of the vertical and of the horizontal 
components of the forces. These should respectively equal 
the vertical and horizontal components of the resultant. This 
being so, we may now formulate the statement. The algebraical 
sum of the vertical components of a set of forces equals the 
vertical component of the resultant; and similarly with the 
horizontal components. 
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Summary of Chapter II. 

1. A force can be represented by a line. 

2. A resultant force is the single force which will 
produce exactly the same result as the component 
force acting together. 

3. The algebraical sum of the components of a set 
of forces in any one direction equals the component 
of the resultant in that direction. 



ExAMrLES ON Chapter II. 

COMPOSITION AND RESOLUTION OF FORCES. 

1 . Two men pull with forces of 30 lbs. and 90 lbs.,, in directions south- 
east and north respectively, on a body. Describe briefly and accurately 
how you would find the single force which would do the same as the above 
two together. How do you specify a force completely? If the pull of 
30 lbs. were reversed, what would be the resultant ? 

2. Draw two lines AB and AC containing an angle of 120°, and suppose 
a force of 7 units to act from A to B and a force of 10 units from A to C ; 
find by construction the resultant of the forces, and the number of degrees 
in the angle its direction makes with AB. Ans. 8'75 lbs. 

3. Draw an equilateral triangle ABC ; a force of 10 units acts from A to 
B, and one of 15 units from A to C ; find their resultant by construction. 
Also find what their resultant would be if the force of 15 units acted from 
C to A. Ans. 22 and 13. 

4. Two forces act at a point along two given lines respectively ; state 
how their resultant can be found by construction. 

Draw an angle AOB of 120°, and draw OC within the angle AOB 
so that AOC may be 45° ; if a force of 100 units acts from O to C. Find 
its components along OA and OB. Atis. 85 and 113. 

5. Draw AD, AE, lines containing an angle of 60° ; draw AB bisecting 
the angle EAD ; also draw AC at right angles to AB in such a way that 
AD falls within the right angle BAG. 

Let a force of 100 units act from A to D. Find the components of a 
force (a) along AB and AC {b) along AE and AC. 

6. Define the resultant of two forces. Three forces act along the same 
line ; two are forces of 5 and 7 units acting from right to left, the third is 
a force of 15 units acting from left to right ; what is the magnitude of their 
resultant, and in what direction does it act ? Ans. 3 units left to right. 

7. State how to find the resultant of any number of forces acting along 
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a line. State what is meant by the "algebraical sum" of two numbers, 
and give an example. Draw a straight line AB, and let three forces of 
IS, 10, and 33 units respectively act along it ; the former two act from A 
to B, the last acts from B to A. Find their resultant. 

8. Define the rectangular components of a force. Draw two straight lines 
OA, OB, containing a right angle at O ; within the right angle draw OP, 
such that AOP is an angle of 35° ; a force of 18 units acts from O to P. 
Find, by construction, its rectangular components along OA and OB. 

9. Mention the points that go to the specification of a force, and show 
that a force can be represented by a straight line. Draw two lines Ox, 
Oy at right angles to each other ; two forces act at O ; one of 7 units from 
X to O, and one of 10 units from O to y ; draw, to any scale, the straight 
line (OR) that represents their resultant ; and find from the diagram the 
number of units of force in the resultant, and the number of degrees in the 
angle xOR. 



CHAPTER III. 

EQUILIBRIUM— POLYGON OF FORCES. 

Equilibrium. — A body is said to be in equilibrium when 
the resultant of all the forces acting upon it is zero. In the 
last paragraph we learnt that the sum of the components of 
a set of forces in any direction was equal to the component 
of the resultant in that direction ; and as the resultant is zero 
when the body is in equilibrium, the sum of the components 
in a given direction is also then zero. This is well illustrated 
in the next figure (42). 

The forces which are in equilibrium are represented by 




Fig. 42. 

SA, AB, BC, CD, and DS, their directions being shown by 
their arrows. Resolve each force horizontally and vertically, 
and we get the components SE and EA, FB and AF, etc. 
Adding up the horizontal components, calling those pointing 
to the right positive, we get — 

B 
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- SE + FB +BH - KD - MS = O 
and vertically — 

- EA - AF -I- HC + CK + DM = O. 

This is an illustration of the First Law of Equilibrium, 
which may be thus stated : — 

Resolve all the forces acting on a body in equi- 
librium in any two directions, then the sum of the 
components in either direction is zero. 

Example. — A body.is in equilibrium when acted upon by the 
forces shown in Fig. 43. Find the magnitude of the forces x 
and 7. 

As in previous problems, draw the lines sa, ab, and be to 
represent the 36 lbs., 23 lbs., and 13 lbs. There are two other 
forces to be drawn in, the last of these finishing at s, because there 




Fig. 43. — Position diagram. 



Fig. 44.— Force'diagrara. 



is no resultant, the body being in equihbrium. Hence through C 
draw a line parallel to/, and -through j draw a line parallel to x. 
As the arrows on all the component forces followed one another 
round the figure from the starting-point towards the finishing- 
point, the arrows on cd and ds will point in the directions shown, 
cd = i2'2 lbs. and ds = 16 lbs. being the component forces _y arid x. 

We thus see that when a body is in equilibrium, the 
arrows follow each other round the force diagram. 

Example. — Five forces of 13 lbs., 29 lbs., 16 lbs., 23 lbs., and 
31 lbs. keep a body in equilibrium. 



Equilibrium — Polygon of Forces. 
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If the directions of the first three forces are given in Fig. 45, 
determine the incUnation to the horizon of the other two. 

Draw the lines sa, ab, and be to scale, as in Fig. 46, to represent 
the forces given in Fig. 45. The two remaining forces must be drawn 
from c and terminate at s. Hence with c as centre and one of the 
forces as radius (say 23) describe an arc. And with s as centre 
and the other force (31 lbs.) as radius describe another arc inter- 




FlG. 45. — Position diagram. 



Fig. 46. — Force diagram. 



secting the former arc in d. Then cd and ds represent one position 
of the two forces, 23 lbs. and 31 lbs. Measure off the inclinations 
of these lines to the horizon with a protractor, and they will be 
found to be 51° and 167° in the positive direction. 

There are other possible positions of the lines cd, ds. These 
are ce, es — cf, fs, and cg,gs. Hence there are four possible positions 
for each of the forces 23 lbs. and 31 lbs. 



The Pressure between Surfaces in Contact must 
act perpendicular to the surfaces at the points of contact. 
This will be readily seen from the following : — 

Let the body (Fig. 47) rest on a smooth horizontal plane, 
and if the pressure of the plane is not perpendicular to the 
surface AB, let it act in the direction of the line sa. Resolve 
sa parallel to and perpendicular to the plane, giving the 
components ba and sb. The component ba would make the 
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body move, because there is no resistance offered to its motion, 
the plane being smooth. But the body is at rest, and therefore 
there can be no force acting on it which would make it move 
along the plane; that is, the component along the plane must 
be zero. If this is so, the force sa must be wholly perpendicular 
to the plane. 

If three forces maintain a body in equilibrium, the lines of 
action of those forces must pass through the same point. 

Let the forces A, B, and C, in Fig. 48, keep the body in 
equilibrium. We know that if this is so, the resultant of the 
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Fig. 47. 




Fig. 48. 



three forces is zero. Find the resultant of B and C. Call it 
R. Then the resultant of R and A must be zero. The only 
condition under which two forces can have zero resultant is 
when they are equal, and acting in opposite directions along 
the same line. Hence R and A must be equal in magnitude, 
and act along the line of action of A. Replace R by its 
components B and C. Then, as the line of action of the 
resultant passes through the point of intersection of the 
component forces, and as R is coincident with A in Une of 
action, the lines of action of the three forces. A, B, and C, 
must meet in a point. 



Forces acting on a Simple Structure. 

A simple structure is one which is made up of straight parts 
hinged together, the hinges are assumed to be without friction. 
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Fig. 49. 



and the parts without weight. The forces are apphed to the 
structure at the hinges. These assumptions are made for the 
purpose of making easy the solution of a problem. 

Not only is a structure in equilibrium as a whole, i.e. as a 
single body, but each individual part of which it is made up 
must also be in equilibrium. 
As an illustration, consider /yir. 
the wall-crane in Fig. 49. /^■f- 
Not only is the crane it- 
self, with its suspended 
weight, in equilibrium, but 
the weight W alone is in 
equilibrium under the ac- 
tion of the downward pull 
of the earth and the up- 
ward piill of the chain or 
rope. The pin at B is in 
equilibrium under the ac- 
tion of the pull of the chain downwards, and the action of 
each of the rods AB and CB on it. The rod AB is in equi- 
librium under the action of the pin on it at B, and the other 
pin on it at A. The 
rod CB is in equilibrium 
under the action of the 
pin at C, and the pin at B. 

To enable us to solve 
problems relating to 
simple structures, we 
must first learn along 
what line the internal 
force or stress in the 
material acts. 

Let AB (Fig. 50) be a piece of material, with hinges at A 
and B. Let it also be in equilibrium. We can find the 
resultant of the forces acting at A, and the resultant of those at 
B. Call these Ra and Rb respectively. Now, the body is in 
equilibrium, and, therefore, the resultant of R^ and Rb must be 
zero. For this to be possible, R^. must equal Rb, and both of 
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Fig. 51. — Position 
diagram. 



Fig. 52. — Force diagram. 



them must act along the same line. The only line along which 
this can happen is that joining the hinges, namely AB. Hence 
the stress or internal force in a member of a simple structure 
must act along the member from hinge to hinge. 

Example. — To illustrate the above, let 425 lbs. be supported by 
the rope at B (Fig. 49). It is required to find the force in the jib 
AB and the tie-rod CB. 

In solving this problem, we consider the forces keeping tlie 
pin B in equilibrium. These are three (Fig. 51), namely— (i) 

the pull of the rope 
1 D downwards equal to 425 
lbs., (2) the pressure of 
the jib AB on the pin, 
and (3) the pull of the 
tie-rod CB on the pin. 
We know from the pre- 
ceding paragraph that 
(2) and (3) must act 
along the lines AB and 
BC respectively (Fig. 49). 
We also know that because the pin B is in equilibrium, the 
resultant of the forces (i), (2), and (3) must be zero. Hence, draw 
the line DE (Fig. 52) in magnitude and direction to represent 
the 425 lbs. to a scale of 500 lbs. to i inch. Through either end, 
E or D, draw a line EF parallel to the tie-rod, and through 
the remaining end draw a hne parallel to the jib. Continue the 
arrows round the figure, and measure off the lines FE = 640 lbs. 
and FD = 760 lbs. to the same scale that DE was drawn. Then 
EF being parallel to the tie-rod CB, represents the force along it, 
while FD being parallel to the jib, represents the force along that 
member. We have been considering the equilibrium of the pin B, 
and the forces mentioned above are the forces acting on the pin. 
Hence, if the arrow on FD be reproduced on the jib near B, it 
indicates that the jib pushes the pin B, and is consequently in 
compression. Similarly the arrow on the tie-rod indicates that it 
pulls the pin B, and is consequently in tension. 

Example. — In general the weight is not tied or hooked on to 

the pin B (Fig. 49), but the cord or chain supporting the weight 

passes over a pulley at B, and is led to some winding-gear near the 

crane-post, as in Fig. 53. Find the forces in the tie-rod and jib. 

We now have four forces keeping the pin B (Fig. 54) in 
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equilibrium, of which two are completely known. These are the 
tensions in the two parts of the rope round the pulley at B. In the 
right end of the rope the tension is W ; and as the pulley is 
assumed to be without friction, there must be an equal and 




Fig. 53. 



opposite pull at the left end of the rope to balance W, because 
the rope is in equilibrium. 

Hence, draw a line sp (Fig. 55) representing the pull on the 
right end of the rope, and then from p another line pg, representing 




Fig. 54. — Position diagram. 



Fig. 55. — Force diagram. 



the pull on the left end of the rope. Now draw through q a line 
parallel to say the tie-rod, and, lastly, through s draw a line parallel 
to the jib. Then gr and rs represent the forces with which the tie- 
rod and jib act on the pin B. 

Example. -A bent lever, ACB (Fig. 56), can turn round a pm 
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at C. A force of i8 lbs. acts at A in the direction of the arrow. 
Another force acts at B in the line of action BE. 

Find the direction and magnitude of the force at B, and the 
direction and magnitude of the pressure of the hinge C on the 
lever, so that it is maintained in equilibrium. 

The three forces keeping the lever in equilibrium are the i8 lbs. 
at A, and the forces at B and C. It was shown on page 52 that , 
the lines of action of these forces must meet in a point ; hence, 
produce the lines of action given, until they meet in D (Fig. 56). 
The third force is applied at C, and must also pass through D. 
Hence CD is the line of action of the hinge pressure at C. 

Draw a line sp (Fig. 57) to represent the force acting at A, and 





Fig. 56. — Position diagram. 



Fig. 57. — Force diagram. 



through, say, the end /, draw a line parallel to the force at B. 
Finally, through the point j draw a line parallel to the line CD. 
Then fq represents the force 21 lbs. at B, and qs the force 27-4 lbs. 
at C. 

Example.— A body (weighing 22 lbs.) resting on a smooth 
incline (Fig. 58) is kept in position by a cord F. What forces 
are maintaining the body in equilibrium ? 

The weight of the body (22 lbs.) acts vertically downwards, the 
pull of the cord on the body is along the line F, in the upward 
direction. The pressure of the incline on the body must act along 
a line perpendicular to the incline (see p. 52). Draw a triangle 



Equilibrium — Polygon of Forces. 



57 



(Fig. 59) with sides parallel to the forces 22, R and F, and with 
the side representing 22 lbs. marked off to some scale. Then the 
other sides will represent F and R to the same scale. 

It should be noted that whatever be the direction of F, the 




Fig. 58. — Position diagram. 





Fig. 5g. — Force diagram. 



weight 22 lbs. and the pressure R of the incline always act in the 
same respective directions. If we redraw these lines in Fig. 59, 
we see that the shortest line we can draw from /' to s^q^ is /^^ 
perpendicular to s^q^ ; and hence this is the direction in which F 
must act so that its value must be the least possible. 

Example.— A weight of 15 lbs. is suspended, as in Fig. 60, by 





Fig. 60. — Position diagram. 



Fig. 61.— Force diagram. 



three strings knotted together at C. Find the tensions in the strings 
CB and CA. If the string CB were cut with a scissors, what would 
be the tension in the string AC at the instant CB was severed ? 
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The knot C is kept in equilibrium by three torces, namely, the 
pull of 15 lbs. downwards, the pull in the cord CB, and the pull 
in the cord CA. Draw sp (Fig, 61) to represent the 15 lbs. in 
magnitude and direction. Through the point j draw a line 
parallel to CA, and through p draw a line parallel to CB. Then 
pq represents the pull of the cord CB on the knot C, and qs 




y^fSsw. 



\ 
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Fig. 62. 



Fig. 63. 



represents the pull of the cord CA on the knot C ; pq scales off 
8'5 lbs., and qs 11-5 lbs. 

The instant after cutting CB we shall have the weight supported 
as shown in Fig. 62, and just on the point of moving downwards. 
We no longer have equilibrium. The component of the i; lbs. 
along the string AC is trying to stretch it, while the component 
perpendicular to it is trying to turn it round A. Hence, draw sf 
(Fig. 63) to represent the 15 lbs., and resolve it parallel and 
perpendicular to AC. The component sa parallel to the cord is 
trying to stretch it, that is to produce tension in it, and the tension 
produced is represented by sa = I2"5 lbs. 

Experimental Illustration of three forces keeping a 
body in equilibrium. 

Three fine cords (whipcord is very suitable) are tied to 
the ring (Fig. 64). The two upper cords are attached to the 
hooks of the spring-balances L and R, which should be of the 
sportsman type, and weigh only a few ounces. A weight of 
say 14 lbs. is put on the lowest cord. 
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The positions of the three cords are now marked on the 
sheet of paper behind them, by marking two points imme- 
diately behind each cord, such as a and b. The indications of 
the spring-balances are then recorded upon the same paper, 
and the paper removed to a drawing-board. The pairs of 




Fig. 64. 

points (marked behind the cords) are now joined, indicating 
the directions of the cords ; and the triangle of the forces p, q, r, 
drawn with pq parallel to the pull of the earth on the weight 
W, and qr and pr parallel to the pulls of the spring-balances. 
Measure pr and qr, and enter the result in the following 
table :— 



By drawine;. 



Indicated by 
spring-balance. 



pr 
qr 



6-8 
9-5 



675 
9-5 



The result by drawing the triangle of forces agrees with that 
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obtained from the balances, well within the limits of error of 
the balances. 

If the experiment has been carefully carried out, the lines 
of action of the three cords will intersect at a point (see p. 
52). The scale of forces should be large, not more than 
5 lbs. to I in. The accuracy of the drawing pqr may then 
be considerable. The experiment should be repeated with a 
different weight and with the spring-balances attached to other 
hooks in the frame of the apparatus to show that the same 
holds good with different angles and different weights. 

Experimental Illustration of the Polygon of Forces. 

The apparatus much resembles that shown in Fig. 64, but 




there is added a couple of pulleys X and Y (Fig. 65), having 
very little friction. 

A couple of cords tied to the ring pass over these pulleys 
and support weights Wj and W3. 

Proceed as in the last experiment and write near each cord 
the pull exerted on it. Now draw the polygon of forces as if 
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the forces exerted by the spring-balances were known in direction, 
but not in magnitude. Measure these forces and tabulate them 
as in the previous experiment. The polygon of forces is shown 
drawn on the right of the paper. 

Experimental Illustration of the Triangle of Forces 
by means of the inclined plane. 

A stout board, EF (Fig. 66), is hinged at E, and supported 
at its upper end F by a pair of thumb-screws. A heavy roller. 




Fig. 66. 



W, rests on the incline, and is prevented from rolling down the 
plane by a spring-balance, A. 

The weight of the roller is unknown. It is proposed to 
obtain it by the triangle of forces. Measure the apparatus 
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with a tape so as to be able to draw it to scale on paper. The 
angle FEB can best be obtained by fitting into the angle 
a carpenter's rule, as shown dotted, or a clinograph may be 
used for the purpose. The slope of the plane may be obtained 
by actual measurement. Observe the spring-balance A. The 
forces keeping the roller W at rest are, its weight downwards, 
the spring-balance pull, and the pressure of the plane on the 
roller perpendicular to the plane (p. 52). These are shown 
in Fig. 67. 

Draw the triangle scd. (Fig. 68), beginning with sc, repre- 
senting the spring-balance pull. Now detach the balance at 
C and weigh the roller, and compare this with cd. Fig. 68. 

The experiment should be repeated with the plane inclined 
at different angles. 

The pressure of the plane on the roller should be checked 
by attaching another spring-balance to the roller, and pulling 
the balance by hand in a direction as nearly perpendicular to 
the plane as possible, until the roller is just off the plane. 
The indication of the balance should approximately coincide 
with the force sd (Fig. 68). 

Tabulate the results as in previous experiments. 

Experimental Illustration of the polygon of forces by 
means of a crane. 

The apparatus is shown in Fig. 69. A load of 28 or 56 lbs. 
is supported as shown. The indications of the spring-balances 
A and B are noted and the lengths of the parts are measured 
with an ordinary canvas tape, so that, the skeleton diagram 
(Fig. 6g) may be drawn. The weight W is then removed, and 
it will be noticed that the tie-rod and jib are not the same 
length as before. 

Adjust the tie-rod to the same length as it was when the 
weight W was being supported, and then read A and B. These 
latter readings indicate the forces in those members due to 
their weight, and must be subtracted from the previous values 
of A and B, to obtain the forces in those members due to W. 
Draw the polygon of forces (Fig. Ti) for the forces acting on the 
pulley shown in Fig. 70, the forces A and B being assumed 
unknown in magnitude, then cd and da represent the forces in 



Equilibrium — Polygon of Forces. 



63 



the tie-rod and jib respectively. Tabulate these with those 
derived from experiment. 

Example. — A body weighing 35 lbs. rests on a rough inclined 
plane (Fig. 72), the coefficient of friction between the body and 



Fig. 70. 




Y\G. 69. 
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plane being o"3. A force F is applied to the body, and is just on 
the point of making the body move up the plane. What is the 
magnitude of F, the resistance of friction, and the pressure of the 
plane on the body. 

Sketch in (Fig. 72) all the forces acting on the body and 
keeping it in equilibrium. They are W = 35 lbs. vertically 
downwards, F upwards, the pressure P of the plane on the 
body upwards, and the resistance of friction f, which must act 
down the plane ; htcwis^ friction always opposes motion. 

We know from p. 25 that the friction (/") is produced by the 
pressure (P) between the surfaces of the body and plane ; also 
that— 

Resistance of friction = coefficient of friction x perpendicular 
pressure 

or/= 0-3 P 
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Now we can find the direction of the resultant of / and P 
thus :— Draw st (Fig. 73) representing P, and tv representing / 
C= 0-3 P) ; then sv represents the resultant of P and /, and can be 
made to replace those forces if necessarj". 

It will be noticed that Fig. 73 can be drawn quite easily without 
knowing the magnitude of P. Both forces, P and /, are multiples 
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Fig. 72. — Position diagram. 



FiG. 73. — Force diagram. 



of P. Consequently, if we set off si = 1 and iv — 0-3, we get the 
same direction of the resultant sv as before. 

Replacing P and / by their resultant R, we now have acting on 
the body the three forces F, W, and R (Fig. 74). 

Hence, we can draw the triangle of forces (Fig. 75) with three 
sides parallel to W, F, and R. 

Note that the directions of W and R are the same, whatever 





Fig. 74. — Position diagram. 



Fig. 75. — Force diagram. 



the direction of F. Hence, the least value of F required to move 
the body up the plane is represented by a perpendicular from the 
lower end of W (Fig. 75) on to R. 
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If the body had been on the point of sUding down instead of up 
the plane, the friction / would act up the plane (against motion) ; 
and the position of R would be that shown in Fig. 76. The 



w 




Fig. 76. 



Fig. 77. 



triangle of forces is shown in Fig. TJ, and it will be seen that F 
is still acting up the plane, and the body will just move down the 
plane in opposition to the force F. 



The Limiting Angle of Friction. — Place a body on a 
plank which is hinged at one end as in Fig. 78. Now lift up 
the right end of the plank and keep it at any inclination by 




inserting a block under the plane. Continue to increase the 
inclination of the plank until the body resting upon it just 
begins to slide down the plank. 

The forces acting on the body just previous to motion 
taking place were its weight, W (Fig. 79), the resistance of 
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friction /, and the pressure, R, of the plane on the body. These 
can be represented by the sides of a triangle, as in Fig. 80. 

Now, W is perpendicular to BC (Fig. 79), and R is per- 
pendicular to BA j hence the angle between W and R (Fig. 80) 
equals the angle between AB and BC (Fig. 79). Also the 
angle at C is 90°, so is the angle between / and R (Fig. 80), 
and consequently the triangle ABC (Fig. 79), and /, W, R 





Fig. 79. — Position diagram. 



7 

Fig, So. — Force diagram. 



(Fig. 80), are equiangular and therefore similar ; that is, their 
sides are proportional (see Introduction), or — 



= tan B 



R CB 

But we have seen that — 

/=/^.R 

and therefore ^= f- 
R 

Hence ju = tan B 

= the tangent of the limiting angle of 
friction. 



The Limiting Angle of Friction can be better explained 
in another way. Let the body (Fig. 81) be acted upon by an 
oblique force, P, which makes an angle, O, with the normal to 
the surface AB, along which the body can slide. Resolve P 
parallel and perpendicular to the surface AB. The vertical 
component v presses the surfaces together and produces 
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friction = /aw. The horizontal component h tries to move 
the body over the surface AB. When O is large, h will be 
greater than the resistance of friction, and the body will move 
along the surface AB. Now let the force P be inclined more 
and more to the hori- 
zon ; that is, let O grow 
smaller. There will be 
a value of O when the 
force P will no longer 
be able to move the 
body. When this hap- 
pens, the horizontal 
component h of the 
force P is just equal to 
the resistance of fric- 
tion fW. This value of 

O is the limiting angle of friction. If O be made still smaller, 
h will be less than fiv, and no motion will be possible ; hence, 
if the force be applied in a direction within the limiting angle 
of friction, no motion will ensue, however large the force 
may be. 

This fact is made use of in the cotter joint (Fig. 82), where 




Fig. 81. 




Fig. 82. — Cotter joint (in section). 



two pieces have to be coupled together, and at subsequent 
times adjustment for wear may be required. 

The angle of the cotter is less than the limiting angle of 
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friction, and therefore no amount of force applied in the 
direction A and B will compel the cotter to come out of its 
position. 

Summary of Chapter III. 

1. The resultant of all the forces keeping a body 
in equilibrium is zero. 

2. The sum of the components in any direction, of 
the forces keeping a body in equilibrium, is zero. 

3. The mutual pressure between two surfaces in 
contact is perpendicular to the surfaces at the points 
of contact. 

4. If three forces keep a body in equilibrium, their 
lines of action must pass through the same point. 

5. The stress in a member of a hinged structure 
acts along the line joining the centres of the hinges 
of the member. 

Examples on Chapter III. 

1. State clearly the theorem called the polygon of forces. When is a. 
body in equilibrium ? What is the resultaiit of a number of forces ? 

2. Four forces are in equilibrium. Two of them are 14 and 31 lbs. 
respectively acting at an angle of 35°. The other two are 17 and 22 lbs. 
respectively. What are their directions ? 

3. State the theorem called the triangle of forces. AB is an ihcliued 
plane ; C is a given point above the plane. P is a particle of given weight 
at rest on the plane, and it is supported by a thread tied to C. Stale what 
forces act on P, and show how to draw a triangle for them. 

4. Draw ABC an equilateral triangle with the base AB horizontal, 
and C downwards. Let a weight at C be tied by threads AC, BC, to 
fi.\ed points at A and B ; if the thread BC is cut, show that the tension of 
AC is suddenly increased by one half. 

5. ABCD is a rectangular body, which can turn freely in a vertical 
plane round a hinge at A ; AB i^ 10 ft. long and BC is 6 ft. ; the body 
weighs 300 lbs. ; it rests with AB against a fixed point P, vertically 
below A, and at a distance of 8 ft. from A ; find the reaction of P against 
the body. Ans. II2'5 lbs. 

6. A weight resting on a smooth inclined plane is held in position by a 
horizontal force. Draw a diagram exhibiting the directions and magni- 
tudes of the forces acting ; and calculate the force necessary to hold a 
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hundredweight on a plane tilted 30° from the level [a) if acting horizontally, 
[b) if acting at the best angle. 

7. A picture, weighing 56 lbs., is slung over a nail in the ordinary 
way by a cord attached to two eyes in the top horizontal bar of its frame. 
If the height of the nail above this bar is half the distance between the 
eyes, what is the tension in the cord? Under what circumstances would 
the tension be equal to or greater than the whole weight of the picture ? 

8. Draw a horizontal line CD, take a point A vertically over C, and 
another point B, between C and D ; join AB. Suppose that AB represents 
a uniform rod that can turn freely round a hinge at Aj and rests with the 
end B against a smooth horizontal plane, CD ; name the forces which 
keep the rod at rest, and show in a diagram how they act. If the weight 
of the rod is 10, find the numerical values of the other forces. 

9. A rod AB is placed on a smooth inclined plane, and the end A is 
tied by a string AC to a fixed point C on the plane ; show how to find the 
pressure on the plane, and the tension of the string. If the length of 
the base of the plane is 12 ft., and the height of the incline is 5 ft., and 
if the rod weighs 10 lbs., find the numerical values of the pressure and 
tension. Ans. 9-25 lbs. and 4 lbs. 

10. If a body is pressed against a smooth surface, in what direction 
does the mutual action take place ? Draw a circle, suppose that its plane 
is vertical, and that A is its lowest point ; draw a chord AB equal in 
length to the radius. If we suppose AB to represent a rod placed inside 
a circle, and that there is no friction, name the forces that act on the rod 
and show them in a diagram. Explain why the forces cannot keep the 
rod at rest. 

11. A load, W, of 2000 lbs. is hung from a pin, P, at which pieces 
AP and BP meet like the tie-rod and jib of a crane. The angles WPB 
and WPA are 30° and 60° respectively. Show by a sketch how to find 
the forces in AP and BP. Distinguish as to a piece being a strut or a tie. 

Ans. 1900 lbs., 3400 lbs. 

12. Draw a triangle, ABC, whose sides BC, CA, and AB are respectively 
12, 9, and 7 units long, and let BC be horizontal and A downwards. Let 
B and C represent two fixed points to which the threads AB and AC are 
fastened ; a weight of 10 lbs. hangs by a thread from the point A, at which 
the three threads are tied together ; state what are the forces which support 
the weight, and find them by construction. Ans. 6'9 and 8'2 lbs. 

13. Draw a horizontal line, CD, take a point. A, vertically over C, 
and another point, B, between C and D, join AB. Suppose that AB 
represents a uniform rod that can turn freely round a hinge at B, and rests 
with the end A against a smooth vertical plane, CA ; name the forces 
which keep the rod at rest, and show in a diagram how they act. If the 
weight of the rod is 25 lbs., find the numerical values of the other forces. 

14. A rod or lever is capable of turning freely round a fixed point or 
fulcrum, and is acted on by a force at each end ; putting the weight of tlie 
lever out of question, state the relation which must exist between the 
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forces when the rod stays at rest. Draw an equilateral triangle ABC. 
BC represents a weightless lever acted on at B by a force of 7 units from 
X to B, and at C by a force of 9 units from A to C ; if the lever is at rest, 
find by construction or otherwise, the position of the fulcrum ; find also 
the magnitude and direction of the pressure on the fulcrum . 

15. A weight of 20 lbs., suspended by a string from a peg P, is pulled 
aside by another string knotted to the first at a point K, and pulled 
horizontally. Find the force necessary to pull it until PK is 60° from the 
vertical ; and find, at the same time, the force on the peg. Ans. 34' 6 and 40. 

16. What are the conditions of equilibrium of a particle acted on by 
any number of forces in one plane ? 

A body weighing 10 lbs. rests upon a plane inclined to the horizontal 
at an angle of 45°, the angle of friction being 30° under the action of the 
least force which will prevent it sliding down the plane ; find this force in 
magnitude and direction. Ans. 27 lbs. at 15° to the horizon. 

17- When two smooth bodies are pressed together, in what direction 
does the mutual action take place ? If the bodies are rough, what other 
force may be called into play ? 

A particle of given weight is placed on an inclined plane and stays at 
rest ; what is the magnitude of the friction called into play ? Under what 
circumstances would the particle stay at rest if the inclination of the plane 
were increased ? 

18. A body on a smooth plane is subject to the action of forces. 
What are the conditions of equilibrium ? 

Find in magnitude and direction the least force which will keep a body 
weighing 100 lbs. at rest on a smooth plane, inclined at an angle of 35° to 
the horizontal. Ans. 58 lbs. along the plane. 

19. In what direction does a smooth plane exert a reaction on a body 
which is pressed against it ? 

One end of a string is fastened to a fixed point P, and the crther end to 
the end B, of a rod AB ; the lengths are such that AB comes to rest in an 
inclined position, with the end A on a smooth horizontal plane below P ; 
explain why the position must be such that the string shall be vertical. 

20. State the laws of friction. 

The centre of gravity of a circular disc is at a distance from the centre 
equal to half the radius. The disc rests with its plane vertical on the 
rough horizontal table, and is supported by two smooth pegs at the 
extremities of a horizontal diameter. Show that if the coefficient of 
friction be greater than half, every position is one of equilibrium. 

21. A uniform rod rests in limiting equilibrium against a smooth fixed 
point C, with one end on a rough horizontal plane ; the height of C above 
the plane, the inclination of the rod to horizontal, and the length of the 
rod are 6 in., 45°, and II in. respectively. Find the pressure of the fixed 
point C and the coefficient of friction. What is the least possible pressure 
on the point C, and what is then the position of the rod ? 

22. Draw a vertical line, AB, 3 in. long. A being above B. Produce 
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AB to C, making BC 2 in. long. E is a point to the riglit of AB, such 
that ABE is 56° and BAE 90°. Similarly D is 1 point on the left of 
AB, such that BAD = ABD = 48°. The structure represents a partially 
balanced crane, with a footstep bearing at C and a horizontal support at B. 
5 tons is suspended from E, and 2 tons from D. Find the supporting forces 
and the stresses in all the members. Ans. 9'66 tons at B and 11 '95 at C. 

23. State and prove the relation between the weight, W, of a body 
resting on a smooth inclined plane, the reaction, R, from the plane, and 
the force, P, necessary to just balance the weight ; (l) when the force, P, 
acts parallel to the plane, (2) when it acts parallel to the base, (3) when it 
acts at an angle, fl, to the plane. 

24. If 150 lbs. per ton is a sufficient tractive force to draw a loaded 
waggon along a horizontal road, what tractive force per ton will be required 
to draw the load up an incline i in 10? Ans. 374 lbs. per ton. 

25. The triangle ABC represents the skeleton diagram of a simple 
crane. The post AB is vertical and 10 ft. long ; A being above B. The 
angle ABC is 45°, and BAC 110°. The rope, which suspends 2 tons, is 
passed over a pulley at C, and then parallel with BC, until it reaches the 
winding-drum at B. Find the stress in the jib and tie-rod, and write 
down their magnitudes. Ans. Stress in jib 6'48 tons, in tie-rod 3'36 tons. 

26. The weight of a chain hanging from two points of support is 500 lbs. 
Its inclinations to the horizontal at the points of support are 30° and 50° 
respectively ; what are the tensions at the points of support ? 

Ans. 439 lbs. and 325 lbs. 

27. State the proposition known as the triangle of forces. A picture 
hangs by a cord from a nail. The ends of the cord are attached to rings 
in the frame of the picture, 2 ft. apart, and the nail is I ft. above the line 
joining the rings, which is horizontal. Make a drawing to scale of the 
triangle whose sides represent the forces acting at the nail. Use your 
diagram to find the tension of the string when the picture weighs 10 lbs. 

Ans. 7 J lbs. 

28. Find the stresses on the jib and tie-bar respectively of a crane, 
whose jib measures 20 ft. in length, when the tie-bar and post are l6 ft. 
in length respectively, and a weight of 1 5 cwt. is suspended from the end 
of the jib. The line of direction of the chain, after leaving the barrel or 
drum, is parallel to the tie-bar. 

29. A jib foundry crane consists of a vertical post, AB, 16 ft. long, 
fitted with pins working in sockets at both A and B. From the upper 
end, A, of the post extends a horizontal member AD, 28 ft. in length, and 
from the foot B is a strut BC, which meets AD at a point 16 ft. from A. 
A load of 20 tons being suspended from D, find the shearing stress on the 
pin at A, and the stress along the strut BC. 

30. An incline is such that the ratio of height to base is i to 10. A 
body is placed on the plane, the coefficient of friction being 0'2. What 
force applied at an angle of 30° to the incline (upwards) would make the 
body move ? Also what is the least force, and what is its direction ? 
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31. Enunciate the proposition known as the triangle of forces. One 
end of a string is attached to the fixed point A, and after passing over a 
smooth peg B, in the same horizontal plane, sustains a weight of P lbs. ; 
a weight of 50 lbs. is now knotted to the string at C, midway between A 
and B. Find P so that in the position of equilibrium AC may make an 
angle of 60° with AB. Ans. P = 25 lbs. 

32. Two pieces of a hinged structure meet at it pin, and a. load is 
applied to the pin. Explain by the aid of a sketch how you would 

completely determine the total 
stress in each piece when the 
load is known. 

33. A crane is represented 
in Fig. 83, in which AC = 4 ft , 
angle CAB = i lo°, and the 
angle ACB = 45°. Find the 
forces in AB and AC. Find 
also their sectional area if 5 
tons per square inch and I ton 
l^er square inch are the respec- 
tive stresses permitted. 

34. A ladder lo ft. long 
and weighing 45 lbs. passes 
over a smooth wall, and pro- 
jects ' ft. beyond the top of 
the wall. The ladder makes 
an angle of 60° with the 
ground, and its lower end is 

fixed. Find the pressure on the wall when a man weighing 150 lbs. 
stands on the ladder at a distance of S ft. from the fixed end. 

35 . ABC and D are the angles of a square taken in order. Forces of 
8 lbs., 9 lbs., 13 lbs., and 10 lbs. act respectively from B to A, B to C, C 
to D, and A to D. Describe clearly how you would proceed to find their 
resultant. 

36. Referring to the figure in the previous example, two forces of 7 
and 13 lbs. act in the directions A to B and A to D, while a third force is, 
with the two above, in equilibrium. Describe how you would find the 
third force in magnitude and direction. 

37. If a kite in equilibrium in the air makes an angle of 45° with the 
horizontal plane, and if the pressure of the air on the kite is equal to three 
times the weight of the kite, indicate, by a carefully drawn figure, the 
direction of the string at its point of attachment to the kite, and the 
magnitude of the tension of the string in terms of the weight of the 
kite. Ans. Tension = 2-4 W at 28° to horizon. 

38. A string ABCD (Fig. 84) is fastened to supports at A and D. Two 
weights 10 lbs. and x lbs. are tied to the string at B and C. Find x and 
ihe tensions ip AB, BC, and CD. BC is horizontal. 
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39. W (Fig. 85) resting on the plane = 30 lbs. p = O'S. Find the 

force acting along the plane that will keep it at rest. Also the force 
parallel to CB. Also the force along MN when AMN = 30°. 

If the coefficient of friction were 0'2, what would each of the above 
forces be ? 

40. The rod in Fig. 86 is at rest. The planes are smooth. Where is 
the centre of gravity of the body, and why? 

41. If a body is in equilibrium under the action of a set of forces, what 




30°i^ 



D 



Fig. 84. 

must be the conditions fulfilled by the forces. Draw AB horizontally, A 
being to the left of B. Set off AC at an angle of 35° with AB ; also AD 
at 125°, and AE at 260°. Forces of 35, 125, 260, and 360 lbs. act from 
A to B, from A to D, and E to A respectively. Are these forces in 




Fig. 8s. 



equilibrium, and why ? How could they be rendered in equilibrium by the 
application of a single force, and what is its value and direction? 

42. If three forces act on a body and maintain it in equilibrium, state 
what you know about those forces, and use the information in solving the 
following problem. A smooth plane is inclined at 35° to the horizon, and 
a body is supported upon it by a string which is inclined to the plane at 
25° in an upward direction. The body weighs lo lbs. Find the tension 
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in the string. If the inclination of the string had been 25° to the horizon, 
what would have been its tension ? 

43. Discover which of the members of the accompanying frame (Fig. 
87) are in tension or thrust, and find the value of these quantities. 

44. ABC is an equilateral triangle with EC horizontal. A force of 
23 lbs. acts at A in a direction south-east, and another (unknown) at B in 

a direction north-east. In what direction 
must a third force act at C to maintain equi- 
librium ? What is its value ? 

45. A and B are two points a given 
distance apart, A below B, the line AB is 
of given length and inclined at a given 
angle to the horizon ; a thread of given 
length has its ends fastened to A and B ; a 
given weight is hung on the thread by a 
smooth hook ; find the position in which it 
comes to rest, and the tension of the thread. 

46. If a heavy box be wholly suspended 
by a strap attached to the handles at its 

end, show that the tension in the strap is diminished if its length is 
increased. 

47. A barrel weighing 5 cwt. is lowered into a cellar down a smooth 
slide inclined at an angle of 45° with the vertical. It is lowered by means 
of two ropes passing under the barrel, one end of each rope being fixed, 
while two men pay out the other ends of the ropes. What pull in lbs. 
must each man exert in order that the barrel may be supported at any 
point? .4«j. 99 lbs. nearly. 




Fig. 87. 



CHAPTER IV. 

THE LAWS OF EQUILIBRIUM. 

We have found in the last chapter that when a body is in 
equilibrium there can be no resultant force acting on it. 

This statement does not indicate the most convenient 
method of solving problems in which results have to be 
calculated instead of drawn. 

It will, in this investigation, be best to proceed at once to 
the following experiment. 

A rod, AB, is suspended by a couple of spring-balances, as 
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shown in Fig. 88. It is convenient to have the rod divided in 
inches. Note the spring-balance indications without an)' 
weight on, and enter them in the table below. Now suspend 
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a light weight of, say 14 lbs., by a piece of fine cord, as shown 
in Fig. 88, and note the balances and the distance AC. 
Enter them in the table. Shift the weight to some other 
position, and note the result. Do this for about a dozen 
positions. Subtract the values of R and L with no-load W, 
from those values found, and the results will be the values of R 
that would be obtained if the rod had no weight. 



Weight suspended = 14 lus. 





Actual left 


Left balance 


Actual right 
balance reading. 


Right balance 


-t. 


spring-balance 
reading. 


reading due to 
W only = L. 


reading due to 
Wonly = R. 


inches. 


lbs. 


lbs. 




— 


I '9 





1-6 





27 


3-3 


14 


14-3 


127 


23 


5-1 


3.2 


12-5 


10-9 


18 


7-5 


5-6 


• 99 


8-3 


14 


9-4 


7-S 


8-1 


6-5 


12 


10-4 


8-3 


7-2 


5-6 


9 


1 1 -6 


97 


5 '9 


4-3 


8 


12-2 


103 


5'3 


37 


S 


13-5 


1 1 '6 


3'9 


2-3 


3 


14-5 


12-6 


3-0 


I "4 





15-9 


I4'0 


17 


o-i 


30 


1-9 





iS-6 


14-0 



Now draw a base line, EF, parallel to the rod and of the 
same length. Plot upwards from EF immediately tinder the 
weight, the value of R for that position of the weight. Thus, 
when AC = 8, R = 37. Plot EH = 8, and HK = 37. 
Plotting all the numbers in the fifth column of the adjoining 
table, we get the straight line EN. We can find its equation 
by the method given in the Appendix. It is — 

Ordinate = intercept + slope x abscissa 

Now, an ordinate represents R, and an abscissa represents 
X ; therefore, as the intercept is zero, the line passing through 
the origin — 
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R (without weight of rod) = slope x x 

FN 
= EF ^ " 

Now, FN is the right supporting force (without rod) when 
the weight W is at F. In this position the whole of the weight 
is supported by the balance, and hence FN = W. We then 
have — 

R X EF = W X a: 

The product of a force into its perpendicular distance from 
a point is called the moment of the force round the point, 

and is the numerical value of the tendency of the force to 
turn a body round that point. The above equation indicates 
that the moment of R round E in anti-clockwise direction is 
exactly equal to and balanced by the moment of W in clock- 
wise direction round the same point. 

We may, if we like, write the above equation as — 

RxEF-Wxx = c) 

This simply expresses the fact that if a body (the rod) is in 



A 



TW 



W 



Fig. 89. 



equilibrium, and clockwise moments are called positive, while 
anti-clockwise moments are called negative, the sum of the 
moments of the forces acting on the rod (round any point) is 
zero. 

This is the second law of equilibrium, and it holds 
good, whether the forces are parallel or not. 

It will be noticed that the moment of L round E is zero, it 
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being situated at no distance from E, and therefore its product 
into that distance will be zero. 

It must also be clearly understood that we are considering 
the equilibrium of the rod, and therefore the positive or nega- 
tive sign of a moment will depend on whether the force is trying 
to turn the rod round the point in question in the positive or 
negative direction. 

Returning for a moment to the table on p. 76, we see 
that within the limits of error in reading the spring-balances 
the sum of the forces in each case is zero. 




This is simply another illustration of the first law of 
equilibrium given on p. 50. 

The second law may be further illustrated in the following 
manner : — 

Take a piece of sheet celluloid, or strong cardboard, or 
wood, and attach it to the cords of the apparatus in Fig. 65, 
as shown in Fig. 90. Its weight must be small in comparison 
with Wj, W2, and W3, or it will introduce some error which our 
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Fig. 91. — Position diagram. 



knowledge, so far as we have gone, does not permit us to take 
into account. 

The sheet is in equilibrium under the action of five forces, 
Wi, W2, W3, and Si and Sj. If the second law of equilibrium 
is true, the sum of the moments of those forces round any 
point, such as o, must be zero. 

As in Fig. 65, mark off two points under each cord on a 
large sheet of paper pinned 
on the board behind the Sj^ 
cords. These are shown 
by small circles. 

Then remove the paper 
and draw in the lines of 
action of the forces. Take 
any point, O, on the paper, 
and from it draw perpen- 
diculars 0«, Ob, Oc, etc., 
on to the lines of action 

of the forces. These are shown dotted in the next figure (91). 
Add together the moments of these forces (calling those in one 
direction positive, and those in the opposite direction negative), 
and it will be found that their sum is approximately zero. 

Thus, W2 X 0« - Si X O/J - W, X O^ -I- W3 X 0<r + Sj 
X O^ = O. 

We may now write down the laws of equilibrium, always 
remembering to use proper signs for both forces and moments. 

ist Law. — If a body is in equilibrium, the sum of 
tile components (in any two directions) of the forces 
acting on it is zero. 

2nd Law. — If a body is in equilibrium, the sum of 
the moments of the forces acting on it, round any 
point in space, is zero. 

Example. — A beam, whose weight may be left out of the 
calculation for the present, until we have dealt with the properties 
of the centre of gravity of a body, supports three loads of 2, 3, and 
5 tons, as shown in Fig. 92. Find the supporting forces, L and R, 
at the ends of the beam. 

The beam is in equilibrium under the action of five forces. 
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2, 3, 5, L, and R tons, therefore we can apply the second law of 
equilibrium. Take moments round a point A in the line of action 
of L. The moment of the 2 tons is 2 x 3 = 6 tons-feet, and this 
tries to turn the beam round A in clockwise direction, which we 
will call positive. Similarly, the moment of the 3 tons round A is 
3x4=12 tons-feet in the positive direction, and the moment ot 
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L 

Fig. 92. 

the 5 tons round A is 5 x 8 = 40 tons-feet, also positive. The 
moment of R round A is R x 10, and is negative, because it tries 
to turn the beam round A in anti-clockwise direction. The moment 
of L round A is L x O, which is zero. 

The second law of equihbrium tells us that if these moments 
are added together the result must be zero, that is — 

6 -f 12 + 40 - 10 R = o 

or R = 5'8 tons 

The other supporting force, L, may be found in a similar manner 
by taking moments round some point in the line of action of R. 
But it is quicker to apply the first law of equilibrium, by which we 
know that if we add up all the forces (they being all vertical) their 
sum is zero. That is — 

L-2-3-5-f-R = o 
Substituting 5'8 tons for R, we have 

L = 10 - 5-8 = 4'2 tons 

Another application of the first law of equilibrium is found 
in determining the thickness of a cylindrical shell to withstand 
a given internal pressure. 

Let t equal the thickness of the shell, / its length, and d its 
internal diameter. One half of the shell balances the other 
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half, and the pressure of one half of the steam balances the 
equal and opposite pressure of the other half; the halves being 
divided by a plane, ABCD, containing the axis of the cylinder. 
The short arrows shown in the figure represent the tension 
in the material or the stress produced by internal pressure. 




Fig. 93. 



This is balanced by the downward pressure of the steam (in 
the half removed) on the rectangular section ABCD, the pres- 
sure being communicated to the semicircular shell by the 
steam contained between ABCD and thp lower half of the 
shell. 

Let/5 = pressure of steam per square inch. 

Total pressure of steam on ABCD =p X d X I lbs. 

total resistance of material = t X I X 2 x/lbs. 

where /= stress or resistance in lbs. 
per square inch. 

Equating the above (by the first law of equilibrium) we get — 
p.d.l. = 2.U.f. 
_pd 
2/ 



or t ■■ 



Example. — Solve the problem on page 56 by calculation. 
From C drop perpendiculars a and 6 on to the lines of action of 

G 
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P and E. Then, by the second law of equilibrhim, the sum of the 
moments of the forces P and E round C must be zero, that is — 

Pxa;-Ex^ = o 

Measure a and b, and insert in this equation, and E can be 
found. 

Next, to find the third force acting through C. Resolve P and 





Fig. 94. 



Fig. 95. 



E vertically and horizontally, and let Vp and V^ (Fig. 95) be the 
respective vertical components, while Hp and H^ are the corre- 
sponding horizontal components. 

Let the third force at C be also resolved horizontally and 
vertically, the components being H^. and V^,. 

Then by the first law of equilibrium the sum of the components 
of the forces acting on lever in any direction is zero, oi- — 



Ve 4- Vc - Vp = O 



This gives- 



Vr = Vp - Ve 
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Similarly — 

And He = - (Hp + He) 

The force R at C, of which He and Vc are the components, is 
given by 

R2 = HV + V^E 

because He and Vc are at right angles to one another. (See 
Introduction.) 

In this manner the problem may be solved by calculation, 
though the author would strongly recommend a student to draw 
it out to scale. 

Centre of Gravity or Centre of Mass.— We are now 
in a position to deal with the centre of gravity of a body or 
bodies. 

Let the bodies shown in Fig. 96 be assumed to be rigidly 
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connected together by a weightless wire. Where can a single 
support be applied so that they will remain balanced as shown ? 

Let the supporting force be F, and situated at a distance x 
from the centre of the weight 5. 

By the first law of equilibrium — 

F-5-9-7-4=o 
or F = 25 

By the second law the sum of the moments of all the forces 
round any point, such as the centre of the weight 5, must be 
zero, or — 

(4 X 15) + (7 X 11) - F.» + (9 X 8) + (5 X o) = o 
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Putting in 25 for F, we get — 

604-77 +72 ^x 
25 

= 8-i6 

The single support F must be placed 8* 16 to the right of 
the weight 5, or o'i6 to the right of the weight 9. The point A 
in the centre line of the weights, through which the support 
acts, is called the centre of gravity of the bodies, and is really 
the point through which the resultant of the weights acts. This 
resultant is equal to the supporting force F, but acts, of course, 
in the opposite direction, that is, in the same direction as the 
weights themselves. 

The point A is also sometimes called the centre of the 
parallel forces, but we shall return to this in a future problem. 

The centre of gravity is thus seen to be the point about 
which the body or bodies will balance, or it is the point through 
which the resultant of all the weights must pass. 

Example. — The figure (97) is cut out of a sheet of iron of 
uniform thickness. Find its centre of gravity. 

Divide the outline into a number of parallel strips of equal 
width, as described in finding the area of an irregular figure. (See 
Appendix.) 

Let iv be the weight of a strip, with a suffix denoting which 
strip is referred to, such as w^ for the third strip. Also let x^ 
denote the horizontal distance of the centre of the third strip from 
the line AB ; while the distance of the centre of gravity of the 
whole figure is X from AB. 

Using the method of the last article, we know that if we take 
the moment of each strip round a point in AB, and then the 
moment of the single supporting force through the centre of 
gravity round the same point, the sum of these moments must 
be zero, from the second law of equilibrium. 

Let W be the single supporting force, then — 

Wja-i + w^x^ + w^x^ + ^w^x^ + -w^x^ + •Wf,x^ - WX = O 
Wl^fl + W^^ + W^X^ + WiX^ + w^x^ + w^x ^ _ „ 

W ~ 
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i 
But from the first law of equilibrium we have — 

•zci + ■zfj + a/ 3 + a/4 + Wj + Wg — W = O 

therefore W = the sum of the weights of the strips. 
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Fig. 97. 

Now, the weight of a strip = area of strip x thickness x weight 
of I cubic inch. 




Fig. 98. 
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Or w = width of strip X mean height of strip x / x ? 
= by.kv.ty.i i^^i). 

The thickness is constant, and so is the width of a strip and the 
weight / of a cubic inch, hence we may take these quantities 
outside the bracket and write the above equation for X thus — 




Fig. 99. 






Hence the rule — 

Multiply the middle height of each strip by its distance from 
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AB. Add these products together, and divide the result by the 
sum of the middle heights. This result is the distance of the 
centre of gravity from AB. 

We have now found the line CD (parallel to AB) which 
contains the centre of gravity ; but we have not yet found where- 
abouts in CD the centre of gravity is. 

Now divide the figure into strips parallel to the line EF 
(Fig. 98), and repeat the above calculation. Another line GH 
will then be found which passes through the centre of gravity. 
As both lines, CD and GH, contain the centre of gravity, it must 
lie at their point of intersection K. 

In Fig. 97 the diagram was divided into six strips. This is 
generally too few, ten being the least number which should 
generally be- used. 

Example. — Find the centre of gravity of the area given in 
Fig. 99. 

The student should always measure off the middle 
heights in decimals, and not express them as vulgar 
fractions. 

Measure off the middle heights, and their distances from some 
fixed line, and tabulate them as below : — 



Middle heights in 


Product of the middle 


Middle heights 


Product of the mid- 


inches, upper 


heights into their 


in inches, lower 


dle heights into their 


fig. 99. 


distances from AB. 


ng. 99. 


distances from CD. 


4'43 


2-22 


2-5 


II-3 


4-88 


7-32 


3-3 


II-6 


4-46 


II15 


4-8 


12-0 


3'3i 


1 1 '59 


7-6 


II-4 


2-67 


I2'OI 


8-8 


4'4 


2-2 


I2-I0 






1-8 


II 70 






I -53 


11-48 






1-37 


11-70 






0-97 


9-23 






27-62 


100-50 


27-0 


507 



Distance of centre of gravity G from AB = X = — -^ = 3-61 in. 
Distance of centre of gravity G from CD = Y = - — - = 1-88 in. 
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These numbers should be checked experimentally by cutting 
out the figure in zinc or tin, and hanging up by a piece of thread 
(Fig. loo), and drawing a vertical through the point of suspension 




Fig. ioo. 



by means of a plumb-line. Repeat the process with some other 
suspension-point such as S. The intersection of the verticals is 
the centre of gravity. 

Example. — A beam weighs 5 cvvt., and is 10 ft. long. It is 
supported at one extremity, and 6 ft. from that extremity. It is 
loaded at two points, i ft. and 6J ft. from the overhanging end, 
with 9 and 13 cwt. respectively. Find the supporting forces. 

The centre of gravity through which the weight of the beam 
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must act will be at its middle point. Putting in the forces, as in 
Fig. loi, and taking moments round A, we know from the second 
law of equilibrium that the sum of these moments is zero. That 
is — 

(R X 6) - (13 X 2-5) - (5 X i) + (9 X 3) = o 
or R = 175 cwt. 

By the first law of equilibrium we know that the sum of all the 
forces must be zero, or — 

9-L+5 + i3-R = o 

But R = 175 

hence L = 24"25 cwt. 

Example. — A ladder, AB, rests against a smooth wall at A, and 



•f^H 
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on the ground at B. The centre of gravity of a man and the ladder 
is at G (Fig. 102), the two together weighing 210 lbs. Find the 
pressure of the wall on the ladder, and that of the floor on the 
ladder, and get the coefficient of friction between the floor and 
ladder. 

The weight of man and ladder will act vertically downwards 
through G (Fig. 102). The pressure of the wall will act per- 
pendicular to the surface of the wall at A. These two lines of 
action will intersect at K, hence the third force (the pressure of 
the floor on the ladder) must act through K. It also acts through 
B. Hence join BK. This is its line of action. 

Draw the triangle of forces, 0, b, c (Fig. 103), for the three 
forces passing through K, then co is the pressure of the wall, and 
be the pressure of the floor on the ladder. 

Reproduce be (Fig. 103) in Fig. 104. This is the resultant of 
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the vertical pressure of the floor on the ladder, and the resistance 
of friction in a horizontal direction. Hence, resolve be vertically 
and horizontally (Fig. 104), and we get i5»«,the pressure perpendicular 
to the surfaces in contact, which produces the friction mc. 

As friction = /i. x perpendicular pressure 
mc = /i X bm 

. mc 

and 7 — = M 

bm 

It will be seen, by comparing Figs. 103 and 104, that mc is 




// J / 1 / / 1 // / '////// 
Fig. 102. 




m^^nC 



Fig. 103. 



Fig. lo^. 



equal and opposite to co. This is only what we should expect 
from the first law of equilibrium. 

It should be noticed in connection with this problem that 
as the man ascends the ladder, the centre of gravity of the two 
also moves up the ladder. Let it have moved to M (Fig. 105), 
then K has moved to L, and BL is less inclined to the horizon 
than BK. 

As bm (Fig. 106) equals the weight of man and ladder, 
it remains constant, and consequently mc must have increased 
to md, so that bm and md may have a resultant in the direction 
bd. This shows that the friction mc must have increased to 
md. If the component md becomes greater than the greatest 
possible friction, the foot of the ladder will slide outwards. 
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This shows that the higher the man ascends the ladder the 
more likely its lower end is to slide outwards. To prevent 
this, the centre of gravity must be brought lower down the 
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ladder, and this can be done by a person standing on the 
lowest round of the ladder, as is often done. 



Example. — Find the centre of 
gravity of the given Figure 107. 

Let W represent the weight of 
the complete rectangle ABCD, sup- 
posing no piece to be cut out of it, 
and let w be the weight of the piece 
EFGH cut out ; then the weight of 
the piece ABHGFECDA must be 
W — ■zc. 

Let M be the centre of gravity 
of the pieces weighing W — a/ , and 
K that of the piece EFGH. The 
centre of gravity of the complete 
rectangle is at L. It is required to 
find the distance of M from Q. 

Taking moments round O, we 
must have the moment of the piece 
GE + the moment of the remainder 
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ABHGFECD = moment of complete rectangle ABCD. 
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Or w ■ KQ + (W - w)MQ = W • LQ 

W • LQ - w KQ 



MQ = - 



W — 7e/ 



Parallel Forces. — In a previous chapter we learnt that 
the resultant of a number of forces was the equal and opposite 
of the equilibrant or force required to produce equilibrium. 
We have learnt in the present chapter that the equilibrant of a 
number of parallel forces added to the sum of the forces (with 
proper signs) equals zero. 

Hence the resultant of a number of parallel forces 
is their algebraical sum. 

The position of the equilibrant is found by using the second 
law of equilibrium, as in the problems on beams, given a few 
pages previously. As the equilibrant is equal and opposite to 
the resultant, the position of the latter is the same as that of 
the former. 

Parallel forces are said to be like when they act in the same 
direction, but they are said to be unlike when they act in opposite 
directions. 

Centre of Parallel Forces. — If the directions and points 
of application of a number of parallel forces are given, find the 
line of action of the resultant as described above. Turn all 
the lines of action of the forces through any angle, and find the 
new position of the resultant. The point in which the two 
resultants intersect is called the centre of parallel forces. 
Notice that a cientre of gravity is a centre of parallel forces. 

Stable and Unstable 
Equilibrium. — From the work 
already done we know that if a 
body be suspended, as in Fig. 
109, from the point A, and its 
centre of gravity is at G, and 
further, if it is displaced from 
its position of rest, as shown 
in the right illustration, the 
force of gravity acts vertically 
downwards through the centre of 
G, and produces a moment W X a, tending to rotate 
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the body back towards its position of rest. The same will 
happen if it is displaced to the left instead of the right. 
There is no moment resisting the above moment, hence the 
force of gravity will turn the body towards its position of rest, 
and in that position there will be no moment acting on the 
body (from second law of equilibrium). The above moment 
was W X « ; hence, when at rest (as the moment is zero), 
a must be zero ; that is, the centre of gravity, G, must lie 
vertically under the point of suspension A.^ This is a case 
of stable equilibrium, which we may define as follows : — A body 
is in stable equilibrium when it tends to return to its original 
position after being slightly displaced. 

If the body tends to move further from its original position, 
after being slightly displaced, it is said to be in unstable 
equilibrium. 

If it does not tend to move further from or return to its 
original position, it is said to be in neutral equilibrium. 

A sphere on a horizontal table is a case in point. 

The Balance shown in Fig. 261 is used for weighing, 
and we require to know the conditions which govern the con- 
struction of an accurate balance. Its principle depends upon 
the fact that if two bodies are suspended from the arms of a 
lever or beam, and balance one another, the moment of one 
body round the turning-point equals the moment of the other 
body round the same point. If the length of each arm is the 
same, then the weight of each body must be the same. 

We have here considered the weights of the bodies alone, 
neglecting the weight of the beam. In every balance the beam 
has weight which must be considered. 

Let the beam of a balance be represented in Fig. no by 
the line AB, and let the centre of gravity of the beam and 
vertical pointer be in the bearing edge of the knife-edge. 

If the beam balances, and the areas AD and DB are equal, 
the weights, Wj and Wj, must be equal. But we have at once 
this defect, that although the weights are equal, we are not able 

> This is another way of stating that the centre of gravity of a body in 
equilibrium is at its lowest possible position. 
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to detect that they are equal from using the balance because 
the beam will come to rest in any position such as that shown 
dotted ; the conditions holding equally well for the dotted as 
for the original position. 

To make the balance useful we must compel the beam to 
come to rest in a horizontal position, and it must be stc^le in 
that position, i.e. it must return to its position of rest if dis- 
placed. 

We have seen in the previous article that, for this to happen, 
the centre of gravity of the beam must lie in the same vertical 
line as the knife-edge, and underneath it, when at rest. 






Fig. no. 

Assuming the beam comes to rest in a horizontal position, 
the centre of gravity of the beam must be at some point, G, 
Fig. no. The further this point is from the knife-edge, the 
more rapidly will the beam return to its position of rest, but 
at the same time the balance will be less sensitive. Hence the 
position of G is the result of a compromise between sensitive- 
ness and rapidity of weighing. 

The bodies are supported in scale-pans resting upon knife- 
edges fixed at A and B on the beam. The bearing edges of 

^ -^ §* 

Fig. III. 

these knife-edges should be in the same horizontal line as the 
knife-edge at D, for if not, let the central knife-edge be above 
the others, as in Fig. in. When the beam is displaced, the 
scale-pans are no longer at equal distances from the vertical 
through the central knife-edge, as shown in Fig. n2. The 
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left scale-pan is nearer by an amount y than when the beam is 
horizontal, while the other scale-pan is at almost the same 
distance as before. Also the centre of gravity, G, is displaced 
to the right of its true position of rest, producing a moment 
equal to the weight of the beam multiplied by x. In this 
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Fig. 



condition the balance is too stable, and not sensitive enough 
except for rough work. Should the outer knife-edge be above 
the central one, the beam would be unstable because its centre 
of gravity would be above the centre of support, and would 
then be altogether useless. The little weights F screw on to 
the ends of the beam, and permit of the balance of the beam 
being adjusted. 

The Unadjusted Balance. — The balance has not been 
adjusted properly unless the arms are of equal length, the scale- 
pans of equal weight, and the centre of gravity of the beam is 
exactly underneath, and almost coincident with the knife-edge 
suspension. At the same time an unadjusted balance may 
be used to get the true weight if it is not permanently 
deranged. 

When the arms are of unequal length, let a be that of one, 
and b that of the other arm. Also let W be the true weight 
of a body, while P is the weight in one scale-pan required to 
balance it, and Q the required weight when it is put in the 
other pan. Taking moments about the point of suspension in 
each case, we have — 

P X « = W X /' 
Q X ^ = W X « 

Multiplying, we get — 
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Hence if the arms are of unequal length, the above method 
of double weighing enables the true weight to be found, it being 
the square root of the product of the weights of the body in 

both scale-pans. The ratio 
of the unequal arms is 
given by the square root 
of the dividend of the two 
weights. 

Another method is to 
balance the weight of the 
body by shot, sand, or 
other material. Replace 
the body by proper 
weights until a balance is obtained. The weights equal the 
weight of the body. 




Fig. 113. 



Example. — The safety valve in Fig. 113 is 3 in. in diameter, 
and is just on the point of blowing off steam. The lever weighs 
4 lbs., and its centre of gravity is situated at G. 

If the weight on the end of the lever is 40 lbs., what is the 
pressure in the boiler ? The weight of the valve is 2 lbs. 

Let/ = the absolute steam pressure in pounds per square inch. 

Then - x 3^ x / = total pressure of steam on valve upwards. 

4 
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Let a = atmospheric pressure in pounds per square inch. 
Then — x 3^ x a = total pressure of atmosphere on valve downwards. 
Weight of valve = 2 lbs. downwards. 

Total upward force on lever = - x "^{p — a) — 1 

Taking moments of forces round pin at left end, we have — 

[^(/ -a)- 2]3 - (4 X 10) - (40 X 25) = o 

„, 27 , lima 6 

ox -Lirp — s — / o - 1000 = o 

4 4 ' 4 

Putting in a = 15 lbs. per square inch, we get — 

p = 64"4 lbs. per square inch absolute 

or 64"4 — 15 = 49'4 lbs. per square inch above the atmosphere. 
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FiG. 114.— Structure or position diagram. 

This latter is the pressure indicated by the ordinary pressure- 
gauge. 

Example. — A framed structure (Fig. 1 14) is loaded as shown at 
the joints A, B, and C. All the joints * are assumed to be friction- 
less hinges. It is required to determine the force in each member 
of the structure. 

' A joint is the coupling together of any two members. 
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This problem is most quickly solved by a mechanical method, 
based on the laws of equilibrium, but at this stage we shall simply 
apply the information we have already obtained. 

Applying the second law of equilibrium by taking moments 
round- F, and calling the span of the structure ,f, we have — 

Rj — 200O X ^ — 3000 X - — 1000 X - = o 
4 4 4 

Cancelling s, we have R = 3250 lbs. 

By the first law — 

R + L — 1000 — 3000 — 2000 = o 
and L; — 6000 — R 

= 6000 — 3250 
= 2750 lbs. 

The pin of the hinge at F is kept in eciuilibrium by three forces, 
namely L, one along DF, and one along AF, therefore these forces 




Fig. 115. 



can be represented by a triangle. Draw MN (Fig. 1 1 5) to represent 
L = 2750 lbs. to some convenient scale, say 1000 lbs. to i inch, and 
through one end (say N) draw a line parallel to the force in FD. 
(We have seen, on page 53, that the force in FD must act along 
FD.) Then through the other end M draw a line parallel to the 
force in AF, intersecting NP in P. 

Put the arrows on the sides NP and PM. These are the 
directions in which the forces in FD and FA act upon the pin 
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of the hinge to keep the pin in equilibrium. Put in the arrows on 
the members near F. The memlaer FD pulls the pin F, therefore 
it must be in tension. Similarly the member AF pushes the pin F, 
and consequently it must be in compression. 

A member in compression at one end must be so throughout its 
length, that is, it must push whatever it is acting on at its other 
end. The member FA is acting on the pin at A, hence it must 
push it. At A we have four forces acting, two of which are known. 
Draw TU (Fig. ii6) parallel to and representing looo lbs., then 




Fig. ii6. 



UV parallel to and representing the force in FA at A. Through 
V draw a line parallel to DA, and lastly through T draw a line 
parallel to AB, and meeting VW in W. Put the arrows on the 
lines as in Chapter III., then VW represents the force in DA, 
and it pushes A, therefore it is in compression. Similarly WT 
represents the force in BA, which is for the same reason in 
compression. Put the arrows in Fig. 114. 

Proceeding in this way round the structure point by point, the 
forces can all be found, that in BD being tensile. 



Forces in an Engine Mechanism. — An engine mech- 
anism (Fig. 117) consists essentially of four parts, the cylinder 
and framework D, which also acts as a support or bearing for 
C ; a piston. A, sliding in the cylinder to and fro along the 
centre line AC ; a crank, BC, turning round C, and a rod AB 
connecting A to B. 
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The path of B is shown by the dotted circle. 

As in the roof frame in the previous example, we must take 
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Fig. 117. 




Fig. 118. 




each body separately. Consider first of all the gudgeon-pin A. 
It is acted on by three forces (Fig. 118), namely the pressure, 

P, of the working fluid, 
the pressure of one of the 
guides vertically, and the 
pressure of the connecting- 
rod in the direction along 
the rod. Drawing the tri- 
angle of forces (Fig. 119) 
for the pin A, we get the 
forces PQ and R, the last 
being upwards, and the 
direction of Q indicating 
that the connectir^-rod is 
in compression ; that is, it must push the pin B from left to right. 

Resolve this push, Q, into 
two components (Fig. 120) 
parallel and perpendicular to 
the crank. The component N 
cannot assist in turning the 
crank, as it acts through the 
centre of the shaft, but the 
Fig. 120. component E is entirely de- 

voted to the turning of the 
crank, its moment round the centre of the shaft being 
E X length of crank. 
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This latter is generally called the Hirning moment on the 
crank-shaft, and the component E is called the crank effoi-t. 

The turning moment can be more easily found in 
another way. 

Produce the crank CB (Fig. 121) to cut the vertical 
through A in F. Put in the figure all the forces, keeping the 
connecting-rod in equilibrium. They are the crank effort E, 




Fig. 



the radial pressure N along the crank, and the pressures P and 
R at A. The second law of equilibrium tells us that if we 
take the moments of these forces round any point in space, 
their sum must be zero. Take moments round F — 

, Then (E X BF) -f (N x o) -f (R X o) - P X AF = o 

AF 



or E = P X 



BF 



And the turning moment on the crank-shaft — 

ATT 

= E X BC = P X ^^ X BC 



Now HC and FA are parallel, and FB and BC are in the 
same line, as also are AB and BH ; hence the angle FBA 
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= the opposite angle HBC, also the angle FAB = the alternate 
angle CHE and AFB = BCH (Euclid I. 29). Therefore the 
triangle ABF is similar to the triangle CBH (see Introduction), 
and consequently the sides of one triangle are proportional to 
the corresponding sides of the other. 

The angle at A is opposite the side FB, and in the other 
triangle the angle H is opposite the side BC ; then FB and 
BC are corresponding sides in the two triangles. 

Similarly, AF and CH are corresponding sides, therefore — 



FA, 

fb' 

FA 



CH 
CB 



or --^ X CB = CH 
FB 



Substituting this in the above equation, we get — 

Turning moment = E X BC = P X CH 

CH 
BC 



and crank effort E = P X 



The variation in the turning moment can be best shown by 
a diagram. 

Draw a horizontal line TV (Fig. 122) equal in length to 




Fig. 122. — Crank effort diagram. 



half the circumference of the dotted circle in Fig. 117, that is 
equal to the half the path of the crank-pin. Divide this into a 
number of equal parts, not less than ten. Mark off correspond- 
ing points round the half circumference, giving the positions of 
the crank-pin (Fig. 123). Produce the connecting-rod to cut 
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the vertical through the centre of the crank-shaft in H. Then 

P X CH is the turning moment, and P x ^5— the crank effort. 

BC 

Set up this quantity, XY, to a convenient scale at X, and repeat 

the process for every point in the half circumference. We 



Fig. 123. 

then get the outline TYV (Fig. 122), the ordinate to which 
gives the crank effort. The student should read the account 
in Chapter VIII. of an experiment to verify the above. 

Summary of Chapter IV. 

1st Law of Equilibrium. — The sum of the compo- 
nents of forces keeping a body in equilibrium is zero 
in any direction. 

2nd Law of Equilibrium.— The sum of the moments 
of the forces keeping a body in equilibrium is zero 
round any point. 

The centre of gravity of a body is the point about 
which it will balance, or it is the centre of parallel 
forces of gravity upon its particles. 



Examples on Chapter IV. 

1 . A dead-weight safety-valve is 4 in. in diameter ; the weight of the 
valve and spindle is 20 lbs. What dead-weight would require to be added 
so that steam should blow off when the pressure reaches 80 lbs. per square 
inch? Ans. 980 lbs. 

2. Draw a square, ABCD, and a diagonal BD ; forces of lo, 12, and 20 
units act from B to C, D to C, and B to D, respectively ; if the side of the 
square is 3 units long, find the moment with respect to A of the resultant 
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of the three forces, and state in what direction the forces tend to turn the 
square round A. 

Define the moment of a force with respect to a point. Ans. 36'5. 

3. Define the moment of force with respect to a point. 

State the relation that holds good between the moments of two forces, 
and the moment of their resultant ; all the moments being taken with 
respect to a point in the plane of the forces. 

A, B, C, D are the angular points of a square taken in order, a force of 
30 units acts from A to B, and a force of 15 units from A to D ; by means 
of the rule you have enunciated, find the moment of the resultant about 
the middle point of DC, a side of the square being 6 units long. 

4. Draw a square, whose corners in order are A,B,C,D and whose side 
is 12 units long ; a force of 7 units acts from A to B, and a force of 10 units 
acts from A to D. 

(a) If the moments of the forces are taken about C, will they have the 
same signs or opposite signs, and why ? 

(*) Find the algebraical sum of the moments about C. 

(c) Find the point in CD about which the moments are equal but of 
opposite signs. Ans. — 36 and 8"4 from D. 

5. Draw a square ABCD ; a force of 8 units acts from A to D, and 
two parallel forces of 12 units act from A to B and C to D ; find the 
resultant. Also find what the resultant would be if the first force acted 
from D to A. Ans. 8 and 8. 

6. A uniform straight bar, 14 in. long, weighs 4 lbs. ; it is used as a 
lever, and an 8 lb. weight is suspended at one end. Find the position of 
the fulcrum when there is equilibrium. Ans. 2J ins. from 8 lbs. 

7. The handle of a claw-hammer is 15 in. long, and the claw is 3 in. 
long. What resistance of a nail would be overcome by the application of 
a pressure of 50 lbs. at the end of the handle ? 

You are required to show, by a diagram, the manner in which you 
arrive at your result. Ans. 250 lbs. 

8. Define "moment of a force." How is it measured? A bar of 
metal of uniform section weighs 5 lbs., and a weight of 10 lbs. hangs from 
one end. It is found that the bar balances on a knife-edge at 9 in. from the 
end at which the weight hangs ; what is the length of the bar ? Ans. 54 in. 

g. Weights of l, 2, 3, and S lbs. are hung from points i ft. apart on a 
string 5 ft. long, the : lb. weight being I ft. from one end. The ends of 
the string are attached to two points 3 ft. apart on the same horizontal line, 
and the form assumed by the string is drawn on a piece of paper held behind 
it. Show how to find from measurements on the figure thus formed, and a 
graphical construction, the tension in the various parts of the string. 

to. A body consists of two portions ; the centre of gravity and weight 
of each portion is known ; show how to find the centre of gravity of the 
whole body. 

A square lamina is divided into four equal squares by lines parallel to 
the sides, a circle is inscribed in one of these squares and the portion of the 
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lamina within the circle is removed ; find the centre of gravity of the 
remainder. 

11. A force (P) acts at a point A, and a parallel force (Q) at a point B ; 
specify the force (R) that will balance them (a) when they are alike, {b) when 
they are unlike parallel forces (f.e. when they act (o) in the same direction, 
(i) in opposite directions). 

If AC = 3 ft., and P = 10 units, and Q = 12 units, specify R when P 
and Q act in opposite directions. 

12. Find the resultant of two parallel forces for the case when they act 
in opposite directions. 

There are 3 bricks each 10 in. long of the same shape and material. 
The lowest one lies on the ground, and the others are placed upon it so that 
each projects x in. over the one immediately beneath it. If the bricks are 
just on the point of falling over, find the value of j;. 

13. Define the centre of gravity of a body. 

A wheel of known weight has a lump of lead of known weight attached 
to its rim. Explain how you could determine, experimentally, the position 
of the centre of gravity of the whole, and how you calculate the position of 
the centre of gravity of the lead. 

14. Find the centre of gravity of three equal weights not in the same 
straight line. 

A table standing on four legs has two flaps, each of the same size and 
weight as the middle piece of the top of the table. If one flap is hanging 
down and the other horizontal, find what weight placed on the outside edge 
of the horizontal flap will just upset the table, the weight of the supports 
being neglected. Ans. Weight of one flap. 

15. Define the centre of two parallel forces, and find its position in the 
case of two unlike parallel forces acting at given points. 

A, B, C, D, in order, are the angular points of a square ; unlike parallel 
forces, D and C, act at A and B. Find the parallel forces that must act at 
C and D if the centre of the four forces is at the middle point of the square, 
and show that the problem can be solved in only one way. 

16. What is meant by the moment of a force about a point ? 

An irregularly shaped beam balances about the middle point of its axis 
when masses of 20 and 40 lbs. are suspended one from each end, and about a 
point one-third of the length from one end when the masses are interchanged. 
Find the mass of the beam and the distance of its centre of gravity from 
one end. Ans. 120 lbs. and one-third its length. 

17. Find the sectional area of the members AB, BC, AC, and DB 
(Fig. 124), if tension members are allowed a stress of \\ tons per square 
inch, and compression members a stress of \ ton per square inch. If there 
were a member joining B to E, find the stress in this member. 

18. A triangular frame, ABC (Fig. 125), is supported at A by a hinge, 
and at C by a rope which passes over the pulley D. Find the stress in 
each member AB, BC, and CA, and in the rope CD. 

Note. — Begin at the point B. 
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ig. What conditions must be fulfilled by a body in equilibrium? 
Illustrate your answer by working the following problem : — A, B, and C 
are three points such that AB = 3 ft., BC = \\ ft., and AC = 3jft. 
ABC is a bent lever turning about B. A force of 13 lbs. is exerted at A in 
a direction inclined at 45° to AB, and another force acts at C in a direction 

inclined at 60° to BC. Find 
the force at C and the third 
force at B. 

Solve the problem also 
by the aid of the triangle of 
forces. Describe each step 
carefully, and give reasons 
for taking it. 

20. AB is a horizontal 

line, and C is a point 2 in. 

away from B and \\ in. 

above its level. D is 

another point 2 in. from C 

and the angle BCD = 150°. 

AB represents a rough floor, 

BC a plank resting on it at B, and DC a cord. The weight of the 

plank is 60 lbs. Determine the coefficient of friction between the plank 

and the floor. 

21. A rectangular trap-door, measuring 4 ft. square, and weighing 75 lbs.. 




/^Cu/t 



Fig. 124- 




8 Cwl. 



Fig. 



is hinged with one edge horizontal, and is supported in the horizontal 
position by a chain which is connected with the middle point of the outer 
edge of the trap-door, and with a point vertically over the middle point of 
the edge in which the hinges are fixed, but 7 ft. above it. Sketch the 
arrangement, aird determine the tension upon the chain and the reaction 
on the hinges. Ans. 41 and 41 lbs. 

22. Draw a vertical line AB, 3 in. long, A being above B. Produce 
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AB to C, making BC 2 in. long. E is a point to tlie right of AB, such that 
ABE is 56° and B AE ioo°. Similarly, D is a point on the left of AB, such 
that BAD = ABD = 48°. The structure represents a partially balanced 
crane with a footstep bearing at C, and a horizontal support at B. A mass 
of 5 tons is suspended from D, and of 2 tons from E. Find the supporting 
forces, and the stresses in all the members. 

23. State the rule for finding the resultant of two like parallel forces. 
What is meant when two parallel forces are said to be " like " ? 

A uniform rod AB, 6 ft. long, rests on two points in a horizontal line, 
5 ft. apart ; one of the points is under A. If the weight of the rod is 20 lbs., 
find the pressure on each point. 

24. A uniform rod AB, 5 ft. long, weighs 40 lbs. A mass of 60 lbs. is 
attached to it at a point i ft. from A. A cord 3J ft. long is fastened to 
the end A, and another 4 ft. long to B. If the free ends of the cords are 
made fast to a peg, how will the whole hang, and what will be the tension 
in the cords ? 

25. A beam 10 ft. long is fastened at its ends to a couple of ropes. The 
free end of one is made fast to a fixed point. The free end of the other is 
pulled by a force of 5 cwt. in a horizontal direction, the weight of the beam 
being i ton. Find the tension in the other cord, its position, and the 
position of the beam. 

26. Define the centre of gravity of a body. If a body is suspended 
from one point round which it can 

turn freely, what statement does this 
circumstance enable us to make as to 
the position of its centre of gravity? 
If the body were a piece of tin plate cut 
in the form of a parallelogram, and 
hung up by a point in one of its edges ? 
What further statement can we make 
as to the centre of gravity ? 

27. A round table is supported on 
3 legs at A, B, and C. AB = 3 ft., 
AC = 3 ft., BC = 4 ft. A weight of 
100 lbs. is placed at P, and the dis- 
tance of P from AB and AC is I J ^iq. 126. 
ft. and I ft. Find how much each leg 

supports. 

Ans. A = 22-3 lbs., B = 33-3 lbs., C = 44-4 lbs. 
. 28. The weight of the rod (Fig. 127) is 7 lbs. and the load on the rod 
is 28 lbs. at 9 in. from the left end. Find the supporting forces R and L. 

29. A bent lever, one arm of which is 2 ft. 2 in. long, and the other arm 
5 in. long, has a force of 33 lbs. applied at the end of the longest arm ; 
what force must be applied at the end of the shorter arm to keep it in 
equilibrium ? 

Do you know anything about the direction of the supporting force ? 
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30. AB (Fig. 128) is a non-nniform body weighing 100 lbs. Describe 
how you would find its centre of gravity if it is suspended by two cords, C A 
and BD, from pegs C and D, in the position shown. Also how would you 
find the tension in the cords and in AB ? 

31. Four particles, whose masses are m, n, p, q, are placed at the angles 

of a square ; find the posi- 



K-9- 



4ft 



Fig. 127, 



tion of their centre of 
gravity, and the condition 
that the centre of gravity 
may be at the point of 
intersection of the diago- 
nals. 

32. A body rests on 
a rough inclined plane. 
Angle of inclination = 
tan-ij. Coefficient of 
friction between plane and 
body o'3. (i) Find what force applied upwards, parallel to the plane, 
will just move the body. (2) Downwards, parallel with the plane. 
(3) Upwards and making an angle of 30° with plane. (4) Upwards, 
and making an angle of 30° with plane (below the plane). Also find the 
least force which will make the body move. Ans. (1) 0'55W ; 

(2) 0-07W ; (3) 0-S2W ; (4) 078W ; (5) o'osW down, O'SaW up. 

nC 
|30\ 




Fig. J28. 

33. In what sense may an area be said to possess a centre of gravity ? 
ABCD is a. plane quadrilateral having the sides AB and CD parallel. 

Determine the position of its centre of gravity. 

34. Define the moment of a force with respect to a given point. 

Draw an equilateral triangle ABC, and let a side represent a length of 
3 ft. ; a force of 10 lbs. acts along BC. Find the numerical value of its 
moment with respect to A. 

The force may act either from B to C or from C to B. How would the 
moment in the one case be distinguished from the moment in the other 
case? Ans. 26 lbs. -feet. 
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35. What do you mean when you say a body is in equilibrium ? Illus- 
trate your answer by finding the position of a second supporting force of 
2 tons that must be applied to the following beam to produce equilibrium. 
The beam weighs f ton, and the shaded area represents a uniform load of 
\ ton per foot run. The beam is 20 ft. long (Fig. 129). 

36. Explain in detail the steps you take, and why you take them, in 
solving the following problem. 

A post, CD, is hinged to the floor at C (Fig. 130). A rope, AB, is 
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Fig. 129. 



fastened to the post at B and to the floor at A. The other rope, ED, is 
pulled with a force of 5 cwt. Find the tension in the rope AB, and the 
pressure of the hinge on the post at C. 

Ans. Tension in AB,i6 cwt. ; pressure at C, i6"i cwt. 
37. Find the resultant of the forces A, B, C, D, E, and F (Fig. 131). 




A ^ C/ 




Fig. 130. 



Fig. 131. 



Find also the sum of the horizontal and vertical components of these 
forces, and of the resultant. 

38. Two points, A and B, situated 3 ft. apart, but the level of A is 2 ft. 
higher than that of B. Three strings, AO, BO, and WO, are tied together 
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at O, and a weight of 20 lbs. is supported by the string OW. Obtain, by 
drawing, the tensions in AO and BO when AO = 2'2 ft. and BO = i ft. 

39. Describe how you would experimentally determine the position of 
the centre of gravity of an irregular solid, such as a bicycle. 

(a) Does the non-rigidity of the body affect the problem ? 
(i>) Does the fact that the wheels can rotate affect it ? 

40. A uniform bar, 10 ft. long, balances over a rail, with a boy weigh- 
ing three times as much as the bar hanging on to the extreme end of it. 
Draw a figure showing its balancing position. 

41 . A uniform isosceles triangle has its two equal sides each 5 ft. long, 
and its base 8 ft. long ; find its centre of gravity. If its weight be 5 lbs., 
and a weight of 10 lbs. be hung at the vertex, find the centre of gravity 
of the whole. 

42. Find the load which must be placed at one corner of an equilateral 
triangular plate to bring the centre of gravity to the middle of a perpen- 
dicular bisector (or median line). 

43. A uniform beam, 14 ft. long and weighing 120 lbs., is attached to 
two props, one of which is 3 ft., and the other S ft., from its centre ; calculate 
the forces on the props when a weight of 100 lbs. is placed first at one end 
and then at the other end of the beam. 

44. Explain fully the circumstances under which a rectangular block, 
standing on a plank which is being gradually tilted, shall topple over, being 

prevented from sliding by a small 




As an example, take 
of a block 8x5x5 



obstacle, 
the case 
cub. in. 

45. If in Fig. 84 the string 
BC were cut with a scissors, 
what would be the tension in 
AB immediately after cutting ? 

46. The mass of an equi- 
lateral triangle is 4 lbs. Masses 
of I, I, and 2 lbs. respectively 
are placed at its angular points. • 
Find the centre of mass of the 
system. 

47. A piece of thin sheet-iron 
is cut into the form of a T with 

the following dimensions : width of head 8 in. ; breadth of head i in. ; 
length of tail 6 in., width l\ in. Calculate the exact position of the 
centre of gravity. How could you find the position experimentally ? 

48. ACB = 60° (Fig. 132), CDB = 45°- Find the stress in each mem- 
ber and the tension on the wall-stay at C. 

49. A frame (Fig. 133) is arranged as shown in sketch. Find the stress 
in each member, and state whether tension or compression. Also find the 
t\yo supporting forces. 



Fig. 
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50. A frame, as in sketch (Fig. 134), is loaded as shown. The dotted 
line is a rope. Find the tensile or compressive stresses in each member. 

51. DAC (Fig. 135) is a heavy rod whose centre of gravity is at G, and 
weighs 50 lbs. MBC = 50°, BCD = 35°, BC = 6 ft., CG = 3 ft., CA = 




Fig. 133- 

4-5 ft. At A the rod rests against a rough cylindrical peg. The coefficient 
of friction between rod and peg is ^. Find /n. If the friction were removed, 
how and why would the rod begin to move? Ans. jj. = o'3. 

52. The lever of a safety-valve is balanced and is 24 in. in length ; the 
distance between the fulcrum and the end of the valve- spindle is 3 in., the 




Fig. 134. 



diameter of the valve being 2^ in. Find the weight to be put on the end 
of the lever in order that the steam may escape at a pressure of 50 lbs. per 
square inch, the weight of the valve being neglected. Ans, 30*5 lbs. 

53. Define centre of mass. 

A uniform wire, 10 in. long, is bent so as to consist of two pieces at 
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right angles to each other ; one of these pieces is 3 in. long, the other 7 in. ; 
find the perpendicular distances of the centre of mass of the system from the 
two portions of the wire. Atis. 2'4S in. and o'45 in. 

54. A bar projects 6 in. beyond the edge of a table, and when 2 oz. is 
hung on to the projecting end the bar just topples over ; when it is pushed 

out so as to project 8 in. beyond the 

D*^ M edge, i oz. makes it topple over. 

\ Find the weight of the bar, and the 

\ distance of its centre of gravity from 

\ the end. Ans. 2 oz. and 12 in. 

\ 55. A stone, weighing l ton, is 

D . \ suspended in the air by a chain ; a. 

^-^^;:^^;__^ g \ rope fastened to the stone is pulled so 

O^^^^^^S::--^^^^ \ that the chain makes 30°, and the 

^^~~^-^5^fcC "^"P^ ^°°> ^'^''^ '^^ vertical. Draw a 

very careful figure, showing the three 

^'°- '35- forces acting on the stone, and a 

triangle representing them. Find the 

pull on the rope. Ans. (i) J ton. (2) 1 ton. 

56. A rod without weight rests horizontally on two points, A and B, 
10 ft. apart ; between A and B take points C, O, D, such that AC = 2 ft., 
AO = 4 ft., AD = 7 ft. ; >■• weight of 100 lbs. is hung at C and one of 
90 lbs. at D. Find the algebraical sum of the moments with respect to O 
of the forces on one side of O. 

57. A wire is stretched horizontally between two points 6 ft. apart, and 
a I -lb. weight is then hung by a string from the middle of the wire, which 
is pulled down by the weight I in. below the horizontal. Draw a figure 
showing the forces which act at the point of attachment of the weight to the 
wire, and find approximately the pull on each of the end points to which 
the wire is fastened. Ans. 18 lbs. 

58. A cubical block of stone, weighing 150 lbs., rests on the ground, 
which is so rough that the block will not slide. It is to be tilted up so as 
to rest on the edge. Find the least force which, applied at the opposite 
edge in a horizontal direction, will begin to tilt the block, and find the 
least force in any direction at that edge which will begin to tilt it. 

Ans. 75 lbs. and 53 lbs. 

59. A flat board is placed on a table. How could you find its centre of 
gravity by pushing it over the edge of the table ? 

60. ABCD is a square, the sides AB and AD being taken as axes of co- 
ordinates ; masses of I, 2, 3, 4 units are placed at A, B, C, D respectively. 
Find the co-ordinates of the point where a mass of 5 units must be placed 
that the centre of gravity of the whole may be at A. Show in a diagram 
the position indicated by the co-ordinates. 

61. Show by the aid of a figure, or of figures, how the degree of stability 
of a coach or cart depends on the height of the centre of gravity. 

The wheels of a coach are 5 ft. apart, and the centre of gravity is 10 ft. 
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from the line of contact of the wheels and ground on either side. To what 
height may the wheels on one side run up a bank before the coach is upset ? 
62.' A tripod whose vertex is A, and whose legs are AB, AC, AD, of 
lengths 8, 9, and 9'5 ft. respectively, sustains a load of 2 tons. The ends 
B, C, D form a triangle whose sides are BC = 7 ft., CD = 6 ft., BD = 8 ft. 
rind by graphical construction the compressive stress in each leg. 

Ans. AB, I '3 tons ; AC, 0^44 tons ; AD, 0'45 tons. 

63. A sheer-legs is formed of two sheer-poles, BC, DC, each 25 ft. in 
length, and secured to a base-plate in the ground at B and D. The wire 
guy or tension rope, AC, is attached to the ground at a point A, which is 
60 ft. distant from BD. The vertical from the top, C, of the poles meets the 
ground at a distance of 10 ft. from the centre of the line BD, which is 15 ft. 
long. Find the tension in tons on the guy when a weight of 20 tons is 
suspended. Ans. 1 1 '3 tons. 

64. A uniform plank is placed across 2 trestles, the middle of the plank 
being midway between the trestles. Find how the pressure on a trestle 
changes as a man, whose weight is 5 times that of the plank, walks along 
the plank from one trestle to the other. 

65. If G is the centre of a mass of a uniform triangular lamina ABC, 
show that forces represented in magnitude by GA, GB, GC will be in 
equilibrium. 

66. In a wharf-crane, the post, tie-rod, and jib measure 15, 20, and 
30 ft. respectively, what would be the nature and amount of the stresses in 
each of the three members when a load of 7 tons is suspended over the 
pulley at the jib-head, (l) when the lifting chain passes from the pulley to 
the drum or barrel parallel with the jib, (2) when the drum is placed so that 
the chain passes from the jib-head parallel with the tie-rod ? 

67. A weightless rod, 3 ft. long, is supported horizontally, one end being 
hinged to a vertical wall and the other attached by a string to a point 4 ft. 
above the hinge; a weight of 180 lbs. is hung from the end supported by 
the string. Calculate the tension in the string, and the pressure along the 
rod. 

68. Explain why, in a common scale-pan or letter-balance it does not 
matter whereabouts on the pan the weights are placed ; although they 
may be sometimes near, and sometimes further off, the fulcrum. (See 
Mechanism. ) 

69. A uniform beam 12 ft. long, and weighing 56 lbs., rests on and is 
fastened to two props 5 ft. apart, one of which is 3 ft. from one end of the 
beam. A load of 35 lbs. is placed (a) on the middle of the beam, (^) at the 
end nearest a prop, [c) at the end furthest from a prop ; calculate the weight 
each prop has to bear in each case. 

70. A rod 10 in. long, weighing 8 lbs., has a mass of 4 lbs. suspended 

' This example requires a knowledge of solid geometry, and is too 
difficult for most students. 
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from one end, and 6 lbs. from the other ; find the position of its centre of 
gravity if it remains horizontal when supported at the middle point. 

71. State how to find the centre of gravity of two particles whose masses 
are given, and which are placed at a given distance apart. If the masses 
are 5 and 7 units, and they are placed 3 ft. apart, how far is their centre of 
gravity from each of them ? 

72. Describe the essential parts of a common balance, and say how the 
balance must be constructed if it is to be (o) true, (6) quick, (c) sensitive. 

Could you weigh an object properly if the arms of the balance beam 
were of different lengths ? Could you do so if the beam was all right, but 
one pan was heavier than the other ? If you could, say how in each case. 

73. In a pair of pincers the jaws meet at \\ in. from the pin forming the 
joint. The handles are grasped with, a force of 50 lbs. on each handle at a 
distance of 8 in. from the pin. Find the compressive force on an object 
held between the jaws, and also the pressure upon the pin. 

74. A series of particles, weighing 3, 20, 5, 16, 30, and 36 lbs., have 
respectively the following co-ordinates [x andj/) 3 and 5, 7 and 9, 3 and o, 
— 4 and 1,-6 and — 5, 2 and 2. Place the particles in position, and 
calculate the position of their centre of gravity. 

75. A man sells pounds of sugar with a balance the scale-pans of which 
differ by \ oz. Supposing he uses.each pan alternately, does he lose or gain 
anything ? 

76. What are the qualities of a good balance ? If the arms are unequal 
show how it may be used to weigh correctly. How could you show that 
there was a difference in the length of arms ? 



CHAPTER V. 

RECIPROCAL FIGURES AND THE FUNICULAR POLYGON} 

The example on page 97 was solved by taking each hinge 
separately and drawing the polygon of forces for each hinge. 
The process was somewhat tedious, and it would be more 
convenient if a shorter method could be used. Such a method 
has been devised, and it embodies a new method of lettering 
the structure diagram. In this we shall no longer letter the 
hinges as in previous work, but instead letter the space between 
two forces; thus, in the adjoining 
figure the force represented by the 
arrow on the left is called AB, and the • 1 _ 
force represented by the arrow on 
the right is called BC. 

Take as an example the roof-truss Fig. 136. 

shown loaded in Fig. 114, page 97. 

It has been redrawn in Fig. 137, with the new method of 
lettering. 

The load of 1 000 lbs. lies between B and C, and is called 
BC. Similarly, the left supporting force lies between the space 
A and the space B, and is called AB. Note that all the letters 
in the structure diagram are capitals. 

Calculate the supporting forces AB and EA as in previous 
problems. Now begin to draw the force diagram, but this will 
be lettered in the old way at the ends of each line with italic 
letters ; at the same time the letters in the structure and force 

' Students reading this book for the first time may omit this chapter 
or defer the reading of it till a later period. Those who take Building 
Construction as their principal subject will generally find it advantageous 
to take this chapter in the order given. 
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diagrams must correspond. Thus, in Fig. 138, take any point b, 
and draw be, in the direction of BC, to represent the force BC 
to a scale of 2000 lbs. to one inch. Write the scale on 
your paper near the diagram before beginnin^^ to draw 
any lines. Now from c draw cd in the direction of CD to 
represent CD, and from d draw de to represent DE. Then 
from e draw or mark off ea to represent the supporting force EA, 
and the remaining force ab represents the remaining supporting 
force AB. The line bcde, eab is sometimes called the load 
line, and beginning at b, then drawing to e and back again 
to b simply indicates that the structure is in equilibrium, the 
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Fig. 137. 



two lines being really the sides of a polygon of forces in which 
the starting and finishing points are the same. 

Now letter the spaces F, G, H, K, between the members 
in Fig. 137. Begin with one end of the structure diagram, 
say the left end, and through b (in Fig. 138) draw a line parallel 
to the member BF, then /must lie somewhere on the line just 
drawn. 

Next, through a draw a line parallel to AF. The point 
/ must be on this line also, hence it must be at the point where 
this line cuts the previous line. 

Now through / draw a line parallel to FG, then g must 
be on this line. Similarly through c draw a line parallel to 
CG, then g must be on this line also. Hence it must be at the 
point of intersection of these two lines. 
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Proceeding in this way, draw a line through g parallel to 
GH, and another through d parallel to DH, and the point h is 
found. Through h draw a line parallel to HK, and another 
through e parallel to EK. Draw the remaining line ak, and 
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Fig. ij8. 



if this line is parallel to AK the force-diagram has been 
accurately drawn ; if not, something has been put in wrong. 

A table should now be made, giving the forces in the 
various members, as measured on the force diagram (Fig. 138). 



Member. 


Force. 


Member. 


Force. 




lbs. 




lbs. 


AP 


+ 4700 


DH 


-4470 


BP 


-S470 


HK 


— 2000 


PG 


— 1000 


AK 


+ 5600 


CG 


-4500 


EK 


-6450 


GH 


+ 1500 
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The only thing that remains to be done is to determine the 
kind of force in each member : that is, whether the member is 
m tension or compression. 

As previously shown, a polygon of forces can be drawn for 
each hinge, and the directions indicated by the arrows on the 
sides of the polygon are those in which the corresponding 
members act on the pin of the hinge. Take, as an example, the 
hinge at which the central load of 3000 lbs. acts. The known 
force of 3000 lbs. acts downwards, the corresponding line in 
Fig. 138 being from do d (not ^ to c). Move round the hinge 
in the direction from C to D, D to H, H to G, and G to C. 
Then move round the corresponding polygon in Fig. 138 in 
the same direction, namely from do d, d to h, h to g, and g to 
c, putting an arrow on each line. 

These are the directions in which the members act upon 
the hinge in question. The member CG pushes the hinge, 
therefore the member is in compression. The member GH 
pulls the hinge, hence it is in tension. Because a tension 
stretches or increases the length of a member a tensile force is 
indicated by a plus, and a compressive force by a minus, 
because it causes the member to become shorter. 

The Funicular Polygon. — In the case of the roof-frame 
just discussed, the supporting forces at the ends were calculated. 
We can, if we like, find these by a process of drawing some- 
thing similar to that just described. 

It does not matter whether the forces are supposed to act 
on a roof, a beam or any other rigid structure, as long as their 
lines of action are not changed or disturbed in any way. 

In the demonstration which follows, the roof-frame has 
given place to a single rigid rod on which two forces, Wj and 
Wa, act as shown in Fig. 139. 

Put in lines to represent the position and direction of the 
supporting forces, and letter the spaces between the forces in 
the same manner as in the last problem. 

Draw the force polygon i5c, <7/ (Fig. 140) representing the 
loads Wi and Wj. We now require the position of the point 
a in bd. This we obtained in the last problem by calculation. 
We now want to get it by drawing. 
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Take any point O on your paper (Fig. 140) and join oc. 
Now, anywhere through the space C (Fig. 139) draw a Hne, 
such as km, parallel to oc in Fig. 140. Join od, and through 
the space D and the point m draw mn parallel to od, cutting 
AD in «. Join ob, and through the space B and the point k 
draw a line parallel to Ob, cutting the left support in e. 

We now have lines ek, km, mn, in Fig. 139, drawn across 
all the spaces except A, parallel to corresponding lines in Fig. 
140, drawn from O to the letters corresponding to the spaces. 




Fig. 139. — Structure diagram. 



Fig. 140. — Force diagram. 



Join en (Fig. 139), and as every line in Fig. 139 has a parallel 
line in Fig. 140, we must now draw through O a line parallel 
to en. This line is Oa, giving the required point, a, in the load 
line. The left support is AB, in Fig. 139, and, therefore, in 
Fig. 140 it will be ab. Similarly, the right support DA is da 
in magnitude. 

It will save confusion to redraw that part of Fig. 139 re- 
quired for the proof of the correctness of the above method. 

Consider any vertical section of the rod distant x from the 
left end and x^ from Wj (Fig. 141). The triangle krs has its 
sides drawn parallel (by construction) to the sides of the 



' A space is anywhere between the lines of action of two forces ; for 
instance, the space B is anywhere between the verticals through e and k, 
whether above or below the rod. 
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triangle bco (Fig 142) ; hence their corresponding sides are 

proportional. That is — 

be sr be eo 
- = -, or - = — 
eo rk sr rk 

Also, in the same manner, if op and kt are horizontal lines — 

op _ CO _bc 
kt rk sr 

Now, kt=xi in Fig. 141, and let op be called H. Also 
be = Wi. Then substituting, we get — 

Xi sr 
But Wi«i is the moment of Wi about a point in the line of 





Fig. 141. 



Fig. 142. 



section we are considering ; and the equation shows that this 
moment is equal to the constant distance (t^ = H multiplied by 
the intercept rs cut off from the line of section by two lines, 
kr and ks, which have been drawn from a point in the line of 
action of Wj parallel to the radial lines oc and ob, which termi- 
nate at the pole O at one end and at the extremities of Wi at 
their other ends. 

Similarly, the moment L x ^ of the supporting force L 
about the section under consideration, is H multiplied by the 
intercept qs cut off on the line of section by the two lines, eg 
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and es, drawn from a point in the line of action of L parallel to 
the two lines joining the pole O and the extremities a and b of 
the force L. 

The sum of the moments of the forces to the left of the 
section (round a point in the line of section) is — 

L X ^ - Wi ;«; 
Which equals — 

H X ^J - H X ^;- 

= H (^j — sr) 
= 11 X gr 

= H multiplied by the intercept of the line of section cut off 
by the funicular^ polygon. 

If the line of section be coincident with the right support, 
the second law of equilibrium says that the sum of the moments 
of the forces on the rod must be zero. The intercept cut off 
by the funicular polygon at n is zero. The same is the case at e. 

It must be carefully noted that Fig. 139 is a dia= 
gram ai lengths only, and Fig. 140 is a diagram of 
forces only, every line in it representing a force real 
or imaginary. 

Remembering this, we see that ek, km, and ne may be a 
system of links or rods acted on by forces L, Wj, Wj, and R 
at their joints, and thus maintained in equilibrium. Also that 
the forces in these links would be represented by the lines ob, 
oc, od, and oa, in Fig. 140, to the same scale as the loads Wj 
and W2 are represented by be and cd. Also that bd is vertical, 
and consequently the horizontal <?/ = H represents the hori- 
zontal component of the forces bo, co, ao, and do, which in 
consequence is constant throughout the linkage. Further, we 
took any pole, O, and, as every pole will give a different 
funicular polygon, there are an infinite number of funicular 
polygons, all of which have the same length of intercept at the 
same place, the corresponding pole being in a line parallel to 
the load-line, at the same distance, H, from the line of loads. 

' The figure ekmne. Fig. 139, is called the funicular, or link, polygon. 
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Example Given the Warren girder loaded, as in Fig. 143, 

determine tlie supporting forces and the force in each member. 

Letter the spaces between the forces acting on the structure, 
remembering that the whole of the upper space between the 
supporting forces is D. 

Draw the load line, e, a, b, c,f, and take any pole O. Draw the 
radial lines oe, oa, etc., and across the corresponding spaces, E, 
A, etc., in the structure diagram draw parallel lines forming the 
funicular polygon, i, t, ti, v, w, x. Draw the closing line ix, and 
from the pole O draw a parallel line cutting the load line in d. 
Then, de is the left supporting force, and cd the right supporting 
force. 

Now letter the spaces in the structure. Beginning at the left 
end, through d draw a line parallel to the member DR, and through 
e draw a line parallel to the member ER. These intersect in r. 
Again, through r draw a line parallel to the member RQ, and 
through d draw a line parallel to the member DQ. These intersect 
in q. Carrying out this method, the complete force diagram can 
be drawn. 

Next determine the kind of force in the different members, 
following out the method given on p. 118. Take the case of the 
hinge at which the load of 1 1 tons is applied. The known force is 
EA or AE. As it is downward, it must be from e to a in the force 
diagram, and consequently we must proceed round the hinge in 
the direction from E to A, A to P, P to Q, Q to R, and R to E. 
Passing over the corresponding lines in the force diagram, leaving 
an arrow on each line indicating the direction of procedure, we get 
the directions in which the members act ok the pin of the hinge. 

The forces in the structure caii then be tabulated as below. 



Member. 


Force, 
tons. 


Member. 


Force. 






tons. 


DR 


-27-5 


DQ 


-28-S 


RQ 


+ 27-5 


DN 


-43-5 


QP 


-14-5 


DL 


-49-1 


PN 


+ 14-5 


DS 


-339 


NM 


- S'5 


ER 


+ iS'o 


ML 


+ s-s 


AP 


+ 36-0 


LK 


+ i5'o 


BM 


+ 46-0 


KS 


- 15-0 


CR 


+ 41-6 


SG 


+ 33'S 


FG 


+ i7'o 


GD 


-33-5 







Fig. 143. — Structure diagram. 

D 




E ' A * B ' C I F 
i/Ifo/is \8eo/us VStoivs ^/GtwA's. 




Scale— 20 tons to i inch. 
Fig. 144. — Force diagram. 
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A Peculiar Case is presented in the structure shown in 
Fig. 145, and it is given here to show the student that the 
conditions laid down in the example on page 52 must be 
followed, or the problem cannot be solved by ordinary means, 
if at all. 

The structure shown in the figure represents a roof-truss 
or frame, and is invariably constructed of wood. The members 
AB and BC are formed in one continuous piece. This at once 
violates the conditions mentioned above, and consequently, 
the method previously given cannot be used here. The same 
objection applies to the pieces CE and AE. We are then left 
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with a choice between taking the truss exactly as it is, and 
being unable to solve the problem, or — what is almost as bad — 
to make the assumption that there are hinged joints at BDG 
and F. 

It will be interesting to follow out the solution of the 
problem for the instruction it affords, on the assumption that 
there are joints at BDF and G. 

Assume for the moment that the frame is loaded with a 
force, W, Fig. 146. The right support, R = f W, and the left 

W 
support, L = — . This latter is trying to urge the part of the 

4 
frame to the left of W in the upward direction. And there is 
nothing to prevent it from turning the rectangle into the dotted 
position, Fig. 147 ; in fact, we have here a mechanism made up 
of four hinged rods. But we have this force L in Fig. 146, and 
hence the frame will collapse, and is quite unable to sustain 
any load as suggested in Fig. 146. 

It will now be necessary to enquire what is and what is not 
a structure which is capable of sustaining a load. 
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Examine any hinged structure we have already dealt with, 
say the Warren girder in Fig. 143, and let us gradually build 
it up. 

A triangular frame will not give in the manner suggested 
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in Fig. 146 if two joints are fixed. We have already learnt 
that it is perfectly stable. Here (Fig. 148) we have three joints 
and three members. Now add two more members, as in Fig. 
149, and we have five members and four joints. Add two 
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more members (Fig. 150), and we have seven members and 
five joints. It should be noticed that every two members 
added simply adds one joint. 

Proceeding in this way until the whole structure is com- 
pleted, we can record at every stage the number of members 
and joints in the structure as in the following table : — 



Members. 


Joints. 


Members. 


Joints. 


3 
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13 


8 
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4 


15 
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17 


10 
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19 


II 


II 


7 
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We want the relation between the number of members and 
joints. 

Plot the number of members vertically and the number of 
joints horizontally, as in Fig. 151. The points lie on a straight 
line whose equation is ^ — 

Number of members = 2 X number of joints — 3 

Returning to Fig. 145, we see there are 7 joints; hence 
there should bei!X7-3 = ii members. We see that there 
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are only ten, hence one of the necessary members is missing, 
and must be supplied before we can proceed with the solution 
of the problem. 

The missing member is either of the diagonals of the 
rectangle. Fig. 147. Putting in this member, the problem can 
be finished in the ordinary way, as previously explained. 

If a stracture has more members than that given by the 
equation — 

Members = 2 x joints - 3 

it has too many, and it is impossible to solve the problem by 
the graphical means described in the early part of this chapter ; 
while, if it has less than the above number of members, it is 
unstable, and will probably collapse. 

' See Appendix for method of getting equation. 
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Examples on Chapter V. 
t. Calculate and find, by drawing, the supporting forces in Fig. 152. 
Also find the stress in each member. 

2. Find the stress in each member of Fig. 153, and find the direction 
of the force at the hinge. 

3. If the upward support in Fig. 153 had been made to slope upwards 



Jto/h /■5to/is\2-5tons 




Fig. 152. 

from left to right at an angle of 45° to the horizon, find the force at the 
hinge and the stresses in the members. 

4. If weights of 2 cwt. were placed at each of the points in Fig. 153, 




Fig. 153- 



where the members meet, where would be the centre of gravity of those 
weights ? 4 




^inae^ 



Fig. 154. 



5. The numbers in Fig. 154 represent the loads in cwts. Find the 
stress in each member and the supporting forces at A and B. 
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6. If the hinge in Fig. 154 had been at A, and the horizontal force at 
B, what would then have been the supporting forces and the stresses in 
the members. 

7. The numbers in Fig. 155 represent cwts. Find the stresses in the 
members, 

8. In Fig. 143 replace the weights 11, 8, 18, and 16 tons by 13, o, 17, 
and 4 tons respectively, and find the stresses in the members. 
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9. The lines in Fig. 156 represent links hinged at A, B, C, D, E and F. 
A load of 5 cwt. is suspended from E. If the diagram gives the actual 




position of the links, find the loads at C, D, and F, and the stresses in 
the links. 

10. Find the magnitude and position of the resultant of the forces in 

Fig. I3>- 

11. Find the stresses in the members of the roof frame. Fig. 157. 

12. Find the stresses in the members of the structure in Fig. 158, 
assuming it to be hinged at A, and the load at C is 2 tons. There is also 
a horizontal supporting force at B. 

13. The dotted lines in Fig. 159 represent links hinged together at 
A, B, C, D, and E. Find the forces necessary to maintain equilibrium 
and the given shape of the linkage. Find also the tension in each link. 
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14. If in the last example there were further links joining B to D, and 
A to D, find the necessary forces to produce equilibrium and the stresses 
in the members. 




Fig. 157. 



15. Assuming a smooth floor, find the tension in the cord, Fig. 160. 
What would the tension be if the load v/ere placed at the joint ? 
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16. If in Fig. 160 there were rollers on the back legs of the steps, and 
the coefficient of friction between the front legs and the floor were 0'2, 

K 
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find the tension of the cord, and say what forces keep the front legs in 
equilibrium. 



1-5 ewi 




Fig. i6i. 



17. Determine the resultant of the forces in Fig. 161, and give its 
components parallel and perpendicular to the dotted line. 



CHAPTER VI. 



DYNAMICS. 



The Motion of a Body. — We may represent the position 
of a body, or, in other words, its distance, from a given 
fixed point, in the following manner : — 

Let a body be 15 ft. from a given point when we begin to 
measure time (as we can do with a stop-watch), and let it be 
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21 ft. away from the same point in 2 sees,, 36 ft. in 7 sees., 
45 ft. in 10 sees., 51 ft. in 12 sees. Take a piece of squared 
paper, as in Fig. 162, and make a scale of seconds along the 
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base oX, and a scale of feet along oY. Plot on this squared 
paper the points representing the above quantities as shown at 
A, B, C, D, and E. The equation to this line may be found 
by the method given in the Appendix. It is — 

Distance in feet from \ .... 

the fixed point f = ^3 + 3 X time of motion m seconds 

The distance moved in i sec. is 3 ft. ; for if we put i sec. 
for the time in the above equation, the distance of the body 
from the fixed point is then 16 ft., that is, 3 ft. further from the 
fixed point than at the beginning of the second. Again, at 
the end of 5 sees, the body is 28 ft. away, and at the end of 
6 sees, it is 31 ft. away, or the distance moved over in i sec. 
is 3 ft., the same as before. This is called the velocity of the 
body. But the slope of the line AE in Fig. 162 is the number 
3 in the above equation ; hence we may define the velocity of 
a body as the slope of the distance curve on a time base. 

In the above example the .slope and consequently the 
velocity was constant. Also the distance from the fixed point 
at the end of the time, minus the distance from the fixed 
point at the beginning of the time = distance moved over 
during the time ; and from the above equation to the line in 
Fig. 162 it equals slope X time, which again equals velocity 
X time, because velocity is the slope. Hence when the velocity 
is constant — 

The distance moved over in t sees. = velocity X time t. 

Speed is another name for velocity, though it does not 
specify direction, as velocity is supposed to do. 

Example. — A train moves with a constant speed or velocity for 
I hour and 29 mins., and during that time moves over 78 miles : 
what is its velocity ? 

When the velocity is constant, we have — 

Distance moved over = velocity x time of motion 
or 78 = velocity x i |^ hours 

and ~ = velocity in miles per hour = 52'5 
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Example. — Convert 30 miles per hour to feet per second, and 
then to yards per minute. 

Referring to our general equation, we have — 

Distance = velocity x time 

„_ distance , . 

or — = velocity 

time ' 

Now, miles per hour is a velocity, and therefore equals — 

distance in miles 
time in hours 

To convert this to feet per second, we must first convert miles 
to feet in the numerator, and hours to seconds in the denominator ; 
thus — 

r . distance in feet 

feet per second = -; : ;- 

time in seconds 

_ distance in miles x 5280 
time in hours x 60 x 60 

_ 30 X 5280 _ 
I X 60 X 60 ~ 

It is rather convenient to remember that 88 ft. per second is 
the same speed as 60 miles per hour. 

Variable Velocity. — Let the distance moved over in a 
given time be indicated by an ordinate to the curve OPBC 
in Fig. 1 63, where we have time measured along the base and 
distance vertically upwards, as in Fig. 162. We have already 
learnt (p. 132) that t^ velocity at any instant is the slope of the 
distance-time curve at that instant. For example, the velocity 
at the end of the time represented by ON (Fig. 163) is the 
slope of the curve at P, which is the same as the slope of the 
tangent to the curve at P, which equals — 

— := = —5- = i8'g ft. per second 
DE 3-96 ^ ^ 

EF being the tangent to the curve at P. 

At N„ vertically below N, plot upwards PiNj equal to this 
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velocity, and do the same for a number of points on the 
original curve OPC. We then get the velocity-time curve 
OP,RY. 

We may now examine the change that takes place in the 
velocity. Referring for a moment to Fig. 1 63, we saw that the 
velocity was given by the slope of the curve, which is measured 
at P by FD (a distance) divided by DE (a time). Dividing a 
distance by a time, we get " the distance moved over in one unit 
of time," or the gain of distance per unit of time, which is the 
change of distance per unit of time (the distances being measured 
from a fixed point). 

Reasoning from analogy, we see that the slope of the 
velocity-time curve (Fig. 163) must give us the change of 
velocity per unit of time. The name we give to this 
quantity is Acceleration. The slope at different points in 
the velocity-time curve is plotted vertically in Fig. 163 from 
the base OX, the positive values upwards and the negative 
values downwards. 

We may also notice that the acceleration at Pi = slope at 

r, change of velocity Y{L ii*3 ^ . , 

Pi = 2 — . L = = — ^ = ,-46 ft. per second 

time QZ 3-25 -^ ^ 

per second. Hence acceleration X time = change of velocity 

during that time. 

We may now define velocity as the slope of the 
distance -time curve, and acceleration as the slope of 
the velocity -time curve. 

Let us now examine the case in which the acceleration is 
constant. The acceleration-time curve will be a horizontal 
straight line, PQ (Fig. 164). We have just learnt that — 

Acceleration X time = change of velocity. 

But the area included between any two verticals, such as 
OA and RV and the curve AR (Fig. 164) 

= acceleration OA X time OV. 

Hence this area must represent the change of velocity 
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which takes place between O and V; that is, during the 
interval of time OV. 

Now take a piece of squared paper (Fig. 165), and make a 




scale of time along the base, but plot upwards the change of 
velocity, that is, the area between OP and the ordinate in 
question. Thus set up VA to represent the area OARV, and 




Fig. 165. 



ZB to represent the area OAXZ ; also FC to represent the area 
OAYF, and so on. We then get the straight line OABCD. 

If the body had an initial velocity before the increase of 
velocity began, we should represent this initial velocity by OM 
(Fig. 166), and plot the change of velocity above OF. Thus, 
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at the end of the time MH, the velocity of the body will be 
the initial velocity + the change that has taken place during 
the time MH, which is represented by HZ + ZB. The equa- 
tion to the line OD is — 



Velocity at the end of I ^,, 

\ = OM + slope X time 

= initial velocity + acceleration x time 



a given time 



It will be convenient if we call the velocity at the end of a 
given time simply the final velocity, and we then write — 

Final velocity = initial velocity + acceleration x time 

We also found on p. 132 that if the velocity were constant — 
Velocity x time = distance moved over 
In Fig. 166 the velocity is not constant, but we could, if 
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necessary, find an average velocity which would make the body 
move over a given distance in the same time as the variable 
velocity. Then — 

Average velocity x time = distance moved over in that time 

As velocity is measured upwards (Fig. 166), average velocity 



1 38 Mechanics. 

X time = area included between OM and the ordinate at the 
end of the time. Hence the distance moved over in a given 
time 

= area between ordinates at the beginning and end of the time 

In Fig. 166 the area — 

MOBH = average height x base 

2 
_ / initial velocity + final velocity \ . ■ 

Substitute for the final velocity from the equation in heavy 
type on p. 137, and we get — 

. _ rinit. vel. + (init. vel. + acceleration x time) ~j . 

= initial velocity X time + ^ acceleration X time* 

But area represents distance moved over during the time, 
hence — 

Distance moved over = initial velocity x time + ^ ac = 

celeration x time'' 

The above results can be briefly summarized thus — 

Let s represent the distance moved over by a body in the 

time f, with a constant acceleration of (a), the initial velocity 

being V and the final velocity v. 
Then— 

v=\ + at . I. 

s = \t-\-\af . . .11. 
and v'' = V + 2 as . 111. 

The last equation is obtained from equations I. and II., 
thus — 
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Square both sides of equation I. Then — 

z;'^ = V^ + 2 V «/ + a^f 

= V^ + 2 af 

Example. — In starting from a station a train increases its speed 
by 3 ft. per second during each second. How far will it move in 
30 seconds, and with what velocity will it be moving at the end of 
10 seconds ? 

Inserting the given values in equation II., we get— 

2 
= (o X 30) + - X 3 X 30'' 
= o + 1350 ft. 

Again, using equation I., we have — 

V = Y + at 
= o + 3 X 10 
= 30 ft. per second 

Example. — A, body is moving at a given instant with a velocity 
of 50 ft. per second. During its motion its velocity is reduced 
by 8 ft. per second in every second. How far will it move in 
3 seconds, and what will then be its velocity.? What will its 
velocity be after moving over 100 ft., and how far did it move 
during the fourth second of its motion ? 

Using equation II., we have — 

s = Vt + -afi 
2 

And as the acceleration is negative, that is, a retardation, or as 
the acceleration is in the opposite direction to the initial velocity V, 
we must write — 8 for a. 

J = (50 X 3) - - X 9 
= 1 14 ft. 
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Its velocity at the end of 3 seconds is given by the equation — 

z' = V + a/ 
or 1/ = 50 — 8 X 3 

= 26 ft. per second 

the negative sign being due to the negative direction of the 
acceleration. 

Its velocity after moving loo ft. is best obtained from the 
equation — 

■z/2 = V^ + las 
or w^ = 50^ - 2 X 8 X 100 

= 900 
.•. z/ = 30 ft. per second 

Lastly, the distance moved during the fourth second of motion 
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will be obtained by finding j when / = 3, and then again finding 
J when / = 4. The first has already been found to be 114 ft. 
The second will be found in the same manner to be 136 ft. 
The difference of these two values of j = 22 ft., which is the 
distance moved over in the fourth-second of motion. 

Example. — A body is projected horizontally over a cliff with a 
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velocity of 50 ft. per second. Trace the path of the body during 
5 seconds. 

It is found by experiment that when a body is allowed 
to fall freely its acceleration is constant and equal to 32*2 
ft. per second per second. Hence the vertical component 
of its motion will be given by the three equations for 
motion with constant acceleration. 

At the end of i second the body will have moved 50 ft. 
horizontally with constant velocity. It will also have moved 
vertically a distance given by — 

= o + J X 32 X 1^ 

= 16 ft. 

Measure AB horizontally (Fig. 167) to represent 50 ft., and then 
BF vertically downwards to represent 16 ft. The body will have 
arrived at F at the end of i second. 

At the end of 2 seconds it will have moved 100 ft. = AC 
horizontally, while vertically it will have moved — 

= + ^x32x4 
= 64 ft. = CG 

In this way any number of points in its path may be found, and 
the path traced out. 

Example. — Two points, A and B, are in the same vertical line, 
200 ft. apart, A being above B. A body is let fall from A, and 
simultaneously another body is thrown upwards from B with a 
velocity of 50 ft. per second. Where will they meet ? 

Let them meet at a distance j from the level of B. This 
meeting-point will therefore be (200 - s) from A. 

Let t = time in seconds before they meet ; then the distance 
travelled by the lower body is given by— 

s = Yt + \afi 

= 50/ - 5^ fi 

the negative sign indicating that the acceleration is in the opposite 
direction to the initial velocity. 
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Again, the second body traverses, in the same time, the 
distance — 

200 - J = o + —fi 

2 

Adding these equations together, we get — 

200 = 50/ 

or / = 4 seconds 

In 4 seconds the upper body will have fallen through a 
distance — 

= o + ^ X 16 
2 

= 256 ft. below A 

56 ft. below B 

Motion down an Incline. — We can conduct an experi- 
ment to determine the accuracy or otherwise of the statement 




Fig. 168. 



in heavy type on page 141, namely, that the acceleration of 
a falling body is constant. 

For that purpose a long grooved plank (Fig. 168) can be 
used, which can be tilted through a small angle and fixed in 
that position by a thumbscrew, S. 

A ball, B, is allowed to roll down the groove, and the time 
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of motion can be recorded by a stop-watch, or, preferably, by 
a water-clock something like that shown in Fig. 171. The 
distance moved over can be varied from zero up to the length 
of the plank. 

The acceleration vertically downwards is g feet per second 
in each second. 

The component of this parallel to the plane is ac on the 
left of Fig. 168, which is constant if ^ is constant. Hence, if 
we find by experiment that the acceleration down the plane is 
constant, then g must be constant.* 

Keep the incline fixed at a constant angle, d. Let the ball 
roll through different distances along the plane, and record the 
time for each distance. Tabulate the observations, and plot 
the distances vertically and the times horizontally, as in Fig. 
162. Repeat the process of getting the velocity and accelera- 
tion from this curve that was used in Fig. 163. It will be 
found that the acceleration down the plane is constant, and 
therefore g is constant. 

Angular Motion. — We have just discussed linear motion, 
or motion along a line, when 
the acceleration was constant. 
When an arm or rod is made 
to turn round an axis, like the 
hand of a clock or the crank 
of an engine, the end of the 
hand moves over a linear 
distance, while the hand or Fig. 169. 

crank sweeps out an angle, i.e. 
passes over an angular distance. 

The angle passed over in one second is called the angular 
velocity of the arm, and is measured ^ in radians per second or 
in turns per minute. 

■ It should be noted that the acceleration of the ball down the plane 
will not equal the component of g along the plane, because the ball is 
compelled to roll or rotate as well as move longitudinally, and part of 
the component of g must be used for rotation, while the part which is 
measured is that used for translation. 

2 There are ir radians in a semicircle or 2ir radians in a circle, i.e. an 
angle of II radians = an angle of 180 degrees (see Fig. 169). 
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The equations on page 138 hold for angular as well as for 
linear motion. In that case V represents the initial angular 
velocity, and v the final angular velocity, in radians per second, 
while a is the angular acceleration in radians per second per 
second, and j the angular distance or angle turned through. 

Example. — A fly-wheel is turning at a given instant at the rate 
of 90 times per minute. It is allowed to slow down until its speed 
is 50 turns per minute, and during the interval it has made 25 
complete turns. What was the angular acceleration, and how 
long was it in slowing down ? 

From page 138 we have — 

^2 _ v2 -I- 2as 

Substituting go turns per minute when converted to radians per 
second for V, and 2*25 for s, we have — 

/ Jo X 2Tr N 2 / 90 X 2»r \ 2 

('60 j = (60 ) -^''x^'^S 

from which a = o'i96 radians per second per second 
Also V = V + at 
ijo go , , 

or I- X 2Tr = f- X 2ir - 0-196^ 

60 60 ' 

that is / = 2r3 seconds 

Force and the Motion it produces. — We have so far 
only studied the geometrical aspect of motion, and have not 
yet endeavoured to ascertain the relation between the force 
producing motion and the amount of motion produced by it. 
Experiments, conducted with this end in view, are by no means 
easy to carry out ; on account of the difficulty of measuring 
time with a fair degree of accuracy, with inexpensive apparatus ; 
which is the condition under which the majority of students 
must work. 

At the outset it is absolutely necessary that the nature of 
the problem to be solved should be clearly understood. We 
want to find how much velocity will be imparted to a "iven 
body by a definite force acting during a given time, or, in 
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other words, we want to find an equation connecting these 
quantities. 

The velocity imparted to a body in a given time depends 
upon the acceleration, and therefore the quantities we are 
chiefly concerned with are — force, quantity of matter acted 
upon, acceleration produced, time of action, and space moved 
over during that time. 

These need not all be included in the same result, as was 
evident from a consideration of the equations deduced for 
motion having constant acceleration. 

The term quantity of matter used above requires to be 
clearly defined before we proceed further. 

In the first chapter, in a footnote, it was stated that the 
weight of a body varied according to its distance from the 
earth's centre. If the body could be carried to the centre of 
the earth its weight would be zero, but the quantity of matter 
in the body would still be the same as it was at the earth's 
surface. This indicates that the quantity of matter in a body 
and its weight are two entirely different things, and must not 
be confused one with the other. 

The Quantity of Matter in a Body is called its Mass. 

The unit of mass is the quantity of matter in the piece of 
platinum called the standard pound, and the mass of any body 
can be found by balancing the body in one pan, of a balance 
against a number of duplicates of the standard pound in the 
other pan. 

It will be seen that this method is independent of the 
position or locality in which the operation is carried out, as 
any variation of the pull of the earth on the constituents of one 
scale-pan must be the same as that on the constituents of the 
other pan. 

We see from the above that when we weigh a body with a 
balance such as a chemical balance, or those used for weighing 
tea, sugar, etc., we are really comparing the mass of the body 
with our standard and are not finding its weight ; for we should 
get the same result if we removed the balance and body to 
some other locality where the pull of the earth (weight) was 
different. 

L 
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Fig. 170. — Atwood's machine. 



The weight of a body 
is the pull of the earth 
upon it, while the mass of 
a body is the quantity of 
matter in it. The formtr 
is a force, and the latter is 
so much matter. 

We could dispense with 
the term weight, if it had 
not such popularity with 
the general public, who use 
it in the place and sense 
of mass. 

There ought not to be 
any confusion in the stu- 
dent's mind if he remem- 
bers that weight is a force 
and mass is not, though 
they are both often mea- 
sured in units having the 
same name ; but it is only 
in name that they are alike ; 
just in the same way that 
a pound of tea and a pound 
sterling are entirely dif- 
ferent. One measures a 
mass of matter, and the 
other measures worth or 
monetary value. 

It is quite an accident 
that at any given place the 
masses of two bodies bear 
the same ratio one to the 
other as their weights do 
at that place ; and hence 
we are able to compare 
masses by weighing them. 

The apparatus we may 
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use to show that force is proportional to acceleration is shown 
diagramniatically in Fig. 170, and was first devised for the 
purpose by Atwood, but in a different form to that shown. 
A pulley A is supported on a ball-bearing, similar to that used 
in a bicycle for the purpose of reducing friction, but more 
especially for rendering the friction as nearly as possible con- 
stant. The pulley should not be too small in diameter, 8 
inches being about the minimum. Two equal weights, P and 
Q, are suspended at the ends of a fine cord, such as whip- 
cord or coarse silk fishing-line, which is passed over a groove 
in the pulley. 

These weights should be not less than 7 lbs. each, and 
preferably larger. In addition to these, there should be a large 
number of riders of different weights, which can be super- 
imposed on P or Q. Let P represent the fixed mass on the 
end P, and Q the fixed mass on the end Q, and let R = the 
mass of the rider placed on Q. Then, if there is no friction, R 
would be the force which moved the total mass (Q -f- P -f- R))"^ 
and produced in it a certain acceleration which it is our 
purpose to determine. 

But we must eliminate the effect of friction, or rather 
balance it by an equal and opposite force. This is done by 
putting on Q a small rider just sufficient to keep the weights 
moving very slowly and without increase of velocity. This is 
done before R is applied to Q. Let F be the mass of the 
rider applied to balance friction. It should be extremely 
small. 

The method of experiment will consist of varying one 
element at a time. We shall first keep the moving force and 
masses constant, vary the distance moved, and measure the 
time of movement. 

The measurement of time is the operation which is least 
accurate and most difficult of accomplishment. The best way 
is to arrange a couple of electrical contacts on the graduated 

• The mass of (Q -f P -I- R) as suggested above will not be exactly the 
mass moved. There is in addition the equivalent mass of the pulley 
supporting the weights. This should be small, but it is too difficult a 
matter to take it into consideration here. See experiment on the flywheel. 
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post at the side of the weight P (Fig. 170), and connect these 
contacts to a pencil recording on a revolving drum (driven by 
clockwork at a uniform rate) the time of motion between the 
contacts. This arrangement is too expensive to be generally 
used in a Mechanics laboratory, and in its place some cheaper 
form of apparatus must be adopted. This generally takes 
the form of a water-clock, which can be arranged in a number 
of different ways; the main feature always being that the 
amount of water flowing under constant head is caught during 
the motion of the masses P and Q, and that the mass of water 
which will flow from a given orifice under constant head is 
proportional to the time of flow. 

In Fig. 171, A is a small tank containing a ball float-valve 
for maintaining the water at a constant level. A small glass 
or brass tube, B, is connected to it through a piece of rubber 
tube, C, to allow of it being switched over to deliver into the 
measuring vessel D, and then back to the drain E. 

A loose pulley, F, is turned about a pin in the graduated 
post by the weight W, and the pulley is connected to the tube 
B by a small connecting-rod G. There are three pegs, a, b, 
and c, of different lengths in the periphery of the pulley which 
respectively engage with the end of the lever K centred at L. 
An arm, M, attached to the pulley presses on the weight P and 
prevents it from rising. A fine cord connects the under side 
of the weight P with the end T of the lever TSN, the end 
T being also connected to the helical spring X. The cord 
contains loops every few inches, which are hitched in turn to 
the hook at the end T of the lever TSN. 

After setting the apparatus as shown in- the figure, and 
putting a rider R lbs. on the weight Q, in addition to F lbs., 
which balances friction, press the lower end of the lever 
K lightly with the finger, to release the peg a in the pulley 
from the end of the lever K. This permits the pulley F to 
turn and throw over the arm M and the tube B, releasing 
the weights P and Q, and directing the stream of water into 
the measuring vessel D. 

When the cord connecting the weight P and the lever T 
becomes taut, it lifts T and releases the lower end of K, which 
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is pulled to the left by the elastic band V, which releases the 
second peg b, and the tube B is thereby thrown back to its 
original position, delivering water to the drain again. The 






n .— y 




spring X checks the motion of the weights P and Q, and 
prevents the connecting-cord from breaking. 

The quantity of water caught in the measuring vessel is 
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proportional to the time of motion. This should be measured 
to one-hundredth of a pound. The distance moved is obtained 
by a square with the blade touching the top of the weight, as 
in Fig. 172. 

Repeat the experiment with other lengths of cord, . 

CorO.-^ 



U'eigiit 



Vertical Post 
with. Scale. 



Square 



Fig. 172. 

connecting T to the weight P, and tabulate the results as 
below. 

Experiment I. on Atwood's Machine. 
Date, . Observer, 

Object. — To determine the relation between the distance moved over and 
the time of motion with a constant moving force and masses moved. 

Friction = F = lbs. 
P = Q = lbs. 
R = lbs. 
Total mass moved = P+QH-F + R= lbs. 



Distance moved (feel). 



Time of motion 



Now plot the distance moved on a time base similar to 
Fig. 162. This has been done in Fig. 173. Draw a smooth 
curve through the points so plotted. 

To obtain the velocity curve, use ■ the method shown in 
Fig. 163. Obtain the slope of the curve at several points by 
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drawing tangents, and plot these values of the slope (velocity) 
on the same base. In this case it happens to be a straight 




5 N 

Time SecoiuLs. 

Fig. 173. 



line, and therefore we can find its equation by the method 
given in the Appendix. It is — 

Velocity = 0-3 X time 

But this is the kind of equation we obtained with constant 
acceleration (page 138), which was — 

v = Y + ai 

In the present case the bodies started from rest, and con- 
sequently V = O. 

Comparing the two equations, we see that 0*3 represents the 
acceleration; it is constant because the slope of the velocity 
curve is constant. 

As a further check upon the results just obtained, see if the 
equation 

S = V/ +l.afi 
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holds good, as it ought to if the acceleration is constant in 
the experiment. 

As there is no initial velocity, we shall have — 



Let fi = Xj then- 



S 

2 



S = -^ 



which is the equation to a straight line through the origin, the 

a 
slope of the line being -. Hence square all the times, and 

plot these horizontally, and the distances ^ vertically. The 
resulting curve is sufficiently straight to confirm the above 
indication of constant acceleration. 

A somewhat different method of procedure might have been 
adopted, after plotting the curve in Fig. 173. 

See if the equation connecting space and time is of the 
type— 

s = mf^ 

Take logarithms of both sides, thus — 

log s = log m -\- n log t. 

This is the equation to a straight line if the logarithms 
are plotted. Hence, if thfe points obtained by plotting the 
logarithms of j and t all lie upon a straight line, we know that 
the equation connecting s and t must be of the type — 

s = mt" 

where m and n are constants (see Appendix). 

This experiment shows that the pull of the earth on the rider 
R (which was constant) produced a motion of the masses 
P + Q + F + R, in which the acceleration was constant. 
Therefore we are at liberty to anticipate that a constant force 
produces constant acceleration when acting on a given mass 
of matter. 
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Experiment II. on Atwood's Machine. 
Date, . Observer, 

Object. — To determine the relation between the moving force and the 
acceleration produced by it when the total mass acted upon and the 
distance moved over are kept constant. 

Total mass moved = P + Q + F + R= lbs. 

Friction F = lbs. 
Distance over which motion takes place, ft. 



Time. 



Moving Force. Acceleration produced. 



As the force has to be varied, while the mass moved remains 
constant, a rider must be removed from one weight to the other 
to produce the variation of force. Hence, put a number of 
riders on P, and a large rider or a number of riders on Q slightly 
greater in weight than those on P. Arrange for the weights 
to have the maximum possible range of motion. Measure the 
time as in the previous experiment. Having obtained the 
observations, calculate the acceleration in each case, and enter 
it in column HI. of the table. This we can do by means of 
the equation — 

because we have previously shown that this equation holds 
good for any set of observations taken on an Atwood's Machine. 
In the above, V is zero, and therefore— 

Now plot the force on an acceleration base. 
The resulting curve is straight, and passes through the 
origin ; hence its equation is — 

Force = slope X acceleration 
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Therefore, when] the force is variable, the acceleration 
produced is proportional to the force producing it. 



Experiment III. on Atwood's Machine. 

Date, . Observer, 

Object. — To determine the relation between the mass moved and the 
acceleration produced, when the distance moved over and the moving 
force are kept constant. 

Distance moved = 
Moving force = 



Mass moved. 



Acceleration produced. 



An equal number of comparatively heavy riders must now 
be placed on each end of the cord. Determine the time of 



Fig. 174. 




Fig. 173. 



motion with different total masses, but with constant difference 
of weights, and calculate the acceleration produced in each 
case, as in the last experiment. 

Plot the total mass along the base and the corresponding 
accelerations vertically upwards (Fig. 174). The curve not 
being a straight line, we must try the method given in the 
Appendix. 
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Plot the logarithms of the accelerations upwards and the 
logarithms of the masses horizontally (Fig. 175). We now get 
a series of points which lie approximately on a straight line, 
whose equation is — 

Log. of acceleration = OA - ^log. of mass moved 

OA 
As -—. = I, this equation can be written as — 
Uri 

Logarithm of acceleration + logarithm of mass = OA 

Taking anti-logarithms, we get — 

Acceleration X mass = 10°'^ = a constant 
a constant 



or acceleration = 



mass moved 



Summary of Experiments on Atwood's Machine. — 

We have found by these experiments that — 

(i) When the moving force was constant, the acceleration 
produced was constant (the mass acted upon being 
constant). 

(2) When the moving force was varied, the mass moved 

being constant, the acceleration produced was pro- 
portional to the moving force ; or — 

« = <rF 

where c is some constant number. 

(3) When the moving force was constant, and the mass 

moved was varied, the acceleration produced was 
inversely proportional to the mass moved ; or — 

k 
" = W 

where k is some constant number. 

We now want to express these results in one equation, 
assuming all the quantities to be capable of variation. 

Examine for a moment the expression for the area of a 
triangle. It is — 
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area = \ base X height 
ox h. = \b Y. h 

If we keep the height constant, the areas of a series of these 
triangles will be proportional to their bases j or — 

k. = CY.b 

where c is a constant multiplier or coefficient. Similarly, if 
the height is made to vary and the base kept' constant, the 
area is proportional to the height ; or — 

A =k X h 

where k is another constant. But when both the height and 
the base are varied, the area is proportional to both of them, 
and, as we see above, is proportional to their product ; and we 
may write the result as — 

K — by.h-Kck 

where ck in this case is ^, but in the general case may be any 
constant. 

Reasoning from analogy, and returning to our summary, we 
replace the area A by the acceleration a, the base b by the 

force F, and the height h by the fraction --. We then get — 

a = — y. ck 
W 

F 
or a = — X a constant 
W 

or«xW=Fxa constant 
that is, acceleration x mass = force X a constant 

We now desire to ascertain the value of the constant. 
Take a case in which the force, the mass acted upon, and the 
acceleration produced are well known. Such a case is that of 
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a body near the earth's surface falling freely towards the earth 
due to the earth's attraction. 

Let the mass of the body be (say) 10 lbs., then the force 
or pviU of the earth upon it is 10 lbs., and the acceleration 
produced is approximately 32 '2 feet per second per second. 
Putting these numbers in the above equation, we have — 

32-2 X 10 = 10 X the constant 
therefore the constant = 32*2 

This is generally represented by g, and hence we may 
write — 

Moving force X ^ = mass moved X acceleration produced 
or F.^= W . « 

This equation will hold as long as F and W are expressed 
in the same units ; for instance, both in pounds or both in tons. 
For further information on the units of force, etc., see p. 205. 

Example. — A body is perfectly free to move, that is, it 
experiences no resistance to motion of any kind. The body 
weighs 1 5 lbs., and is acted upon by a force of 6 lbs. Find how 
far it will move in 12 seconds, what velocity it will have acquired 
at the end of 4 seconds, and how long it will take to move over 
100 feet. 

The relation between the force acting, the mass acted upon, 
and the acceleration produced, is given by the equation — 

Force y. g = mass moved x acceleration produced 

or 6 X 32 = 15 X acceleration 
hence I2'8 ft. per second per second = acceleration 

Having obtained the acceleration, it only remains to use the 
equations of motion with constant acceleration on page 138. 
The distance in 12 seconds is given by— 

2 

= o H — X I2-8 X 144 
2 

= 92 r6 ft. 



15^ Mechanics. 

In 4 seconds its velocity will be — 

V = V -h at 
= o + i2'8 X 4 
= 5 r2 ft. per second 

The time it takes to move over loo ft. is given by- 



s = Vt-^- at''' 

2 

, 12-8 ,„ 
or IOC = o + /■* 

2 



v^ 



- — = 3-95 = t seconds 
6-4 



Example. — A mass of W lbs., resting on a smooth table 
(Fig. 176), is connected to another mass, w lbs., by a light cord. 
Assuming there is no friction of the pulley, find the acceleration 

Fig. 176. 



w 



Tibs. 



Fig. 177. 




nh 



produced, the tension in the cord, and the distance moved over in 
4 seconds. Take W = 10 lbs. and w = 4 lbs. 

The moving force is the pull of the earth on the mass w = 4 lbs. 
The total mass moved = 10 + 4 = 14 lbs. Then — 

Force x ^ = mass moved x acceleration 

or 4 X 32 = 14 X « 

64^ • ^ 

• • a = — ft. per second per second 
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The distance moved over in 4 seconds is — 

2 

2 7 
= 73-1 ft. 

The tension (T) in the cord can be found thus — 

The body W is acted on by a moving force T lbs. (Fig. 177). 
The mass moved is W lbs., hence as — 

Force x ^ = mass moved x acceleration 



T 


X 


32 


= 10 


X- 




•'• 


, T 


_ 10 
"32 

6 

= 2 - 
7 


x64 

7 

lbs. 



The same result would have been obtained if we had selected 
the body w lbs. 

The force making it move is {w — T) lbs., and the mass moved 
is 4 lbs. Hence — 

(4 - T) X 32 = 4 X |!^ 

4-: = T = 2^ lbs. 
7 -7 



Example. — Assume in the last example that there was friction 
between the mass W and the table, and that the coefficient of 
friction was o'-23. Find the distance moved over in 3 seconds, and 
the tension in the cord. 

The resistance of friction to motion was o'23 x 10 = 2-3 lbs., 
and hence the net moving force was 4 — 2*3 = 17 lbs. Inserting 
this in the equation — 
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Force X £' = mass moved x acceleration produced, we get — 

17 X 32'2 = 14 X acceleration 
or acceleration = yg ft. per second per second 



Also s ■■ 



2 



= o + - X 3"9 X 9 



40 



^20 



b -5 
S-4 



^,is 






= 17-6 ft. 



^ 
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Let T represent the tension in the cord. The body in lbs, is 
acted upon by two forces, one of 4 lbs. downwards and one of 
T lbs. upwards. 

Net force = (4 - T) lbs. 
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Force x ^ = mass x acceleration 
(4 - T) X 32-2 = 4x3-9 
Solving for T, we get T = 3'5i5 lbs. 

Example — A body weighing 1-2 tons is free to move without 
any resistance. It is acted upon by a force whose magnitude at 
the end of 5-second intervals is given by the ordinate to the curve 
MDN (Fig. 178). Draw a diagram on a time-base showing the 
distance travelled in any time from the start. 

We know that force y. g = mass moved x acceleration 
or force x 322 = V2 x 2240 x acceleration 

_ 32'2 

i'2,x 2240 
o'oiigS X force 



or acceleration 



X force 



Hence, if we multiply each force by o'oiigS, we shall get the 
corresponding acceleration in feet per second per second at that 
instant. Tabulate the quantities so obtained as below. 



Time. 


Force. 


Acceleration. 


Velocity. 


Distance. 


sees. 


Ihs. 


feet per sec. per sec. 


feet per -sec. 


feet. 





43 


0-515 


0-0 


o-o 


5 


40 


0-479 


2-48 


6-2 


10 


37 


0"443 


4-78 


24-2 


•S 


31 


0-370 


6-91 


53'4 


20 


26 


0-311 


8-61 


92-2 


25 


20 


0-240 


9-99 


138-7 


30 


18 


o-2i6 


II-I3 


191-5 


35 


14 


Q-I68 


12-09 


249-5 


40 


10 


0-I20 


12-81 


3H-8 


45 


8 


0-096 


13-35 


377-,i 


50 


7 


0-084 


13-80 


445-3 



Plot the acceleration diagram ABC on a time-base (Fig. 178). 

On page 136 we found that the area of the acceleration diagram 
on a time-base gave us the velocity of the body. Hence, determine 
the area of the acceleration diagram up to the end of the respective 
5-second intervals. Enter these in the fourth column of the above 
table. 

Plot these on a time-base, as in Fig. 178 (curve PGQ). 

M 
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Again, the area of the velocity diagram on a time-base gives 
the distance moved over. Determine these areas, and enter ihem 
in the fifth column. 

Plot these numbers on a time-base, as shown by the curve PHR 
(Fig. 178). This curve gives the distance moved over at the end 
of any time. 

A method of determining the quantities in the fourth and fifth 
columns of the above table is as follows :— 

The area of the first strip in the acceleration diagram, Fig. 178, 
is— 

average height x width 

_ o'5i5 -f o'47Q „ . , 

2 — X 5 = 2'48 ft. per second 

Again, the area of the second strip — 

o'479 -1- o'443 
= \ ^^ X 5 = 2'3 ft. per second 

Area of figure up to end of loth second — 

= 2-48 -I- 2'3 = 478 ft. per second 

Area of third strip — 

0-443 + o'37o 

= ■ — -- ~- X 5 = 2-13 

2 3 J 

Area of figure up to end of 15th second — 

= 478 -I- 2"i3 = 6'9i ft. per second 

The same method applies to the last column in the table. The 
middle heights might have been measured and used instead of 
those calculated. 

It is sometimes convenient to express the relation between a 
constant force and the motion it produces in a manner slightly 
different to the equation. 

Force x £■ = mass moved x acceleration produced 

Multiply both sides of the equation by the time t during which 
the force acts. Then — 

Force x i X £■ = mass x a x t 
But a X t = V — \ = final velocity — initial velocity 
= change of velocity in t seconds 
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hence— 

Force y. t y. g = mass moved x change of velocity 

The change of velocity is that which takes place while the force 
is acting, i.e. during / seconds. 

Example. — Assuming the resistance to motion is constant, how 
long would a train take to reduce its speed from 50 to 30 miles per 
hour, the resistance to motion being 160 lbs. per ton? 

The change of velocity is (50 — 30) = 20 miles per hour, 

88 
i.c. 20 X — - ft. per second. 
60 

The force retarding the train is 160 lbs. for every ton ; hence 
we may substitute 160 lbs. for the force and 2240 lbs., or one ton, 
for the mass in the equation ; then— 

■ 88 

160 X 32'2 X t = 2240 X - 



or / = 



40 X 



3 X 160 X 32'3 

= 127 seconds 

The velocity of a body falling down any curved path is the 
same, whatever the shape of 
the path. 

This can be shown in 
the following manner. In 
Fig. 179 let ED be an in- 
cline making an angle B 
with the horizon. Resolve 
the weight of the body W 
parallel to and perpen- 
dicular to the plane. The 
former component AC is urging the body down the plane. 
Its magnitude is W sin (9, for the line CB is perpendicular to 
ED, and the line EF is perpendicular to AB, and, as the 
angle between perpendiculars equals the angle between the 
original lines, that, at B must equal Q. 

Then AC = AB sin 61 = W sin B 
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Fig. 179. 



Also as — 



164 



Mechanics. 



Force X ^ = mass moved X acceleration 
then W sin 6 X ^ =.W X « 
or g sin 6 = a 

And the velocity v at the bottom of the plane is given by- 

y2 = V- + 2as (see page 138) 

= + 2gsm6 X ED 

, , DF ■ /) J DF T^T^ 
but „-„ = sm and . — . = ED 
DE sm 



hence v'^ = 2g sin 6 X 



DF 

sin 6 



= 2g . DF 

— 2^ X vertical height of fall 

Hence the velocity at the foot of an incline is independent of 
the slope, and depends only on the vertical height through 
which the body falls, or, in other words, in falling from a given 
point to another point the shape of the path has no influence 
on the final velocity. 

Centrifugal Force. — We have seen, in what has preceded 
this, that force is necessary to 
produce or change the motion of 
a body in any way whatever. As 
motion has direction as well as 
quantity, we conclude that force 
is necessary to change the direc- 
tion of motion as well as the 
magnitude of the motion. 

In the accompanying figure 
(180) a ball. A, is assumed to roll 
round the circular tray shown. 
The object of the side or fence 
of the tray is to compel the ball 
to move round in a circle parallel 
to the fence itself. We have 
previously shown that the pres- 
sure between two surfaces in contact must be perpendicular to 




Fig. 180. 
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those surfaces at the point of contact, and hence the pressure 
between the ball and fence must be perpendicular to the fence, 
that is, in the direction of a radius of the Iray through the 
centre of the ball. We have also just seen that a force is 
necessary to change the direction of motion, and the motion 
produced is in the direction of the force ; and as the direction 
of the ball is continually and uniformly changing, there must 
be a force producing this change, and it must act towards the 
centre of the tray. This force is called the centripetal force on 
the ball. A single force cannot exist alone,^ but must be 
balanced by an equal and opposite force, or the ball reacts or 
pushes outwards from the centre on the fence of the tray, this 
force being called into play by the centripetal force. This can 
be easily realized as follows : — 

A cord cannot be strained until there is a force at each 
end, and these forces are equal and opposite in direction. We 
may replace the fence by a piece of cord, attaching the ball to 
the centre of the tray. The force or pull on the inner end 
of the cord is the centripetal force on the ball, while the corre- 
sponding and equal pull in the opposite direction is called the 
centrifugal force of the ball. 

If the centripetal force ceased to exist at any instant, the 
centrifugal force would also cease, and the body would imme- 
diately move along a tangent to its previous circular path, 
because the cause of the change of direction of the motion had 
been removed. 

The magnitude of the centripetal and centrifugal force is — 

WV 

where W is the mass of the body, R the radius of the path of 
its centre of gravity in feet, and V the velocity of the body in 
feet per second. 

Let the body, which is travelling round the circumference 
of the circle (Fig. 181) with a velocity v feet per second, be at 

' This should have become evident to the student while studying the 
cases of equilibrium in Chapters HI. and IV. 
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A at the instant under consideration. Draw MN (Fig. 182) to 
represent the velocity v of the body at A. Consider some new 
position, B, of the body near to A. The distance AB = 
average velocity x time = vt. 

Draw MP to represent the velocity v of the body at B. 





P N 

Fig. 182. — Hodograph. 



Then the velocity MN = v, together with the change of 
velocity NP, produce a resultant velocity MP = v. Because 
the two triangles OAB and MNP are similar— 



OA MN R 
or 



AB NP vt change of velocity NP 



Therefore - 



But- 



change of velocity _ v^ 
"t R 



acceleration = change of velocity per sec. = 

Hence — 

' acceleration = h" 



change of velocity 



Thcrcfore- 



and force X ^ = W X acceleration 



force = — ^ fT 
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This is the centripetal force which is equal to the centrifugal 
force. 

The second proof of this expression given below may be 
somewhat difficult to many junior students, in which case it 
may be omitted on first reading. 

Consider what would happen to a body under each of two 
conditions. 

(1) When no centripetal force is acting. 

(2) When centripetal force is acting. 

In the first case, let centripetal action cease at the instant 
the body arrives at A (Fig. 

183). It will then move along A B 

the tangent AB with a velocity 
V feet per second. 

Let t be the time in seconds 
required to traverse AB, then — 

¥«■= AB 

If the centripetal force had 
been acting, the body would 
have travelled along the arc 
to C. 

The difference between the 
positions of the body in cases 
(i) and (2) is the distance or 

length BC, and hence the body has travelled the equivalent 
distance to BC under the action of centripetal force during the 
time t seconds while the body was travelling from A to C. 
But the distance moved over a body under a constant force is 
given by — 

initial velocity Y.t-\-\ acceleration X f^ 

In the present case there was no initial velocity in the 
direction BC, and hence— 

BC = \ acceleration x f' 




Fig. 183. 



but from an equation above we have-^- 
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AB 

, , AB-^ 
and /- = -r^ 

Substituting, we get — 



_ _ acceleration AB- 



I = 2V^ X 



the centre j - - ' ^ AB'' 

In Fig. 6 of the Introduction we find — 

AB^ = AC X AD 

Now let the time t seconds be exceedingly small, then the 
points C and B will be very close to A, and BD will become 
almost equal to CD. If we make the time interval itidefiiiitely 
small, then BD ultimately becomes equal to CD = 2 x radius 
of circle = 2R, say. Then — 

AB' = BC X 2R 

And transposing, we get — 

^ ^BC 
2R AB'^ 

Substitute this above, and we get — 

I V^ 
acceleration = 2V' X — 5 = 5^ 

2K ss. 

but force X ^ = mass x acceleration 
or force = — X ^fr- 

This is the centripetal or centrifugal force spoken of. 



Dynamics. 1 69 

Summary of Chapter VI. 

Velocity is the slope of the distance— time curve. 

Acceleration is the slope of the velocity — time 
curve. 

Velocity is given by the area of the acceleration — 
time curve. 

Distance is given by the area of the velocity — time 
curve. 

The velocity of a body after falling down any 
curved path = /J 2gh. 

Force Y. g = mass X acceleration produced. 
Force x gx t = mass X change of velocity, 
mass X v" mass X a^r 



Centrifugal force = 



gr g 



Examples on Chapter VI. 

I . When is velocity said to be uniform ? 

A train travels at the rate of 30 miles an hour for 600 yds., then at 
45 miles an hour for 800 yds., and then at 60 miles an hour for 500 yds. 
Find the whole time taken. Ans. 94'5 sees. 

■^. The velocity of a body is increased uniformly in each minute of 
its motion by 66,000 yds. a minute ; by how many feet a second is its 
velocity increased in each second ? If the acceleration of a body's velocity, 
due to the action of a certain force, is SS in feet and seconds, what is it in 
yards and minutes, and how far will the body travel in 10 sees. ? 

3. Two bodies, A and B, move along the same straight line. They 
were initially loo ft. apart. A's acceleration is 20 and B's 12 ft. per 
second in each second. If both moved in the same direction, and A started 
3 sees, after B, how far would they be apart in 6 sees. ? Ans. 126 ft. 

4. Convert 20 yds. per minute to feet per second. 

,, 1500 ft. per hour to yards per second. 

,, 2j miles per second to yards per minute. 

,, 13 miles per hour per hour to feet per second per second. 

,, 608 ft. per minute per hour to yards per second per minute. 

5. A body moves with an acceleration of 3 ft. per second per second, 
and starts with a velocity of 13 ft. per second. What is its velocity after 
having moved over 50 ft. ? Also how long does it take to do the journey ? 

Ans. 2i'C4 ft. -sees. ; 2'88 sees. 

6. A body is known to move with a constant acceleration of 10 ft. 
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per second in a second. What does this statement mean ? If « represents 
the constant acceleration, V the initial velocity, v the final velocity, and 
s the distance moved over, what is the relation between these symbols, and 
show how it is obtained. The velocity of a body at some instant is loo ft. 
sees. ; it then undergoes an acceleration whose value is given above. What 
is the velocity after 40 ft. have been described, and how much farther must 
it go before the velocity is reduced to 10 ft. per second > 

Ans. 96 ft. per second ; 455 ft. 

7. A particle moves in a straight line and for any second of its motion, 
the velocity at the end is 6 ft. per second greater than at the beginning of 
that second. What was the acceleration and the distance moved over in 
the 5th and 7th seconds from rest ? 

8. Describe some experiment to show that when a particle is moving 
from rest with constant acceleration the space described is proportional to 
the square of the time. 

9. The stroke of an engine running at 120 revolutions per minute is 
4 ft. What is the average speed of the crank-pin in feet per second, and 
what is the angular velocity of the crank expressed in radians or circular 
measure ? 

10. A bullet is fired vertically from a rifle, and leaves the muzzle of 
the rifle with a velocity of 1000 ft. a second. How high will it go 
(neglecting effect of air resistance), and in how many minutes will it reach 
the earth again? Ans. 15,500 ft., and I min. 2 sees. 

11. A body is projected into the air with a velocity of 70 ft. per 
second at an angle of 30° to the horizon. Find, by drawing its path, its 
vertical and horizontal range. 

12. A bucket of water weighing 50 lbs. falls down a well, dragging up 
an empty bucket weighing 20 lbs. by means of a rope v/hich passes over 
n pulley. Neglecting the mass of the rope and pulley, what will be the 
velocity of the buckets after running from rest through_40 ft. ? 

13. The coupling between an engine and a train, the mass of which is 
100 tons, can bear a tension equal to the weight of 15 tons. Find the 
shortest time in which a speed of 24 miles per hour may be attained on a 
level line, the resistance to the motion of the train being neglected. 

14. Define acceleration. 

A particle is projected horizontally with a velocity of 24 ft. per second, 
from a height of 64 ft. ; find its distance from the point of projection 
when it reaches the ground. 

15. A force of 20 lbs. acting on a body makes it move through 28 ft. 
in 3 sees, from rest. What was the weight of the body ? Ans. 104 lbs. 

16. A body weighing 55 lbs. is moved from rest by a constant force of 
5J lbs. How far will the body move in 12 sees., and what will be its 
velocity at the end of 3 sees, and at the end of 12 sees. ? 

17. A body is projected directly up a smooth inclined plane (inclination 
45° to horizon) with a velocity of 20 ft. per second. How high will it 
rise up the plane ? Ans. %%'^l'i.. 
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18. A body is projected upwards with a velocity of 250 ft. per second. 
How high will it rise ? How long before it will be 400 ft. from the ground ? 

19. A train weighs 200 tons. When running on the level at 60 miles 
per hour, the brakes are put down, giving a constant retardation of 20 tons 
(neglecting the rotation of the wheels). Show how to fix the length and 
time of the stop. 

20. An engine and tender weigh 80 tons. The train 200 tons. The 
average resistance to motion is 16 lbs. per ton. The train starts from rest, 
and in 2 minutes attains a speed of I3f ft. per second. What has been the 
average pull on the drawbar between the tender and the first carriage, also 
the horizontal force exerted by the engine-wheels on the rails ? 

Ans. drawbar 2^ tons and 3 tons, 

21. If at the end of 2 minutes the drawbar in question 20 snapped, 
how far would the carriages go before coming to rest, and how long would 
it take the engine and tender to acquire a velocity of 60 miles per hour ?, 

Ans. 823 ft. nearly ; i min. 2 sees. 

22. State briefly the meaning of the following terms, and how is each 
quantity measured? Velocity (linear and angular). Acceleration (linear 
and angular). 

If the velocity of a body decreases uniformly from 5° miles per hour 
to 7 yds. per second in J minute, what is the value of the acceleration in 
foot-second units, and in yard-minute units ? 

Ans. — 3'49 ft. per second per second (—4186^ yard-minutes). 

23. Two weights of 10 lbs. each are supported at the ends of a thin 
cord passing over a loose jDulley. If \ lb. must be attached to one of the 
weights before it will begin to move without appreciable acceleration, 
what acceleration would be produced if the \ lb. was replaced by \ lb., and 
what would then be the tension in the cord ? 

Ans. o'39 ft. -sees." ; lo'i22 lbs. 

24. Find the time in which a particle will slide down a cord drawn 
through the highest point of a circle whose plane is vertical. Find the 
straight line down which a particle will slide in the shortest time from a 
given point to a given inclined plane. 

25. A shot weighing J oz., and moving with a velocity of 2500 ft. per 
second, enters a butt to the extent of 5 ft. What was the average retarding 
force offered by the bntt, and how long was the shot in stopping ? What 
was the retardation? Ans. 610 lbs., 0^004 sees., 625,000 ft. -sees.-. 

26. An engine and train weigh together 300 tons. Their speed is 
reduced by pressing brake blocks upon the wheel lyres. The maximum 
pressure allowed upon the blocks is 600 lbs. per ton of weight. If the 
coefficient of friction between block and tyre is o'2, find how far the 
train will go while the brake is reducing its speed from 50 to 40 miles per 
hour, from 40 to 30 miles per hour, and from 30 miles per hour to rest. 
Also find the respective time. 

27. A constant pressure upon the brake of a bicycle produces an 
approximately constant retardation. If a rider moving at 15 miles per 
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hour stops in a distance of 22 ft., what has been the retardation, and how 
long did it take to stop ? 

28. A train running at 33 miles per hour has its speed reduced in 
I minute to 12 miles per hour. What was the acceleration, and how far 
did it go during that time ? 

29. A train, when starting from rest, has an acceleration of 0*4 ft. per 
second per second. Assuming it to be constant, and there is no friction 
or other resistance, how long before it would be moving at the rate of 
40 miles per hour and 60 miles per hour, and how far would it go from rest 
in 3 minutes ? 

30. What is the relation between the force producing motion in a body, 
and the motion produced, and what are your reasons for believing the 
relation to be true ? 

A body falling freely acquires in l second a velocity of 981 cm. per 
second. If a force equal to the weight of i gramme pull a rtass of a 
kilogramme along a smooth level surface, find the velocity when the mass 
has moved I metre. 

31. Define " force." A mass of 20 lbs. rests upon a horizontal plank, the 
coefficient of friction between the two being 0'3. What would be the 
force necessary to make the body move over 8 ft. in 2 sees., and what 
would the velocity be at the end of J of a second from the start ? 

32. A train whose mass is 320 tons, is moving with a velocity of 
2000 yds. per minute, and is stopped by the brake in 1400 ft. ; what is the 
average retarding force? Also, if it were stopped in 20 sees., what would 
be the average force, the acceleration, and the distance moved over ? 

33. A weight of 30 lbs. is made to slide along a horizontal table by 
another weight of 15 lbs., the two being connected to a cord, and the 
latter weight hangs vertically, the cord being bent round a loose pulley. 
The coefficient of friction is 0^4. What is the velocity of the bodies after 
having moved 3 ft. from rest ? 

34. A stone, dropped over a cliff, strikes the ground in 3 sees. How 
high is the cliff, and where was the stone when half the time had elapsed ? 

Atis. 144 ft. ; 36 ft. 

35. A 3-ton cage, descending a shaft with a speed of 9 yds. a second, 
is brought to a stop by a uniform force in the space of 18 ft. What is the 
tension in the rope while the stoppage is occurring ? Ans. /^ tons. 

36. A cricket-ball thrown up is caught by the thrower in 7 sees. Draw 
to scale a figure showing its position at the end of every entire second since 
its start. 

37. A ball thrown up is caught by the thrower 7 sees, afterwards. 
How high did it go, and with what speed was it thrown ? How far below 
its highest point was it, 4 sees, after its start ? 

38. What force must be applied for one-tenth of a second to a mass of 
10 tons in order to produce in it a velocity of 3840 ft. per minute ? What 
would be the momentum of the mass so moving? 

39. A ship is sailing north at the rate of 8 miles an hour through the 
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sea, and a man walks at the rate of 7 ft. per second straight across her 
level deck on a line drawn at right angles to her length ; draw a diagram 
(as well as you can to scale) by measuring which one might find the angle 
the man's resultant path makes with the north, and calculate his velocity 
with respect to the sea. 

40. A stone is thrown vertically upward with a velocity of 160 ft. a 
second. How high will it rise? And how long will it be before it 
returns to your hand ? 

If you let another stone drop down a well, at the instant the first is 
within 20 ft. of your hand on its return journey, at what distance below 
your hand will the two bodies meet ? 

*4i. Distinguish between the momentum and the energy of-a moving 
body. A 30-ton mass is moving on smooth level rails at 20 miles an hour ; 
what steady force can stop it, (a) in half a minute, (i) in half a mile ? 
Specify the force completely. 

42. Does the rojDe of a colliery-hoist have to bear most strain when the 
cage is at the top or at the bottom of the shaft ? To eliminate the weight 
of the rope itself, consider only the portion immediately above the cage. 
Explain under what circumstances the stress may be greater than the 
weight of the cage attached to it. 

43. A sphere rolls down a slops with uniform acceleration. It is 
observed to move 12 ft. in 2 sees, and 20 ft. in the next 2 sees. Find the 
acceleration and the distance moved from rest before it is first observed. 

Ans. 2 ft. per second per second and 2 ft. 
*44. A man drags a mass weighing 100 lbs. along a smooth horizontal 
plane, working at the rate of j horse-power. What is the acceleration of 
the mass when it is moving at the rate of 5 ft. per second? 

Ans. 4"4 ft. per second per second. 

45. A body, whose mass is 100 lbs., is projected along a horizontal 
surface with a velocity of 10 ft. per second. A constant horizontal retard- 
ing force acts on the body, and brings it to rest after the body has passed 
over 100 ft. Find the magnitude of the retarding force. Ans. 25 oz. 

46. A parachute, weighing I cwt., falling with a uniform acceleration 
from rest, descends 16 ft. in the first 4 sees. Find the resultant vertical 
pressure of the air on the parachute. Ans. 105 lbs. 

*47. A bullet, weighing I oz., is fired horizontally from a height of 
16 ft. When it strikes the ground the vertical velocity is 25th of the 
horizontal velocity. Find the energy, in ft. -lbs., possessed by the bullet 
at the instant of projection. Ans. 400 ft.-lbs. 

48. A bird can fly in still air at 20 miles an hour. When a wind is 
blowing straight from the north at 10 miles an hour, in what direction 
must the bird aim in order that it may fly from east to west, and at what 
speed will it travel relative to the earth's surface ? 

Ans. I7'32 miles per hour. 

* These examples may be worked in connection with the next chapter. 
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49. A locomotive draws a load of 200 tons. Find the pull needed 
(i) at a constant speed if the friction is o'os of the load ; (2) if the friction 
is the same, and the speed rises from 30 ft. per second to 60 ft. per second 
in I minute. {g= 32 ft. per second^.) Ans. I3'I25 tons. 

50. A uniform force acting on a mass of 6 oz. for 2 sees, generates a 
velocity of to ft. per second. Find the measure of the force in dynes. 
(I ft. = 30"S cms. ; I lb. = 453'6 grms.) Ans. 25940*25 dynes. 

51. A uniform force equal to the weight of 20 lbs. acts upon a body 
which is initially at rest, and causes it to move through 24 ft. in the first 
second. Find the mass of the body. Ans, 13^ lbs. 

52. What is meant by acceleration ? 

A meteorite burst at a height of 57,600 ft., and one of the fragments 
was brought instantaneously to rest by the explosion. It then descended 
with an acceleration of 32 ft. per second, while the sound of the explosion 
travelled with a velocity of 1 100 ft. per second^. Which reached the 
ground first, the fragment or the sound, and what time did each take ? 

Ans. fragment took 60 sees. ; sound took 52iV sees. 

*53. State Newton's Laws of Motion. 

Which of these laws are required in the proof of the relation mv' = 
2Ff, where m is the mass of a body, F a uniform force acting upon it, v 
the velocity of the body after it has moved from rest through a space s in 
the direction of the force ? 

54. A weight of 2 lbs., attached to a string, falls vertically down a 
mine with uniform acceleration. Find the value of the acceleration if the 
tension on the string is I oz. (g = 32.) 

Ans. acceleration = 31 ft. per second per second, 

55. A stone thrown vertically upwards is observed to pass upwards 
through a point P, and, after an interval of 2 sees., to pass downwards 
through the same point. Find the velocity of the stone at P. 

Ans. g ft. per second. 

* This example may be worked in connection with the next chapter. 



CHAPTER VII. 

WORK, ENERGY, IMPACT. SIMPLE HARMONIC 
MOTION. 

1 1' a force of F lbs. act upon a body whose mass is W lbs., 
while it is moving through a distance s feet ; and if V were its 
initial velocity and v its final velocity ; then we have seen in 
the last chapter that — 

z;2 = V^ + 2«X 

We also saw that — 

F X ^= W X 3 

Substitute for a in the first equation its value derived from 
the second, and we get — 

w 

or ^ (z;2 - V^) = F X S 

The right-hand side of this equation is called the work 
done by the force F lbs. in moving the body through s feet ; 
or it may be called the energy given to the body by another 
body which acts upon it with a force Fibs. 

As the two sides of an equation must refer to the same 
kind of quantities, and the right-hand side represents work 
or energy, the left-hand side must also represent work or 
energy. 

The quantity — 

WV" 

2^ 
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is called the Kinetic Energy of a body, and is the energy stored 
in or possessed by the body due to its velocity of V ft. per 
second and its mass W lbs. 

The above equation simply states that if a body is free to 
move, and is acted upon by a force while it moves through a 
given distance (in the line of action of the force), that the work 
done by the force on the body equals the increase of kinetic , 
energy due to the work done upon or given to it. 

This is a part statement of what is known as the " Principle 
of the Conservation of Energy," sometimes called the 
" Principle of Work." ' 

We may write the equation thus — 



WV2 \Sv' 

+ FS = 



2^ 2.?- 



which means that if to the kinetic energy of the body (before 
the force begiiis to act) be added the work done on the body 
by the force during its action, we get as a result the kinetic 
energy of the body at the end of the action of the force. 

As energy and work are only two different names for 
the same thing, we may briefly state the above equation 
thus — 

Work stored in ) j Work done upon or 1 _ ( Work stored in 
body at start f "*" t added to body ) I body at finish 

It must be borne in mind that in this chapter so far we have 
only considered a free body, i.e. one unopposed by any resist- 
ance such as friction. If friction exists, the above equation 
must be modified as follows : — 



Work \ /Work done-i /Work done by or\ / Work 

stored I.I upon orlj given outby bodyl , I stored 

in bodyj 1 added toj j in overcomingj j in body 

at start ' ^ body ' '^ friction 1 I at finish 

' See also Chapter VIII. 



20 + 7 9 r. 11 
— - V^ ft.-lbs. 
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Example. — In Fig. 176 let W = 20 lbs. and iu = 7 lbs. Also 
let the coefficient of friction be o'2i. Find the velocity attained 
after moving 4 ft., and the velocity after 4 seconds of motion. 

The work stored in the body at the start is zero, because it has 
no velocity. 

The work done upon the system by the pull of the earth on 
w lbs. through 4 ft. — 

= 7 X 4 = 28 ft.-lbs. 
Work done against friction = o'2i x 20 x 4 
= i6-8 ft.-lbs. 

The work stored in the system at the end of 4 ft. — 

2.?- 

±7 
64-4 

Then, substituting these quantities, we have— 

o -t- 28 = i6-8 + >-^ v'^ 
64 4 

ir2 X 6 4'4 

27 

axiAv = 5' 17 ft. per second 

Again, because the force was constant the acceleration must 
also be constant, and consequently — 

or 267 = + Sa 
and a = 333 ft. per second per second 

Then the velocity at the end of 3 seconds — 
= V + at 
= + 3-33 + 4 
= I3'32 ft. per second 

Flywheel Experiment. — A useful experiment, which 

N 
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may be carried out here, is that on the flywheel. The calcu- 
lations may become long and tedious if the wheel has spokes 
instead of a central web or plate, or only a plain disc, as in 
Fig. 18-1, and the difficulty of the experiment is enhanced by 

the necessity of the accurate 
measurement of time. A stop- 
watch is the simplest instru- 
ment for measuring time, but 
the results obtained may be far 
from accurate if the observer 
is not careful. 

Probably some such appa- 
ratus as that mention^ in con- 
nection with the Atwood ma- 
chine would give more con- 
sistent results. 

The wheel is generally 
mounted on cone centres or a 
Fig. 184. ball-bearing to minimize fric- 

tion. 
Experiment is to illustrate the 
the law of the " Conservation of 




this 

" or 



Tiie Object of 

" Principle of Work 
Energy." 

As energy cannot be generated or destroyed, the quantity 
given to a machine or appliance can be traced in its passage 
through the machine; and if sufficient data be at hand, the 
amounts of the several portions, into which the total is divided, 
may be calculated. 

In this experiment, the amount of energy given to the 
machine (flywheel and attached weight) by the earth is measured 
I)y the pull of the earth on the falling weight X, multiplied by 
the distance through which it falls. 

Some of this is stored up in the wheel as Kinetic Energy, 
some of it is used to turn the wheel against the friction of the 
bearings, and consequently converted into heat energy there, 
and some is stored in the falling weight as kinetic energy, 
which is again converted into heat energy on striking and 
indenting the floor. 
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We may connect these qualities thus — ■ 



Energy givenl 
to machine! 
during fall-l 
ing of weight) 



[K.E. j 

] stored 

I ^" 
Iwheel ' 



+ 



[Energy con-] 
I verted into( 
I lieat byj 
I friction ) 



+ 



[K.E. stored in 
I falling weight at 
the instant of 
I striking floor 



Energy A 

The kinetic energy of a body 



ft.-lbs. 



Energy B + Energy C + Energy D 
WV2 

when W = weight in pounds and V = velocity of body in feet 
per second. 

If the flywheel has no spokes, then the rim, the central 
web or disc, and the hub or boss, must be treated separately 
in calculating its kinetic energy; while if it has spokes, the 
rim, the spokes, and the boss must be treated separately. 

As particles at different distances from the centre will have 
different velocities at the same instant, we must use some single 
velocity in the calculation which will represent all the particles 
together. 

This is not the mean velocity of the wheel, but a velocity 
which, in the case of an ordinary flywheel, is not far different 
from it. Some idea of the difference may be gained from the 
footnote below.^ 

' Consider the rim only, its inside diameter being 2 ft. and its outside 
diameter being 2'5 ft. Let the width of the rim be o'3 ft. Divide the 
radial thickness of the rim into (say) 
five rings (Fig. 185), the radial 
thickness of each being o'OS ft. 
(For more accurate work u large 
number of rings should be taken.) 



per 



cubic 



The weight of a ring 
= volume X weight 
foot 

= mean length X width X thick- 
ness X 465 

= irS X w X / X 465 lbs. 

where 5, w, and t represent mean 
diameter, width, and thickness 




Fig. 185. 
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The true value for the K.E. stored in a ring is — 

W D"^ A- d^ 

- X N2 X — i— X V^ ft.-lbs. 

2g 8 

where D and d are the outside and inside diameters in feet, and 
N the number of turns per second. The approximate value 
given in the footnote is sufficiently accurate in most cases. 
If the wheel has spokes, the K.E. of each spoke is — 

W A 

— X N2 x-L^x TT^ ft.-lbs. 
^g 3 

where W is its mass, and L its length in feet measured from 
the axis of the wheel. 

The K.E. of the hub is so small that it can be left out of 
the calculation. 

The work done against friction will equal the resistance of 
friction X fall of weight. The friction will vary slightly with 
different weights on the hub of the wheel. We can easily find 
it when the wheel alone is producing friction, by attaching to 
the cord just sufficient weight to keep the wheel turning without 
acceleration. This weight, w lbs., just balances the friction of 

respectively of the ring. If the ring make N turns per second, its mean 
velocity is irSN feet per second, and its kinetic energy — 

- 225 wiS'N- 

The width, thickness, and N of each ring is the same. 

Putting in the different values for 5, we have for the K.E. of the whole 
rim — 

225 X 0-3 X o'05 N^{2'oS» + 2'i5» + 2'25= + 2-35' + 2-4S»} 
= 195 N^ ft.-lbs. 

If we take the whole rim as a single ring, this expression becomes — 

192 N^ ft.-lbs. 

The greater the thickness of the rim, the greater will be the difference 
between the two results. 
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the wheel and iv. If W is the weight of the wheel, and a 
weight of 14 lbs. is used on the hub for the purpose of the 
experiment for accelerating the wheel, the resistance of friction 
will then be-^ 

w X ^ + ^4 lbs. 
W + w 

The velocity of the falling weight at the instant of striking 
the floor, and N, the speed of the wheel in turns per second at 
the same instant, may be calculated in the following manner ; — 

As Ihe moving force is constant, the acceleration of the 
weight and wheel must be constant (force is proportional to 
acceleration) ; that is, the velocity of the weight increases 
uniformly from zero at the start to V feet per second at the 
instant of striking the ground. Similarly, the velocity of the 
wheel will increase uniformly from zero to N turns per second. 

The average velocity of the weight is then — 

g + V _V 
2 2 

And of the wheel — 

2 2 

And as distance moved over = average velocity X time — 

\r 

h= — Y.t 

2 

2h 

therefore V = — feet per second 

Similarly, the number of turns {n) made by wheel while the 
weight is falling is — 

n = -Y. t 
2 

2/2 
therefore N = — turns per second 
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To determine n, put a 7-lb. weight on the cord to strain it 
straight, and turn the wheel by hand to see as near as possible 
how many turns the wheel makes in falling a certain number 
of feet (the number of feet is the distance through which the 
weight is going to be permitted to fall in the experiment). 
Call the distance h feet, and the number of turns («). The 
body must be made to fall through h feet during every experi- 
ment. 

Now determine with the stop-watch how long it takes the 
weight 7 lbs. to fall h feet while turning the flywheel, repeating 
the observation three times, and determine the average time. 

Tabulate thus — 



Weight 
on cord. 


Height of 
fall. 


Turns. 


Time of falling 
A feet 


Velocity of weight 
as it strikes floor. 


Revolutions per 

second of wheel 

as the weight 

strikes floor. 


lbs. 


h feet. 


«. 


sees. 


feet per sec. 




7 


4-5 


8-1 


I7-S 
i8-o 
17-0 


17-5 


0-514 


o"926 


>4 


4-5 


8-1 


II-8 


n-9 


0756 


1-361 


21 


4-5 


8-1 


9-6 
9-6 
9-6 


9-6 


0-9375 


1-688 



Dimensions of Flywheel 

Width of rim 

Radial thickness 

Outside diameter 

Inside „ 

Mean diameter of spoke 

Length .... 

Number of spokes . 

Calculated weight of rim 
„ „ spokes 

„ „ hub 

,, ,, whole wheel 



2' I ms. 

23"85 .. 

2i'i3 .. 

o"9 » 

10-6 „ 

6 
54'5 lbs. 

10-9 „ 

2-0 „ 

67'4 ,. 
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It was found in the experiment that a weight of i lb. 
just balanced the friction of the wheel. As the weight of the 
wheel was 67-4 lbs., the friction with 7 lbs. on hub 



= I X 



= I -08 



67:4 + 7 
67-4+ I 



And with 14 and 21 lbs. it is I'lg and i'29 lbs. respectively. 
Substitute the numerical values in the equation — 

Energy A = Energy B + Energy C + Energy D 

and find the error in each case ; that is, the excess or deficit 
of the right-hand side of the equation over the left. 
Then tabulate thus — 



Energy pat in 
to machine. 


K.E. 
in wheel. 


Friction 
energy. 


K.E. 
in weight. 


Error. 


(A) ft.-lbs. 

31-5 
63 'O 

94-5 


(B) ft.-lbs. 
2674 
57-76 

88 -s 


(C) ft.-lbs. 
4-86 

5-36 
5-83 


(D) ft.-lbs. 
0-03 
0-12 
0'29 


ft.-lbs. 

-0-I3 

— 024 

— 0-162 


per cent. 
0-4 
0-38 
017 



Result of Flywheel Experiment. — The above table 
shows very clearly that, so far as the flywheel is concerned, the 
" Principle of Work " holds good, the error being in each case 
less than that which we should expect from such rough 
apparatus and methods of experiment. 

The student should now be in a position to appreciate the 
fact (demonstrated by experiments and experience which we 
have not space to describe here) that energy or work is some- 
thing in the same way that matter is something, and that 
neither of these things can be generated or destroyed ; that is, 
neither of them can be produced out of nothing, nor can either 
of them be annihilated. The apparent destruction of either of 
them is easily explained if sufficient data is provided, and then 
it is always found that the portion apparently destroyed has 
merely passed from one form to another, or from one place to 
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another. For example, when coal is burnt in a fire it nearly 
all disappears as coal, but combines with the oxygen of the 
atmosphere, forming carbonic acid and steam, both of which 
are invisible, and consequently may, at first sight, have been 
thought to have disappeared, whereas every particle of matter 
which was coal before burning has simply changed its form and 
position, and is in nowise destroyed. 

The same with energy. The energy stored up in or 
possessed by the coal in the chemical or potential form is, 
during burning, chiefly converted into the form called heat, and 
partly used up in moving the particles of carbonic acid and 
steam further apart, and is stored up in them. 

The heat energy (if the coal is burnt in a boiler furnace) 
will be partly used in warming up the particles of carbonic acid 
and steam, partly passed into the water in the boiler, warming 
it up and converting it into steam, while the remainder leaks 
away by radiation to the atmosphere and surrounding objects. 

The steam (really the heat energy in the steam) may then 
be used to drive an engine ; that is, the heat energy is con- 
veyed by the steam to a machine (an engine), by which some 
of it is converted to another (mechanical) form, and directed 
along another channel (the mechanism of the engine), while 
the remainder chiefly passes out through the exhaust-pipe to 
the atmosphere or condenser, while the balance has leaked 
away to the atmosphere and surrounding objects, and has 
raised their temperatures. 

The major part of that which was converted to another 
form has (if there was a dynamo attached to the engine) been 
conveyed through the engine parts to the dynamo, and is there 
again changed into the electrical form of energy, while the 
balance has been used to overcome the friction of the engine 
and dynamo, and finally reappears as heat in the neighbourhood 
in which the friction was overcome. There is also a small 
amount converted into heat in the dynamo. The electrical 
energy which leaves the dynamo is partly converted into heat 
in the conducting wires, and partly converted into heat and 
light in the lamps which are lighted by the current. 

This illustration is given to impress upon the student that, 
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given enough data, we can follow a quantity of energy through 
its many changes, and that none of it can go out of existence. 

It may be likened to the goods in a carrier's van, which 
may be of many different kinds, and conveyed in different 
direction along different roads, yet exist and can be accounted 
for and followed to their different destinations if the waybill 
is filled up clearly and sufficiently. 

Example. — A body weighing 322olbs. was lifted vertically by a 
rope, there being a damped spring balance to indicate the pulling 
force F lb. of the rope. When the body had been lifted x feet 
from its position of rest, the pulling force was automatically 
recorded as follows : — 



X 





18 


43 


60 


74 


95 


III 


130 


F 


7700 


7680 


7430 


7130 


6770 


5960 


5160 


3970 



Find approximately the work done on the body when it had 
risen 115 feet. How much of this was stored as potential and 
how much as kinetic energy ? What was then the velocity of the 
body ? 

The work done in lifting the weight of 3320 lbs. through 
115 ft. = 3220 X 115 = 480,300 ft.-lbs. 

Plot the different values of x along one axis (Fig. 186), and the 
corresponding values of F along the other. Draw a curve through 
the points. Take strips having a width of x = 10 ft. Their middle 
heights can be read off upon the vertical scale at the side. Their 
sum is 76,850 lbs., and the corresponding work done by F must 
be represented by the area of the figure. 

Area of 1 1 strips = work done by F = 76,850 x 10 ft.-lbs. 
area of half a strip = 5000 x 5 

= 25,000 ft.-lbs. 

Total work done = total area 

= 768,500 -I- 25,000 
= 793,500 ft.-lbs. 
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Then — 



Total work clone! _ work done in\ , K.E. in body at 
by force F j ~ lifting weightj end of lift 



or 793)500 = 480,300 + 



2^ 



or 313,200 : 



that is- 



3220 X v^ 
64'4 



V = V 6280 = 79'2 ft. per second 

Potential energy in body at 1 1 5 ft. high = 480,300 ft.-lbs. 
Kinetic energy in body at 115 ft. high = 313,200 ft.-lbs. 
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Example. — A gas-engine running at the average speed of 150 
revolutions per minute has the following dimensions : — 



Mean diameter of flywheel 


6 ft. 


Width of rim „ 


Sin. 


Thickness of rim „ 


6 in. 


Diameter of piston . 


10 in. 


Stroke .... 


. 18 in. 



Moan effective pressure on piston 80 lbs. per square inch. 
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The engine is running light, and an explosion occurs every 
sixteenth revolution. Calculate the change of speed which takes 
place between every explosion. Neglect the spokes, boss, and 
crank-shaft. 

Work done per explosion = total pressure on piston x stroke 

•K 18 

= 80 X - X 100 X — ft. -lbs. 

4 12 

= 3000 T ft.-lbs. 

Weight of flywheel = volume x weight per cubic foot 

= length of rim x sectional area x weight of 
I cubic foot 

^3rx6x— X — X 465 lbs. 
12 12 -^ 

= 930T lbs. 
Mean velocity of rim = distance moved by it per second 
_ distance per minute 
~ 60 

_ irD X number of turns per minute 
_ _ 

_ IT X 6 X 150 

" 60 

= 1 5ir ft. per second 

Let Vi be the greatest velocity just after an explosion, and V^ 
the least velocity just before the next explosion. 



The average velocity = — ' * 



3 

2 



which from above equals i Jt ft. per second ; 

2 ^ 

or V2= 30ir-Vi 

WV^2 

WV,^ 



Greatest K.E. of wheel = 
least K.E. of wheel = 



2g 



W 
change of K.E. = ~ (Vj^- V^^) ft.-lbs. 
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Substitute (307r - Vj) for Vj, and we get^ 

W 
Change of K.E. = - [V,^ - (sott- Vj)-''] 

W 
= - (6c«rVi — gooTT^) 

But the change of K.E. is equal to the work done on the piston 
to produce it, which equals 3oooir ft. -lbs. Hence — 

W 
300CW = (6cnrV] — gocnr^) 

and as W = 93oir lbs. 

30007r = "^ - (6oTrVi - gooir^) 

Solving for V„ we get — 

V, 

Also from above — 

V, = 30^ - V, 

= 94'4 - 48-3 
= 46"i-ft.-seconds 
change in velocity) 
between explosions/ ~ '^ 3 " 4 

= 2'2 ft. per second 

22 
mean speed 

2'2 

= — X 100 = 4'6 

Example. — A flywheel possesses 120,000 ft.-lbs. of energy 
when its speed is 120 turns per minute. How much does it part 
with in slowing down to 1 17 turns per minute ? If its mean radius 
is 3 ft., find its weight. What force applied to the surface of the 
rim (radius 3 ft. 3 in.) would abstract 70 per cent, of the energy of 
the wheel at 117 revolutions while it made 10 turns, and how long 
would it take to do this ? 

The kinetic energy stored in the wheel is represented by 

ft. -lbs. 
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Now, V = velocity of rim in feet per second 

= length of circumference x number of turns per second 



120 

■^ 60 




= 1 2T ft. per second 




.'. 120,000 = K.E. 


_ WV^ _ W(l2,r)^ 
2g 64-4 


and W 


_ 120,000 X 64-4 
I44Tr2 



= 5410 lbs. 

Also, as the K.E. of a body is proportional to the square of its 
velocity — 

K.E. at 117 turns per minute _ 117^ 
K.E. at I20 turns per minute 120^ 

(II7V 
— - 1 X 120,000 
i2oy 

= 114,000 ft. -lbs. 

Hence, in slowing down from 120 to 117 turns per minute the 
wheel loses — 

120,000 - 114,000 = 6000 ft.-lbs. 

Again, let F be the force in pounds applied to the rim in the 
direction of a tangent trying to stop the wheel, and the wheel 
makes 10 turns, while 70 per cent, of 114,000 ft.-lbs. is abstracted 
from the wheel. 

The work done by the force 1 _ jforce x distance moved through 
during this time J ~ I by point of application of force 

= F X 25r X 3I X 10 ft.-lbs. 

hence 07 x 114,000 = F x 2ir x — x 10 

4 

and F = 38S lbs. 

Let N be the number of turns per minute after the abstraction 
of 07 x 114,000 = 79,800 ft.-lbs. 

^l^t in'ti;S} - ' '4>- - 79,800 = 34,.oo ft.-lbs. 

and 34'^°° - K.E. at N r evolutions per mi nute _ N^ 
120,000 K.E. at 120 revolution's per minute 120^ 

hence N = 41 revolutions per minute 
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, r ■ r ■ mass moved , , , . 

and as force x time of action = ; x change of velocity 

388 X /= 5410^ 2.3 (,) 

^ 32-2 60 ^ ' ^ ' 

and t = io'3 seconds 

The Radius of Gyration of a body is the distance from 
the axis of rotation at which the mass of the body can be 
supposed to be concentrated to produce the same result. For 




Fig. 187. 



example, a particle whose mass is W lbs. situated at a distance 
R ft. from an axis of rotation, and rotating with an angular 
velocity a radians per second, possesses— 

kinetic energy. = -1*^ ft -lbs. = ^-1^l£l ft.-lbs. 
2g ig 

But if, as is always the case, the body under consideration is 
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not a particle, but a very large number of particles grouped 
near together, these particles will not all be at the same 
distance, R, from the axis ; and hence we want to find a value 
of R which can be placed in the above expression to give the 
kinetic energy of the body. It can be easily found by the 
aid of higher mathematics, but that is altogether outside the 
scope of this book. 

In Fig. 187 is given an elevation of a plan of a heavy iron 
disc K, capable of rotation between cone centres so as to 
reduce friction, and turned by a weight, W, suspended from a 
small pulley on the axle by a fine cord. The surface of the 
disc K is blackened by smoking it, or a strip of paper wrapped 
round it is smoked, while a tuning-fork, F, has a light 
aluminium stilus which scratches away the soot, and produces 
an undulating line as the disc rotates. 

The number of vibrations per second of the tuning-fork 
being known, the velocity of the disc can be determined at any 
instant by counting the number of vibrations on the smoked 
paper for a certain length of circumference. 

As the fork F can swivel round the support P, it can be 
moved by hand while the disc is rotating, so as not to spoil 
the line scratched on the paper during the previous revolution. 

The method of experiment is the same as with the flywheel 
(page 178), except that a watch is not used for measuring time, 
the tuning-fork doing it very accurately. 

A table should be constructed like that on page 183, except 
that the last two columns may be omitted, but in their place 
one should be substituted, headed " Radius of Gyration," R. 

The value of the radius of gyration is obtained by equating 
the K.E. in Column II. to — 

and solving for R. 

Impact. — It was shown on page 53 that when a body is 
in equilibrium there must be a pair of resultant forces acting 
on the body in opposite directions along the same line. It 
was pointed out, in connection with Fig. 143, that each member 
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acted upon the pins at its ends with equal and opposite forces, 
and from the statement made at the beginning of this para- 
graph, we see that these internal forces are each balanced by 
an external force acting along the same line. If a 7-lb. weight 
rests on the floor, it exerts a force of 7 lbs. on the floor down- 
wards. The floor at the same time acts on the weight in the 
same line, but upwards in direction, with a force which must 
be 7 lbs., otherwise the weight would immediately begin to 
move under the action of the resultant force. 

These are illustrations of the fact that every force, however 
exerted, must be balanced at its point of application, other- 
wise it could not exist. This is well illustrated by a skater 
starting off suddenly to walk on his skates, which immediately 
slip from under him. He cannot exert the usual horizontal 
force on the ice, because the ice is too smooth to offer any 
appreciable balancing force or resistance. 

This resistance was called by Newton a " reaction," while 
he called the force which it balanced the " action." Hence 
the law — 

Action and Reaction are equal and opposite. 





^e^re Cb/^esio/i 




Fig. 189. 



When two bodies collide, they each act upon the other 
with an equal force, just as if a helical spring (Fig. 188) 
were interposed between them, the action and reaction being 
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represented by the force exerted by the spring on each of the 
bodies. 

Let the average action and reaction be each represented 
by F lbs., and the velocity of the bodies (along the line of 
action which joins their centres) be V and V2 respectively 
(see Fig. 189) before impact. After impact let their velocities 
be v^ and v.2 respectively. The change of velocity which has 
been produced in W2 lbs. by the force F, Fig. 190 (spring in 
Fig. 188), during impact must be given by the equation — 

Average force, F lbs. X time of action x ^ = W2 X change of 
velocity produced by F lbs. in the direction of F 

In t1ie direction of F (from left to right) the final velocity 
Wzlbs 

Fibs 





Fig. 190. Fig. igi. 

is Vi, and the initial velocity V,, hence the change of velocity 
must be v^ — V2, and therefore — 

F^ X ^ = W., {v., - Y,) 

The force - F lbs.' acting on Wj lbs. for t seconds will 
change its velocity from Vj to z'l, hence we must have — 

- 7gf = W, (v, - Vi) 

Adding this to the previous equation, we get — 

o = Wi (z/i - V,) + W, (v, - V2) 
or WiV. + W2V2 = Wiz/i + W,v^ 

' The negative sign indicates the negative direction of F in Fig. 191. 

O 
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, The mass of a body piultiplied by its velocity is called the 
momentum of a body. Hence we may interpret the above 
equation as — 

The total momentum of both 1 _ i The total momentum of both 
bodies before impact i ~ t bodies after impact 

This is sometimes known as the law of conservation of 
tnomentum. 

There is another relation necessary for the solution of 
problems on impact, but it is not easy to arrange an experi- 
ment to illustrate it well. It is usually stated thus : — 

The relative velocity of the colliding bodies after impact 
= -^e X their relative velocity before impact. 

The quantity .? is a constant, and called the coefficient of 
restitution. It is different for different materials. The 
relative velocity of two bodies moving in the same line is the 
difference of their velocities, hence the above equation may be 
written as — 

v,~v,= -e(V,-Y,) 

The sequence of the suffixes in this and the previous 
equation should be carefully noted. 
Below are a few values of e : — 



Glass . 


• 0-94 


Hard steel 


■ 079 


Cast iron 


• 073 


Soft steel 


. 0-67 


Brass . 


. o'4i 


Lead 


. 0'20 



The coefHcient of restitution may be found approximately 
in the following manner : — 

Take two spheres of equal magnitude, and suspend them 
pendulumwise, as in Fig. 192. These spheres can be held 
in the dotted positions A and D, and allowed to fall simul- 
taneously. They will meet in the positions B and C, and will 
then rebound again to a height A (abpve their lowest positions), 
which will always be less than H. It is difficult to determine 
/i, and hence the results obtained will be only approximate. 
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The velocity of each body at the instant of impact is due to 
falling through the height H,' and will equal V 2^H = V say. 
The velocity of rebound v = \f 2gh 
The relative velocity of approach = V — ( — V) = 2 V 
The relative velocity of separation = — v — v = — 2v 

The relative velocity after impact = — e X relative velocity 
before impact 



or — 2V= —e 



and e = 



= 1- ^2gh_ 






If one of the bodies is at rest, and so large that it will not 
move, for instance a wall, then the ratio — 



velocity of rebound 
velocity of approach 



= coefficient of restitution = e 



D/ , V 






1 h 



VA 



03'- 



' / V H 



ii 



B 



Fig. 192. 



Example. — A body A, whose velocity is 20 ft. per second, 
weighs 10 lbs., and is moving from left to right, and collides with 
another body of the same material {e = o'5) weighing 15 lbs., which 
is moving from right to left with a velocity of 25 ft. per second. 
How will they move after impact ? 

In solving these problems, a student should make a sketch of 
the bodies, indicating their directions and velocities by arrows. 

' See page 163. 
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Substitute in the equation — 

»i - ■z'2 = -«(Vi - V2) 

and we have — 

■V, -v^= - }[2d- (-25)] 

or — 

V-i — V^ — 22'5 

the negative sign inside the small bracket indicating that the 
velocity of the second body is in the negative direction. 
Again, substitute in the first equation — 



and we get- 



WiV. + W.V^ = W.z/j + W,2/2 



(10 X 20) - (15 X 25) = 10 ^/i + 15 v^ 



Substituting in this the value of v^ found above, we get v^ = ^6 

ft. -sees., and v-^ = — 6'5 ; 
the negative sign indicating 
that the body moves in the 
negative direction after im- 
pact. 

Simple Harmonic 
Motion. — Let a particle 
move lound the circle, Fig. 
193, with the constant ve- 
locity V ft. per second. 
Project the position of P 
on to the diameter at N, 
then the point N moves 
backwards and forwards 

along the diameter AB, and its motion is called simple 

harmotiic. 

The particle at P has an acceleration towards the centre of 

the circle ^ of 




iFiG. 193. 



^rp ft. per second per second 



' See page 166. ' 
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Resolve this acceleration in the direction of the diameter, 

thus : Set off PX to represent the acceleration ^„, then 

QX is the component in the direction of the diameter. But 
from similar triangles — 

QX_PX 
ON ~ OP 



Substituting for PX its value p^p' ^^ g^* — ' 

QX _ v'_ v" 

ON ~ OF ~ R^ 

where R = radius of circle 

But QX is the acceleration of P parallel to the diameter ; 
that is, the acceleration of N along the diameter ; hence, with 
simple harmonic motion, the acceleration of a particle is propor- 
tional to its distance from the middle point of its path, 

, acceleration v^ 
and — 



displacement R^ 
Let the particle P make n revolutions per second, then the 

time taken for one revolution = - second = / seconds (say). 

n 

But V = distance moved by P per second 
= length of circumference X « 

= 27rR« 

1/ 
Therefore « = „ 

27rR 

and t = - — 

n V 



V v 



= 2:ry/ 



displacement N 
acceleration of N 
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But t = time of one revolution of particle 

= time in which N makes a complete to and 
fro journey from A to B and back to A 

= time of one complete oscillation 

Hence, if a body's motion is simple Iiarmonic, the 
time t seconds of one complete oscillation 



27r 



VI 



its displacement at any instant 
its acceleration at that instant 



The Pendulum. — Let OA, Fig. 194, be a simple pendulum 
in which the point A oscillates along the circular path ABC- 
While at the position A, the forces 
O acting on the bob of the pendulum 

are W, its weight downwards, and the 
tension along AO. Resolve W paral- 
lel and perpendicular to AO. The 
latter component, DE, is that which 
causes motion, and it equals W sin 6. 

But force X ^ = mass moved x ac- 
celeration pro- 
duced 
or W sin 6 X ^ = W X acceleration, 

that is ^ sin 6 = acceleration along 
the curve at A 

Now, the arc ABC is always very 
small compared with OB, and when 
the arc is small the angle B must be 
correspondingly small. Where an 
Fig. 194. angle is small, its sine is approxi- 

mately equal to its circular measure. 
Call its circular measure B, then gB = acceleration along the 
curve, i.e. in the direction of motion. 

But length of arc = radius x circular measure of the angle 
therefore AB = OB X B 




L-^D 
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AB 



and e = 



OB 



Substituting in the equation — 

g .Q= acceleration 

AB , ■ .?■ AT. 

we get ^' fyB = acceleration = 7 X Ac 

where / the length of the pendulum is substituted for OB. 

But AB is the displacement of the bob from the middle 
point of its path, and g and / are constant, hence by the 
previous article the motion is simple harmonic, because the 
displacement is proportional to the acceleration in the direction 
of motion. This being so, we must have — 



The time t sees, of onel _ 
complete oscillation f 




This should be verified by experiment. Suspend a weight 
of about 4 lbs. by as fine a cord as possible, its maximum 
length being about 6 ft. Observe the time of say 100 complete 
oscillations with a stop-watch. Enter the result in the table 
below. 

Shorten the cord and again get the time of 100 oscillations. 
Repeat with different lengths. 



Record of Experiment on a Simple Pendulum. 



Time of loo 
oscillations.' 



Time of i 
oscillation, / sees. 
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Plot the numbers in the first column along the base and 
those in the fourth column vertically. The result is a straight 
line if the experiment has been accurately carried out, and the 
slope of the line will be found to be as nearly as possible i'22, 

which is - -. 
g 
Another illustration of simple harmonic motion can be 
carried out as follows : — The deflection of a helical spring was 
shown on page lo to be proportional to the force producing 
it, hence the acceleration due to this force must be proportional 
to the displacement because force is proportional to the 
acceleration produced by it. But in the article on simple 
harmonic motion we find that if the acceleration of a body is 
proportional to its displacement, its motion is simple harmonic, 
and the time of one complete oscillation is — 



V 



displacement 
acceleration 



Fix a weight on the end of a long helical spring, and set it 
oscillating vertically. Observe the time of loo oscillations, 
and hence deduce the time of one oscillation. 

Now find the static deflection, D ft., produced by the 
weight W lbs. 

As force X ^ = mass X acceleration 

force X^ ^ acceleration 
mass 

But with a helical spring, load = a constant x deflection, 
that is, force = D X a constant = D X C (say). Therefore— 

D X C X ,g ^ _ acceleration 
mass 

mass _ displacement D 
C X ^ ~ acceleration 

Substituting in the above equation, we get - 



' = 2-K\J 



mass moved 
Cx.f 
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The mass moved is that on the end of the spring, together 
with the equivalent mass of the spring. This latter will be 
small if the spring is hot too stiff. 

The equivalent mass of the spring is about one-third of its 
mass. 

The pendulum and the expression — 



'= 2-^\/ L 



can be used for the purpose of finding g — in fact, the accurate 
values of g are determined this way. Observe the time of a 
number of oscillations, and so get the time of one oscillation 
(called its period or periodic time). 
Measure the length of the pendulum 
and calculate g. 

A simple piece of apparatus by 
which g can be obtained is shown 
in Fig. 195. A thin lath, P, is ar- 
ranged to oscillate about a knife-edge 
at its upper end. It can be set 
swinging, and its periodic time deter- 
mined, and hence the time required 
for it to move from the position 
shown in the figure to the dotted 
position. This will be one quarter 
of its periodic time. 

A weight. A, ' is suspended by a 
thread round loose pulleys, B and C, 
the other end being used to hold the 
pendulum in the displaced position. 
The flange on the weight A is a piece 
of felt which can be saturated with 

ink. If the thread be burnt or cut. with a scissors, the pendu- 
lum and weight A begin to move together, and as the former 
is swinging into the dotted position, it strikes the weight A, 
and the inked felt marks the distance it has fallen from rest. 




Fig. 195. 
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Let this be s feet, and the time of one complete oscillation be t 
sees. Then — 



V4/ % 



32 4 



Newton's Laws ol Motion. — The portion of Mechanics 
dealing with the motion of a body and its cause is outlined in 
Chapters VL and VIL In them the different results and 
equations have been derived from experiment. We are now 
in a position to review the matter in these chapters, and, after 
having done so, we shall find the whole embodied in the three 
fundamental laws of motion which are called after Newton, who 
formulated them. 

The first states what a force is, the second states 
how it is measured, the third states how one body acts 
upon another. 

Law I. — Every body continues in its state of rest or unifoiin 
motion in a straight line until it is made to change that state by a 
foixe. 

This simply states that if no force act on a body it may be 
at rest, or it may move in a straight line with constant velocity. 
A force is required to increase or decrease the velocity of the 
body, or to change its direction of motion. 

Law 2. — The change of momentum of a body is proportional 
to the fm-ce producing it, and the change takes place in the line of 
action of the force. 

This is another way of stating — 

Force X time X ^ = mass x change of velocity • 
= change of momentum 
or force X ^ = mass X acceleration 

Law 3. — To every action there is always an equal afid opposite 
reaction. 

The term action in this law is used to indicate two different 
quantities. 

Putting aside chemical action, the way in which, one body 
invariably acts upon another is by means of force. A body 
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resting upon a table urges the table vertically downwards, and 
the body would certainly move downwards if the table did not 
exert an upward force (reaction) to balance the downward force 
(action). It must be evident that in every statical case action 
and reaction must be equal and opposite, because there is no 
motion, and consequently, by the first law of motion, there can 
be no resultant force acting. 

If action and reaction are equal and opposite, their effects, 
such as the momentum produced by them, must be equal and 
opposite, as in impact. 

There is another way in which Newton considered the 
equality of action and reaction. The following sentence in 
italics is Newton's scholium to his third law : — 

If the action of an agent be measured by the product of its 
force and velocity ; and similarly, if the reaction of the resistance 
be measured by the velocities of its several parts and their several 
forces, whether they arise from friction, cohesion, weight, or 
acceleration ; — action and reaction, in all combinations of machines, 
will be eq~dal and opposite. 

rr,, -, r r i i ■ ■ r SDaCC WOrlc 

The product of force and velocity is force X -■ = ---■ — 

"^ •' time time 

= rate of doing work per unit of time, or what we call 

" power." 

Putting the above scholium into modern language, we 

have — 

Rate at which work or energy is given to a machine = rate at 
which work is done against friction + rate at which work 
is done against gravity + rate at which work is done in 
accelerating the different parts + rate at which work is 
done or given out by the machine for some useful 
purpose. 
If we multiplied each term by the time of action, we get — 

Work put into machine = work done in overcoming friction 
+ work done against gravity + kinetic energy stored in 
the machine + useful work done by the machine. 

This is the " Principle of Work." 

It is not easy to arrange ocular demonstrations of the 



204 Mechanics. 

dynamical equality of action and reaction, besides experiments 
in collision. 

Let two boats near the shore of a lake each contain a man, 
and each man holds in his hand one end of a rope. If both 
men haul in the rope simultaneously, the boats will advance 
towards each other, and the momentum of each must be the 
same, because the action on one has been the reaction on the 
other, namely, the tension in the rope. 

It is a common experience, especially noticeable to on- 
lookers, that as a person walks along a light pleasure-boat, the 
boat also moves in a direction opposite to that of the individual. 
The person in the act of walking forward cannot help pushing 
the boat backward ; in fact, he could not move forward if the 
boat did not move backward. 

It should be noticed that as action and reaction are equal 
and opposite, there can be no external resultant force acting 
on the person and boat considered together, and therefore, as 
there is no resultant force, their common centre of gravity 
cannot move. Similarly with the two boats ; their common 
centre of gravity could not move, because there was no external 
resultant force acting on them. 

A common question asked in examinations is the follow- 
ing :— 

A horse pulls a cart forward, and by the third law of motion 
the cart pulls the horse backward with an equal force ; then why 
does the horse move ? 

The question at first sight seems paradoxical, but it is only 
apparent and not real. In questions of this sort it is necessary 
to consider all the bodies on which there is an action and 
reaction. In the problem above, the horse is attached to the 
cart by its harness, and where the horse goes the cart must 
go also. 

There is another body concerned besides the horse and 
cart, namely, the earth. The horse urges itself and the cart 
forwards, and in doing so pushes on the earth in the opposite 
direction with its hoofs, and whatever the resulting motion 
happens to be, the centre of gravity of all three bodies is 
unaffected by the motion ; that is, as the horse and cart move 
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forward, the earth must move backward; but of course the 
latter motion is infinitesimal, because the mass of the earth is 
so very large compared with that of the horse and cart. At 
the points of contact between the horse's hoofs and the earth, 
action and reaction are equal and opposite ; the former being 
the horizontal component of the pressure of the hoofs on the 
earth, and the latter being the horizontal component of the 
pressure of the earth on the hoofs. As the cart is attached to 
the horse, it must move with it, and the action (pull of horse 
on cart) and reaction (pull of cart on horse) together is of 
the nature of a stress, and is exactly of the same character 
as the stress at the ends of one of the members of the bridge 
in Fig. 143, or the same as the stress in the drawbar between 
a locomotive and the train. In the latter case the action and 
reaction at the ends of the drawbar are equal and opposite, 
and by this means the locomotive and train do not separate, 
but the force which makes the whole train and locomotive 
move is the reaction of the rail on the driving-wheels in 
the forward direction ; the corresponding action being the 
horizontal force exerted by the wheels on the rails, and which 
urges the earth backwards. 

Absolute Units of Force. — It was found that if a force 
of F lbs. acted upon a body of mass M lbs., the acceleration 
{a) produced was given by the equation — 

F X ^ = M X «. 

If a smaller unit of force be selected such that its measure 
is [F (lbs.) X g\ units, each of which is called a poundal ; the 
above equation can then be written as — 

Force in poundals = mass (lbs.) X acceleration. 

This new unit of force called the poundal is -th part of a 

pound. , 

The above equation enables force to be measured irre- 
spective of position or locality, and hence the term absolute 
unit of force, which is that force required to produce unit 
acceleration of unit mass in unit time. 
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In the metric system, the absolute unit of force is the dyne, 
which is the force required to produce an acceleration of i 
centimetre per second per second in a mass of i gramme 
during i second. 

The corresponding unit of work is the centimetre — dyne, 
which is called an erg. 

The student should try and remember that a force of g 
dynes is equivalent to a force of i gramme, and a force of 
g poundals is equivalent to a force of i lb. 



Summary of Chapter VII. 

Initial K. E. of a body + energy received by body = 
work done by body in overcoming resistances + final 
K.E. of body. 

Total momentum before impact = total momentum 
after impact. 

Relative velocity after impact = — e X relative 
velocity before impact. 

In simple harmonic motion, time of one complete 
oscillation. 



»V; 



displacement 
acceleration 



Examples on Chapter VII. 

1. Give two illustrations of the equality of action and reaction. 

Two men, A and B, while skating, come into direct collision, and are 
brought to rest. A weighs lo stone and B 12 stone. A's speed is 6 
miles per hour ; what is B's speed ? Ans. 5 miles per hour. 

2. A gun weighing 3 kilogrammes fires a bullet weighing 30 grammes, 
and the latter has a velocity of 60,000 cm. per second. Compare the kinetic 
energy of the gun with that of the bullet (neglecting the powder). 

Ans. As I is to 100. 

3. A railway train, exclusive of engine, weighs 150 tons, and in starting 
along a level line from rest it attains a speed of 30 miles an hour in 5 minutes. 
What has been the mean pull between the engine and train, the resistance 
being taken at 10 lbs. per ton ? Ans. 3040 lbs. 

4. Define kinetic energy. If a velocity of 300 ft. per second is impressed 
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on a weight of lo lbs., what is the measure of the energy now imparted to 
the weight ? Ans. i4,o63'5 lbs. 

5. Write down the formula for the amount of energy stored up in a 
given weight when moving with a given velocity. Describe, with a sketch, 
the action of a fly-press. If each ball of the press weighs 50 lbs., and the 
work stored up in the balls is 400 ft.-lbs., find the velocity with which they 
are moving. Ans. 16 ft. per second. 

6. The rim of a fly-wheel weighs 9 tons, and the mean linear velocity of 
its mass is assumed to be 40 ft. per second ; how many foot-tons of work 
are stored up in it ? If it be required to store the additional work of 9 ft.- 
tons, what should be the increase of velocity ? 

Ans. 225 ft. -tons; 079 ft. per second. 

7. The height and length of an inclined plane are 20 ft. and 100 ft. 
respectively ; a body weighing 100 lbs. is placed at the top of the plane and 
allowed to slide along its whole length ; the coefficient of friction between 
the plane and the body is 0'I5 ; how many units of work (foot-pounds) are 
accumulated in the body, and what is its velocity when it reaches the foot 
of the plane ? 

8. What meaning do you attach to the phrase horse-power i A fire-engine 
pump is provided with a nozzle, the sectional area of which is i sq. in., and 
the water is projected through the nozzle with a velocity of 130 ft. per 
second ; find the horse-power of the engine required to drive the pump, 
irrespective of the loss by resistance of the working parts. The weight of a 
cubic foot of water is 62| lbs. 

9. A flywheel weighs 2| tons, and its mean rim has a velocity of 40 ft. 
per second. If the wheel gives out 10,000 ft.-lbs. of energy, how much is its 
velocity diminished? Ans. i'445 ft. per second. 

10. State the rule for finding the amount of work stored up in a given 
weight when moving with a. given velocity. A weight of 6 cwt. moves 
with a velocity of 20 ft. per second ; how many units of work are stored up 
in it? Ans. 4200 ft.-lbs. 

11. The head of a steam-hammer weighs 10 cwt., and has a fall of 8 ft. 
If' it indent the iron on which it falls by I in., find the mean force exerted 
on the iron during compression. Ans. 97 cwt. 

12. A cast-iron flywheel has a rim 5 ft, mean diameter, 8 in. wide, and 
3 in. thick. The boss and spokes can be neglected. How many foot-pounds 
of energy are stored in it when running at 160 revolutions per minute ? The 
shaft upon which it is keyed is 4 in. diameter, and weighs 400 lbs. If the 
coefficient of friction between shaft and bearing is o'OS, how many turns 
will it make before coming to rest (neglect resistance of the air) ? What 
was the time in coming to rest, and the angular acceleration ? 

If a brake-strap had been put on the wheel with a load of 200 lbs. on 
one end and 30 lbs. on the other, how many turns would it then make 
before stopping ? 

13. Two bodies, A and B, collide. A weighs 17 lbs. and moves 
originally with a velocity -h 10 ft. per second, while its velocity after 
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collision is — p ft. per second. Find the weight of B if its velocity after 
collision was ^g ft. per second, and the coefficient of restitution was o'25. 
Find also the original velocity of B. 

14. A weight of 10 lbs., moving with a velocity of 55 ft. per second, is 
brought to rest in o'02 second. Find the average force exerted on the 
weight. 

15. A car weighs 10 tons. It is drawn by a pull of P lbs., varying in 
the following way, t being the time in seconds from the start. 



p 


1020 


980 


882 


720 


702 


650 


713 


722 


805 


t 





2 


5 


8 


10 


13 


16 


19 


22 



The retarding force of friction equals 410 lbs. Plot (P — 410) and the 
time t, and find the time-average of this force. What does this represent 
when multiplied by 22 seconds ? 

Read your notes on acceleration and velocity diagrams, and describe 
how you would find the distance travelled by the car in the first 17 seconds. 

16. The flywheel of a machine has 150,000 ft-lbs. stored in it when 
its speed is 250 revolutions per minute. How much energy does it part 
with during a reduction of speed to 200 revolutions per minute ? 

17. State the Third Law of Motion, and explain clearly its application 
to the case of a horse starting a cart into motion. If the pull back of the 
cart be exactly equal to the pull forward of the horse, why do they begin 
moving ? 

18. A gun delivers 400 bullets per minute, each weighing J oz., with 
2000 ft. per second horizontal velocity. What is the average force exerted 
on the bullets in the gun ? Ans. 781 lbs. 

19. A ship, weighing 8000 tons, makes the passage from Liverpool to 
New York at the rate of 20 knots (a knot is 6080 ft.) per hour. If the 
efficiency of the engines and propeller is o'4, and the I.H.P. of the engine is 
10,000, how much is the resistance to the ship's motion per ton of weight ? 

Ans. 8'2 lbs. 

20. The resistance of a train on the level is 17-3 lbs. per ton, the speed 
being 48 miles per hour. If the weight of engine and train = 190 tons, 
find the II. P. of the engine. If the train is brought to a standstill by the 
brake in I4"S seconds, what was the average resistance of the brake? 

Ans. I4'I tons ; 253 H.P. 



CHAPTER VIII. 
MACHINES. 

A Machine is an assemblage of parts connected together, 
each of which can only move in one definite manner. 

This is equivalent to saying that the motion of each part of 
a machine is controlled, or that we have control over the different 
parts of a machine, and therefore they may be made to serve 
some useful purpose. If we had not control over the machine, 
it would, of course, be useless, and we should not be able to 
predict by calculation the movements of its different parts. 

When the object of a machine is to do work or transmit 
force — such, for example, as a crane — we generally speak of it as 
a machine ; but if we are only considering the geometry of the 
machine, or if we are considering an assemblage of parts, such 
as a clock, in which the parts are simply used to transmit 
motion and not to do useful work, we often speak of the 
contrivance as a mechanism. 

Velocity Ratio. — The part to which the motive force is 
applied is called the driving end, and the end at which the 
resistance is overcome or the useful work done is called the 
following end, and sometimes called the load end. The 
ratio — 

Movement of driving end 
Movement of following end 

is called the velocity ratio of the machine. This quantity we 
can calculate or determine by experiment. 

Take the wheel and axle in Fig. 196, and let it make one 
turn. The cord supporting the load, W, will be wound up to 
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the extent of the circumference of the axle, which equals -nd 
inches. The driving end will in the same time move through 
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I 

•^1 
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Fig. ig6. — Wheel and axle. 



a distance equal to the length of cord unwound from the wheel 
in one turn, which is ttD inches. 
We then have — 

movement of driving end 
^ ~ movement of following end 

irDD 

Trd d 



We may also find this quantity by experiment. Determine 
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the simultaneous movement of each end by actual measure- 
ment. This can be easily done by first placing weights on the 
following and driving ends, so that they will balance or remain 




y77//y 



stationary in any position in which they may be placed, and at 
the same time keep the cords straight. 

Place the weight ^ on the driving end in contact with the 
floor at D (Fig. 197), and set the pointer at A opposite some 
point on the following end. The pillar C contains a long 
slot in which the pointers can be adjusted. Now move 

' Ring weights should he used, as in the figure. 
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the weights to some new position, shown dotted, and set 
the pointer B to the same point on the following end of the 
machine that A was previously set to. The distance between 
A and B is the movement of the following end. The corre- 
sponding distance moved by the driving end can be measured 
as shown by one or more yard-scales. 

Repeat these measurements for different positions of the 
weights, and tabulate as below. 



Movement of 
driving end. 


Movement AB of 
following end. 


12-8 


4' I 


ig'o 


6-1 


23-4 
25-0 

34-8 
46-0 


rs 

8'o 
II-3 
15-0 



Plot the first column vertically upwards and the second 
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Fig. 198. 



column along the base, as in Fig. 198. Drawing the nearest 
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line through all the points, we have for the slope of that 
line — 

DE _ 30 _ 
CE 10 

_ movement of driving end 
movement of following end 

The same method may be applied to all the simple 
machines. 

We will now calculate the velocity ratio of a number of 
simple machines. 

The Rope Pulley Tackle is shown in Fig. 199. To 




Fig. 199. 



save confusion, the different pulley sheaves have been separated 
so as to be able to identify each of them. 

On the left of the figure the arrangement is shown in one 
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position, and next on the right the tackle is shown displaced. 
The movements of the two ends are denoted by y and x. 
We want to find the value of the ratio — 

z 

X 

This is really a geometrical problem, and has little to do 
with mechanics proper. In all such problems there must be 
some geometrical fact upon which the solution must be built. 
Here the fact is that the rope is always the same length ; hence 
put down the length of the rope in each position and equate 
one to the other. 

Let c represent the length of the curved portions of the 
rope in each position; then the length of the rope in the 
first position is — 

fl + ^4-/ + 3? + S'* 

And in the second position it is — 

j + rt: 4-<^+/ + 3? 
Therefore — 

or 3X = J 
and - = 3 

X 

This is the number of ropes supporting the lower block, 
hence the velocity ratio can be found direct from inspection. 

The Chinese Wheel and Axle is shown in Fig. 200. 
Let the contrivance make one turn. The straight parts of the 
ropes are shown on the left in Fig. 201 before movement, and 
on the right after movement. Let D, = diameter of wheel, 
d^ and d^ the diameters of the axle. 

During one turn the larger axle winds up a length equal to 
its circumference = ird-u and simultaneously the smaller axle 
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unwinds a length equal to its circumference = ird^, and hence 
the hanging part of the rope is shorter by the amount — 

It {di — d^ 



VM^ 




Fig. 200. — Chinese wheel and axle . 
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Fig. 201. 



But the hanging part of the rope is shorter by 2x, as shown 
in Fig. 201. Hence — 

2X = TT {di — d^ 



and X = - {d-t^ — d^) 



2l6 



Mechanics. 



The part of the rope unwound from the wheel = irT) = y. 
Hence — 




This is 
A very 




the velocity ratio of this machine. 

useful form of the Chinese wheel and axle is called 
Weston's Differential Pulley Block. It 
is shown diagrammatically in Fig. 202. 
The wheel and the larger part of the 
axle are one and the same, and the 
chain used is endless. The grooves in 
the upper pulleys in which the chain 
runs have little pockets cast in them, 
into which the links of the chafti fit 
easily. These prevent the chain from 
slipping over the wheel. They are 
equivalent to the fastening of the ends 
of the ropes to the wheel and axles in 
Fig. 200. 

As the wheel and the larger part of 
the axle in Fig. 200 are of the same 
diameter in Weston's tackle, the formula 
for the velocity ratio given above now 
becomes — 



Fig. 202. — ^Weston's differ- 
ential pulley lifting tackle. 



Velocity ratio = -'- 



d-^ — d^ 



The Screw-jack. — We can find the velocity ratio in the 
ordinary screw-jack thus : — 

Let the screw make one turn. During that time the end 
of the lever where the motive force is applied moves round in 
the circle ABC (Fig. 203), while the load is lifted through a 
distance equal to the vertical rnovement of the screw (called 
the pitch of the screw). 
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Let/ = pitch and /= length of lever, then- 



velocity ratio = 



movement of driving end 2-kI 

movement of following end "~ / 



B 




Fig. 203. — Screw-jack. 



vormy 



The Worm and Worm=wheel. — In Fig. 204 is shown 
the worm and worm-wheel, 
sometimes called the endless 
screw. 

Let the worm-wheel, A, 
make one turn. As the 
screw or worm turns, it forces 
the teeth of the worm-wheel 
to move with it, and hence 
each turn of the screw will 
move the worm-wheel round 
to the extent of one tooth, 
and therefore the screw must 
make as many turns as there 
are teeth in the wheel, to 
rotate the wheel once. If 
there are T teeth in the 
wheel, the screw, and consequently the handle (length /), must 




Fig. 204. — Worm and worm-wheel. 
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make T turns for one of the wheel A and the drum supporting 
the load. 

Movement of load during one turn of wheel = 7rd 

Movement of end' of handle = 2w/ x T 

^^ , . . 2x7 X T 
Velocity ratio = --r- 

_2/T 

d 

Wheel =trains. — When dealing with trains of wheels, we 
generally use for the velocity ratio — 

number of turns of driving-wheel 
number of turns of following-wheel 

The circles in Fig. 205 represent what are termed the pitch 
circles of two toothed or spur wheels in gear with each other. 

The pitch circle is a circle 
which passes, approximately, 
. r-evs. through the middle of the eleva- 

-'^i^I^"*"- tion of the teeth, and which 
appears to roll upon the pitch 
circle of the companion wheel, 
just as if the pitch circles were 
ir^e^Ji. ^^ outlines of discs which rolled 
T feetA^. together by the friction at their 

circumferences. 

Fig, 205. ^ • , 1 

Let capital letters refer to 

the left wheel and italic letters to 

the other wheel. Also let N represent the number of turns per 

minute or revolutions per minute, while T represents the 

number of teeth, and D the diameter of a wheel. 

The teeth prevent one pitch circle from slipping over the 
other. 

As there is no slipping, the same length of circumference of 
each pitch circle must pass the point of contact during any 
given interval of time. 
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Length of circumference of left wheel pass-1 _ y^^ 
ing point of contact per minute \ ~ "^ 

Length of circumference of the other wheel 1 v 
passing point of contact per minute \ ~ "^ 

As these must be the same — • 

ttDN = irdll 

or DN = dn 

As the size of the teeth is the same on both wheels, the 
number on each wheel must be proportional to the diameters 
of the wheels, and hence we may write — 

TN = tn 

The circumferential pitch of the teeth of a wheel is the 
distance measured along the circumference of the pitch circle 
from the centre of one tooth to the centre of the next. 

The same expressions hold for belt pulleys as for toothed 
wheels, for the belt does the same as the teeth — it compels the 
circumferences of both pulleys to move over the same distance 
in the same time; because the belt and each pulley move together 
without slipping, therefore each pulley circumference must move 
over the same distance as the belt ; that is, the same distance 
as the other to which it is connected by the belt. 

In Fig. 206 we have what is generally called a clock-train 



n' Driver 




■fol/oiver. 



Fig. 206. — Clock-train of wheels. 

of wheels. It is made up of a number of pairs of wheels, and 
we have numbered these pairs i, 2, etc., these numbers being 
the suffixes of the synibols below. 

As in the previous paragraphs, the capital letters refer to the 
drivers and the italic letters to the followers. 
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Using the equation for each pair previously obtained, we 
have — 

N,T. = n,t, 

N3T3 = n,t. 

Multiplying all the left sides of these equations together, 
and then the right sides, and equating them, we get — 

N,.N,.N3.T,.T,.T3 = n,.n,.iK.t,.t,.t^ 

But the first follower and the second driver are made fast 
upon the same spindle, and hence they make the same number 
of turns per minute ; that is — 

«. = N, 
Similarly — 

n, = N, 

Cancelling these equal quantities, we get — 
N, X T, . T, . T3 = ;;, X A . /■, . t, 

which may be stated thus — 

Number of j f Teeth oi\ r Number of] r Teeth of 

turns o* I w ] each I _ j turns of I j each 

first I j driver | — j last | j follower 

driver ; I J ( follower ) I 

In the case of belts, the diameters must be substituted for 
the numbers of teeth. 

Example. — If in Fig. 206 the numbers were as follows : Nj = 18, 
T, = 72, Tj = 45, T3 = 40, ti = 20, /j = 20, ^3 = 24. Find n^. 
Substituting in the general equation above, we have — 

18 X 72 X 45 X 40 = «3 X 20 X 20 X 24 

or «3 = 243 revolutions per minute 

Screw -cutting. — A screw may be either cut with stock 
and dies, or more accurately in a lathe. 
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In Fig. 207 the thread on the left is called a right-hand 
thread, because if the screw is turned in its nut in clockwise 
direction it will move _/w- 
7£/fl!rfl?axially. The distance 
it moves axially during one 
turn is called its pitch. 
The screw on the right of 
the figure is left hand. 

In Fig. 208 the thread 
on the left is single, but that 
on the right is double ; that 
is, there are two distinct 
but similar threads. 

The general idea of cutting threads with a lathe can be 
obtained from the accompanying diagrammatic sketch (Fig. 
209), which represents a plan view. 

The mandril or spindle D of the lathe is supported in 




Right-hand thread. Left-hand thread. 
Fig. 207. 




Single thread. 



Double thread. 



Fig. 208. 



bearings C, and driven by a belt on one of the pulleys of the 
cone M. The bar W, on which the screw has to be cut, is 
supported by two cone centres, and is made to rotate with the 
mandril. 

The other end of the mandril carries a spur-wheel, A, which 
is connected to another spur-wheel, B, by intermediate wheels. 
The wheel B is fixed on the leading screw-shaft E, the screwed 
part of which passes through a nut in the slide-rest N, which 
holds the cutting-tool T. The bar W rotates, and the screw E 
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simultaneously causes the tool T to move from right to left, and 
traces out the spiral shown on the bar W. It not only traces 
out the spiral, but removes a certain amount of metal, and thus 
produces the gaps between the threads. 

The leading screw is generally made with 2 threads to 
the inch, and hence it will have to turn twice while the tool 
moves I in. parallel to the axis of W. Let it be required 
to cut a screw of 12 threads to i in. The mandril must 
make 12 turns while the tool moves i in., that is, while the 
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Fig. 2og. —Diagram of screw-cutting arrangement. 

leading screw makes 2 turns. Then A makes 12 turns, while 
B makes 2 turns. Also the mandril must turn in the direction 
of the hands of a clock as looked at from the left end. 

Similarly, as the leading screw is right-handed, it must be 
turned in the same direction. Our problem is now reduced to 
selecting wheels for A and B with one or more intermediate 
wheels, so that A makes 12 revolutions while B makes 2. 

To ensure the direction of both being the same, there must 
be at least one intermediate wheel (Fig. 210) ; but if there is 
only one intermediate wheel, it must be an idle one, and there- 
fore does not come into the calculation. We then have — 



A's teeth X A's revolutions = B's teeth x B's revolutions 
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or A's teeth = B's teeth x 
= B's teeth x 



B's revolutions 
A's revolutions 
2 
12 



Therefore A's teeth must be one-sixth of B's teeth. If B 
has 120 teeth, then A must must have 20 teeth. 

If there should not be a wheel available with so great a 
number of teeth as 120, or less than 20, a clock-train must be 



-2>- 





Fig. 210, 



Fig. 211. 



arranged, as shown in Fig. 211. Consider A the first driver 
and B the last follower. The wheels C and D are both keyed 
to the same spindle and rotate together. Then — 



teeth of each driver 

As turns X z — ir — ? , j. ,. 

teeth of each follower 

teeth in A X teeth in D _ 2 
teeth in C X teeth in B ~ 1 2 



= B's turns 



(X) 



Now select two of the wheels, say A with 20 teeth, and B 
with 80 teeth. Then — 



20 X teeth in D 
teeth in C X 80 ' 

teeth in D 



teeth in C 6 
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Now select two more wheels for C and D, such that the 
teeth in D = - the teeth in C. 



If we take C with 60 teeth, then D must have 40 teeth ; or 
if C has 48, D must have 32 teeth. 

Looking at the right-hand side of the equation (X) above, 
we see that — 

2 number of threads per inch on leading screw 
12 "~ number of threads per inch on screw to be cut 

Hence, we may make the general statement — 

product of number of teeth in driving-wheels 
product of number of teeth in following=wheels 

number of threads to the inch on leading screw 



number of threads to the inch on screw to be cut 

when the mandril-wheel is considered the first driver. The bar 
must revolve in the same direction as the leading screw for a 
right-hand thread. 

If a left-hand thread has to be cut, the tool must be made 
to move from left to right, and this necessitates an extra spur- 
wheel in the train merely to change the direction of motion. 

Hydraulic Machinery. — The fundamental parts of most 
hydraulic machines are shown diagrammatically in Fig. 212. A 
plunger, whose diameter is d, is forced down into its cylinder 
through a distance s, and drives the water into the larger 
cylinder (diameter D) forcing its piston upward through a dis- 
tance S. As water is approximately incompressible, the volume 
forced out of the small cylinder must enter the large cylinder. 

7r 

Volume displaced by plunger = s y,- (P cubic inches. 

4 

Volume displaced by piston = S X - D^ cubic inches. 

4 
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As these are eqvial- 



. s W 
or velocity ratio = c ~ >i 

Mechanical Advantage. — We generally use the simple 
machines to procure some advantage which cannot be so easily 
obtained without them. 

For example, by the use of a lifting appliance, a man may 




Fig. 



apply a force of 20 lbs. to one end of a machine and thereby 
lift a load of, say, 140 lbs. at the other. The advantage gained 
here is 7, or, in other words, by the use of the machine, a man 
is able to lift a load equal in weight to seven times the force 
he exerts. We may then define mechanical advantage as — 

load 



or 



driving force 

force at following end 

force at driving end 
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If we experiment on a machine such as a five-rope lifting 
tackle, similar to Fig. 199, we shall find that the mechanical 
advantage is not a constant quantity. 

The following table gives the values of the load and 
driving force ^ in the first two columns derived from experiment, 
and the third colmnn gives the calculated values of the 
mechanical advantage. 



Load. 


Driving Force. 


Mechanical 
advantage. 


Mechanical 
efficiency. 


Ills. 


Ihs. 






7 


2-9 


233 


0-47 


14 


.S'o 


2-86 


o'57 


21 


675 


313 


o-fe 


2S 


87 


3-27 


0'65 


35 


107 


3-35 


067 


42 


12-8 


341 


0-68I 


49 


147 


3-45 


069 


56 


16-4 


3-50 


070 


63 


179 


3-51 


0701 


70 


197 


3-56 


071 


V 


2r-4 


3-SS 


070 


84 


237 


3'57 


071 


91 


257 


3-58 


0711 


98 


27-5 


3-58 


0711 


lOS 


28-6 


3-60 


0714 


112 


30-8 


3-6o 


0714 



To discover the reason for the variation in the mechanical 
advantage, we must inquire into the corresponding variation in 
the driving force, because — 

mechanical advantage = t-^t-. — -?. 

'^ dnvmg force 

Plot the numbers in Column I. along the base in Fig. 213, 
and the numbers in Column II. vertically upwards. ^Ve find 
the points lie on a straight line, AB, whose equation is — 

Driving force or effort = i'3 + o'263 load. 

We know that the driving effort has not only to lift the 

' The driving force is found by attaching the driving rope to a spring 
lialance, and reading the balance while it is steadily pulled liy the hand. 




' 

10 20 30 40 50 60 70 80 90 100 MO 120 



Fig. 213. — Observations on a five-rope lifting tackle. 
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load, but it has also to overcome the friction of the machine. 
The latter is caused by the weight of the load, together with 
the weight of the parts of the machine. This latter is constant, 
and as it is the only constant force or resistance, we may be 
led to expect that the constant i'3 in the above equation refers 
to the friction due to the weight of the machine parts. If we 
find that this is a fact, we shall have discovered the reason for 
the variation in the mechanical advantage with different loads, 
for the fraction — 

load _ I _ . o 
o'263 load 0*263 "~ ^ 

is constant ; but the fraction — 

load 



I '3 + o'2 63 load 

is not constant, and varies continually as the load is increased. 
We have now to discover the amount of friction with 

different loads. 

Take a machine with as little friction as possible; a 

lever balanced on knife-edges (Fig. 215) will do admirably. 

Here the friction is so small as to be unmeasurable 

with ordinary appara- 
tus. Suspend a 7-lb. 
weight from one arm, 
and a 2i-lb. weight from 
the other. When they 
exactly balance one 
another, the mechanical 
advantage is — 

load _ 21 _ 

'°' ^"'' driving effort ~ 7 "~ 

The distance moved by the driving end in the direction of 
the driving force is AB (Fig. 214), and the distance moved by 
the load is ED. But the triangles ABC and CED are similar 
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(see Introduction), hence their corresponding sides are propor- 
tional, and therefore — 

AB^ED 

BC ~ EC 



or, rearranging, we get- 



AB ^ BC ^ 3 
ED EC I 

AB 
But piw = velocity ratio = 3 



Hence, the velocity ratio of a machine without friction 



OC - 



+ -e7-^ 



L 




7i6s 



2\lbs 



Fig. 215. 



equals the mechanical advantage. Then, in the absence of 
any friction, we must have — 



load 



— = mechanical advantage = velocity ratio 



driving force 

And— 

... r load 

arivniff lorce = , -■- —~ 

° velocity ratio 



We are now in a position to draw the driving-force curve 
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without friction (OC) in Fig. 213. Its slope is ^1 — 7- . - 

^ ' ° "^ ^ velocity ratio 

and it passes through the origin. Draw it in, and then the 

part of the ordinate between this curve and the driving-force 

curve with friction must be that part of the driving force 

required to overcome friction. We can determine it algebraically 

thus — 

driving force with friction = c -\- m load 
driving force without friction = -^ 

Subtracting, we get — 

The part of driving force required ) / ^^ 1 j 

to overcome friction only \ — ^ + y'" ~ V^ o^ 

In the case in question (Fig. 213), c= i-3, /« = 0*263, 
and V = 5. 

The left side of the last equation is generally termed 
simply the. friction of the machine. We can then write for the 
five-rope pulley-tackle experimented on — 

friction = i"3 -f- o'od' load 

This result is what was anticipated above, namely, a constant 
due to the weight of the parts of the machine, and another 
term which increased with the load. The number o'o67 is the 
coefficient of friction of the machine as a whole. 

Work. — T/te work done by a force equals the magnitude of 
the force X the distance throztgh which a body is moved by the 
force in the direction of the force. The work done by the 
driving force = driving force X distance moved by driving end, 
and the work done at the following end in lifting the load = 
load X distance moved by following end. 

The fraction or ratio — 

work done at following end 
work done at driving end 
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is called the mechanical efficiency of the machine, and it equals — 

load X distance moved by load 

driving force X distance moved by driving force 

which equals — 

mechanical advantage ^ 
velocity ratio 

load , . , , 

since — ^^ — mechanical advantatfe 

driving force ° 

J distance moved by driving force 

^"" — — — -— = velocity ratio 

distance moved by load •' 

If there is no friction, the efficiency is i ; but in all other 
cases it is less than i . 

As the velocity ratio is constant, the mechanical efficiency 
curve will be similar to the mechanical advantage curve (OBE, 
Fig. 213), and hence, if a different scale be taken for the 
former, these curves can be made to coincide. 

The last column in the previous table has been calculated 
by dividing the numbers in the last column but one by the 
velocity ratio 5. 

Equations may also be found for the mechanical advantage 
and efficiency. Thus — ■ 

' EfiRciency may sometimes be conveniently expressed in another way. 

Wc have above — 

^ . mechanical advantajxe 

efficiency = -, — r; 7; 

•" velocity ratio 

load 

~ effort X velocity ratio 

ideal efforl 
get after substitution- 



Rut — = the ideal effort when there is no friction, therefore we 

velocity ratio 



ideal effort 
efl,ciency= ^^^j^^^^j 

Efficiency is often expressed as a percentage, thus— if an efficiency is O'g, 
we say that it is 90 per cent. (= 0-9 X 100), meaning, of course, that we 
are getting a return of 90 per cent, of the work which was spent. 
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load 



mechanical advantage = 



driving force 
load 



i"3 + o"263 load 

after substituting from the equation to the driving force. 
Similarly — 

mechanical advantage 



mechanical efficiency = 



velocity ratio 
load 



(1-3 +0-263 load)[5] 

We may now summarize the results obtained with the 
simple machine used above — 

(i) Velocity ratio = 5 

(2) Driving force^ = i'3 + 0-263 load 

(3) Friction' =1-34- 0-063 lo^<i 

(4) Mechanical advantage = ^.^ ^ o*-263T^d 

(5) Mechanical efficiency = , .^ ,.---- , ^ , - j\ 
^ ' ^ velocity ratio (i'3 + 263 load) 

Principle of Worlc. — When considering the lever in which 
the friction was so small as to be unmeasurable with ordinary 
apparatus, we found that — 

mechanical advantage = velocity ratio 

load movement of driving end 

or — = °- 

driving force movement of following end 

Rearranging these quantities, we have load X distance 
moved by load = driving force X distance moved by driving 
force. 

' Note Ihat the driving force and friction curves on a load-base are 
straisrht. 
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But from the previous article we learn that the force acting 
X distance moved over = work done by force ; hence the 
above equation is simply another way of stating that the work 
put in at the driving end of a machine must equal the work 
derived from the machine at the following end, when there is 
no friction or other resistance in the machine. 

We see here that work behaves in a way similar to matter. 
For example, it is similar to water flowing through a pipe, the 
pipe playing the part of the machine above. A certain quantity 
of water is poured into the pipe at one end, and it or an equal 
quantity of water must come out of the other end of the pipe 
if there is no leakage. 

In the case of our machine (the lever), we poured a certain 
quantity of work (sometimes called energy) into one end of the 
machine, and an equal quantity was given out by the machine 
at the other end. If there had been leakage from the pipe, 
then — 

Water put in = leakage + water received at the other end 

The counterpart of leakage in the pipe is the work done in 
the machine in overcoming various resistances, principally 
friction, all of which work is eventually converted into heat 
and dissipated by radiation. Then the corresponding equation 
for the machine is — 

Work put in = lost or useless work + work received from 
machine 

The work received from the machine is employed in doing 
something useful, and is often called the useful work. 

The fraction of the whole work put in which is useful is 
called the efficiency, as described in a previous article, or — 

useful work derived from a machine 
efficiency = ^^^^^ workyuFmto the machine" 

Example. — It was found that an effort or driving force of 40 lbs. 
was required at one end of a machine to overcome a force or load 
of 210 lbs. at the following end, and again that an effort of 66 lbs. ' 
was reciuired to overcome a resistance or load of 5 10 lbs. 
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If the velocity ratio was 20, deduce the general relations between 
the load and driving effort, mechanical advantage, mechanical 
efficiency, and friction. 

We know from page 232 that if we experiment on any 
machine worlcing under normal conditions, the relation 
between the driving effort and the load can be repre- 
sented by a straight line, when the load is plotted 
horizontally and the driving effort vertically. 

In Fig. 216 the quantities given in the question have been 



80 



70 



60 



50 



y-t. 



i:: 



%40 



:| 30 

(5 A 
20 



i 



<r- 



zttl 



-.'.i 



m 



100 



200 300 * 

Load. lbs. 



-400 



500 



600 



plotted, giving the points B and C. Joining B and C, and 
determining the equation to the line BC,' we get — 



driving force = 22 + '0863 load 

The number 22 is the length of OA, and 00863 is 



EF 
DF 



If there were no friction, we saw on page 229 that the driving 
force would then be — 



load 



load 



= o'o^ load 



velocity ratio 20 

' See Appendix for method. 
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Writing these two results together thus — 

(with friction) driving force = 22 + o'o863 load 
(without friction) driving force = o'oj load 

and subtracting the latter from the former, we get — 

that part of the driving force required! _ ,2 , 0-0,5, load 
to overcome friction J ~ J J ' 

load 



the mechanical advantage : 



driving force 
_ load 

22 + o'863 Toad 

the value of the driving force being substituted from the equation 
on the previous page. 

If we insert different values for the load, we get corresponding 
values for the mechanical advantage. 

Thus with a load of 100 lbs. the mechanical advantage is — 

3-26 



22 + 8-63 



Plot this over the load of 100 lbs. in Fig. 216, the vertical 
scale being ten times as great as that used for the driving force. 
Repeating this calculation for a large number of loads, we get the 
upper curve. 

mechanical advantage 
The mechanical efficiency = - - -~elocity ral:io 

Hence, divide each mechanical advantage by the velocity ratio, 
and plot these above their corresponding loads. In this way we 
get the lower curve, fig. 216, the vertical scale being one hundred 
times as large as that for the effort. 

Example. — A screw or bottle jack is operated through a lever 
5 ft. long. What force applied at the end of the bar is necessary 
to lift 5 tons,, if the pitch of the screw was | in., and the efficiency 
of the machine 35 per cent. ? 

Let F be the force which must be applied at the end of the 
lever and at right angles to it. Let the screw make one turn ; then 
the load W will be lifted through % in., while the end of the lever 
win move through 2 x tf x 60 ins. The work done in each case 
will be — 
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W X 1^ in.-lbs. and F x 27r x 60 in. lbs. 
As the efficiency is only 35 per cent., (100 — 35) = 65 per cent, 
of the work put in is lost in overcoming friction. Substituting in 
the equation — 

driving force) ~ '°^'' ^°'''' + work derived from machine 

we have — 

F X 2ir X 60 = 0-65F X 2ir X 60 + W X f 
or o'35F x2irx5o=Wxf = 5 x 2240 x f 

and F = ^ ^ ^^^° '^ S 

0'35 X 2ir X DO X 8 

= 53 lbs. 

Reversibility. — While experimenting on different ma- 
chines, it must have been noticed that some of them, such as 




EO 10 20 30 40 50 60 70 80 90 ISO 

Loads in lbs 

Fig. 217. 

the rope pulley-tackle, would run back (with the load on) when 
some of the driving force was removed. The weight (previ- 
ously lifted) acted as the driving force for the backward motion, 
and the old driving force acted the part of load in the backward 
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motion. The machine in this case was reversible, that is, it 
was capable of reversing its motion with all the forces acting 
in the smie directions as during the forward motion, but with 
one or more of the forces changed in magnitude. 

It will be found that the Weston's differential pulley-block 
will not run backwards even when all the driving force is 
removed, and the same occurs with the worm and worm-wheel 




and screw-jack. These machines are not reversible according 
to our definition above. It is possible to make them work 
backwards, but only when the driving force has its direction 
changed from positive to negative. 

Fig. 217 refers to a three-rope pulley-tackle, and Fig. 218 
to a screw-jack. The similar points in the two figures are 
similarly lettered. AB is the driving-force curve on a load- 
base when the machine is working in the forward direction or 
while lifting, and ED is the same while working backward or 
lowering. In the case of the pulley-tackle, the driving force 
while lifting and lowering was exerted in the same direction 
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shown by the backward curve being on the same side of the 
base-line as the forward curve. But in the case of the screw- 
jack, a negative force had to be appHed to make the Inachine 
move in the reverse direction, which is shown by the backward 
direction curve being on the opposite side of the base to the 
forward curve. 

In Fig. 217 the ideal driving-force curve EC has been 
drawn, and another line, OC (shown dotted), has been drawn 
through the points of bisection of the vertical intercepts between 
AB and ED. 

It was shown in Fig. 23 that if the pressure producing 
friction were constant, the line representing the driving effort 
with no friction bisected the intercepts between the driving 
force for backward and forward motion. It will be seen in 
Fig. 217 that the lines OC and EC are very close together, and 
would coincide, but for the fact that the total pressure producing 
friction (load -|-' driving force + weight of parts) is not quite 
the same for forward as for backward motion ; as, during the 
latter, the driving effort is less than during forward motion. 
The difference is small, and for the purpose of the following 
argument may be neglected. 

When the backward driving-force curve is on the base-line 

BN 
the friction BC = — (Fig. 218); and consequently, if the 

backward driving-force curve is below the base, BC is greater 

BN 
than — , or the friction is greater than half the forward dnvmg 

fofce, and therefore the efficiency of the machine is less than 
o'S. But if the line CD falls below the base, a negative 
driving force is required for reversed motion ; therefore, wheti 
the mechanical efficiency of a machine is less than 50 per cent., it 
will not run backwards of its 07vn accord, even when the driving 
effort is removed. 

Experiment to illustrate the " Principle of Work." 
— The apparatus used is the skeleton mechanism of an engine 
(Fig. 219), in which OP is a line on a disc representing the 
crank, PQ a cord or wire representing the connecting-rod. 
Q is a roller, and W a weight, to represent the total pressure 
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on the piston. This latter is connected to the crosshead Q 
by a cord. 

Another cord passes round the disc and is connected to a 
spring balance, E, the balance being connected to a cord which 



^^ 




:^^:^g 






W 




Fig. 219. — Skeleton engine mechanism. 



is passed round a winding-drum worked through a worm and 
worm-wheel by the handle A. 

Method of Experiment. — Make the weight W equal to 
about 10 lbs. 

Take observations of the balance E for every 10 degrees 
in the crank-pin circle between 10° and 170° inclusive. The 
construction of the apparatus interferes with the reading at 0° 
and 180°. 

The friction of the apparatus must be got rid of in this 
experiment, and hence we must adopt the method described 
on page 28, of turning the handle A in the forward direction, 
so as to bring the required point in the disc under the pointer 
C, and reading the balance E, and then turning the handle A 
in the opposite direction to, bring the same point up to C in 
the opposite direction, reading the balance E a second time. 
The mean of these two readings gives the reading which 
would have been obtained if there had been no friction. 

Enter the observations in a table as below : — 
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Record ov Exi'eriment on Engine Mechanism. 

Date, June 6, 190Z. Observer, W. Wade. 

Length of crank = 7*25 in. 

Length of connecting-rod = 25-5 in. 

Load on piston = I0'5 lbs. 







Crank effort. 




Crank angle. 
















Forward. 


Backward. 


Mean. 


degrees. 


lbs. 


lbs. 


lbs. 


10 


2-5 


2-0 


2-25 


20 


475 


42 


4-5 


30 


Z'' 


6-1 


6-6 


40 


8-5 


775 


8-13 


SO 


103 


91 


97 


60 


II '0 


lO'O 


io'5 


70 


"■3 


io'4 


I0-8S 


80 


II-2 


10-4 


10-8 


90 


IO-8 


lOI 


IDS 


100 


103 


9-5 


9-9 


no 


9-5 


8-5 


9-0 


120 


8-6 


7'4 


8-0 


130 


7-2 


6-2 


67 


140 


57 


S-o 


5-35 


150 


4-2 


37 


3-95 


160 


2-9 


2-6 


2-75 


170 


i-S 


1-2 


1-35 



Average crank effort = 67 lbs. 



Plot your results as follows : — 

On a base OX, Fig. 220, plot upwards a line OY to 
represent io"5 lbs., and draw OX to represent the stroke of 
the piston = 2 x OP = 2 X 7"25. Then the area of the 
rectangle represents the work done on the piston = lo's X 
2 X 7*25 = 150 in.-lbs. 

Now draw a line MN (Fig. 220) to represent (to the same 
scale as in the previous diagram) the length of the path of the 
crank-pin P, during half a turn of the crank, and divide it into 18 
equal parts corresponding to the 18 intervals of 10° each. Label 
these points of division, and at the points of division plot 
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upwards the numbers in the fourth column of the previous 
table, and draw in the outline carefully with a French curve. 
The area of this diagram represents the work done on the 




Sf7v/-e oy^es^au/ihc/iesj^ 




60° 90° 120' 150 



Fig. 220. 



crank-pin during the half-turn of the crank, and it should, as 
nearly as possible, equal the work done on the piston. In the 
case in question, the crank = 7'25 inches, and therefore the 
work done on the piston = 150 in.-lbs. 

The mean crank effort was 67 lbs., and therefore the work 
done (area of the diagram) = 67 x tt x 7*25 = i49'5 in.-lbs., 
or the work put into the machine at the piston end, equals the 
work derived from the machine (at the crank end) within the 
limits of error of experiment. 

It was stated on page 229 that, in the absence of friction, 
the velocity ratio was numerically equal to the mechanical 
advantage. 
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If we consider the piston effort to be the driving force — 

The average me-1 mean load on crank-pin _ 67 o'di, 
chanical advantage) - mean effort on piston" ~ 10^5 ~ ~r 

the average) _ distance moved by driving end 
velocity ratio) distance moved by4oad end 
_ stroke 

crank-pin half-circle 
_ 2 _ o"64 

IT I 

and for any point in the stroke the same must hold. 

The method of determining the load on the crank-pin 
geometrically was given on page 102. The experimental and 
geometrical quantities should be compared and the difference 
noted. 

Summary of Chapter VIII. 

_ movement of driving end of a machine 

^ ~ movement of following or load end 

With any pair of wheels gearing together : — 

Revolutions of driver x diameter of driver = 

revolution of follower x diameter of follower. 

With a clock train : — 

n ... X X- .L J ■ diameter of each driver 

Revolutions of first driver x :j^ r s r-s-r. 

diameter of each follower 

= revolutions of last follower 

load 

Mechanical advantage = x-.— - — i 

* driving force 

Driving force = intercept + slope x load 

... . , «. . useful work done by machine 

Mechanical efficiency = . . , i t- ^r~ 

•' total work supplied to machine 

_ mechanical advan tage 
"" velocity ratio 

_ ideal driving force 
real driving force 
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Principle of work : — 

Work put into a machine = 
useless work + useful work derived from machine. 

Examples on Chapter VIII. 

1. Calculate the velocity ratio in a wheel and axle in which the wheel 
is 3 ft. I in. diameter and the axle 4 in. diameter, and neglect the size of 
the ropes. If the rope on the wheel had been J in. diameter and that on 
the axle | in. diameter, what would then have been the velocity ratio ? 

Ans. (i) 9-25 ; (2) 7-9. 

2. Describe carefully and accurately how the velocity ratio is found by 
experiment. 

3. A rope pulley lifting tackle has three sheaves in the top and bottom 
blocks, and the end of the rope is made fast to the top block. Calculate 
from first principles the velocity ratio. . Ans. 6. 

4. In a Chinese wheel and axle the wheel was 2 ft. 8 in. in diameter, 
and the parts of the axle 8 in. and 9 in. respectively. What is the velocity 
ratio of the machine, and what would it be if the rope on the wheel were 
\ in. in diameter and that on the axles i in. in diameter ? 

5. What modern useful appliance is derived from the Chinese wheel 
and axle ? If the pulley sheaves are 8 and %\ in. in diameter, what is the 
velocity ratio ? 

6. If the lever of a screw-jack is 3 ft. 9 in. in length, and the pitch of 
the screw J in., calculate the velocity ratio. Ans. iSOtt. 

7. A screw-jack has a double thread, in which the thickness of the 
thread is J in. If the lever is 2 ft. 8 in. long, what is the velocity ratio ? 

Ans. 66ir. 

8. A worm and worm-wheel similar to that in Fig. 204 has a single 
thread for a. worm driven by a handle 18 in. long. The worm-wheel has 
98 teeth, and the drum on which the rope is coiled is 8 in. in diameter. 
Calculate the velocity ratio. 

9. A Chinese wheel and axle has a wheel 22 in. diameter, and the 
parts of the axle 7J and 8 in. diameter. Calculate from first principles 
the velocity ratio. Am. 88. 

10. Two spur or toothed wheels in gear have 27 and 115 teeth 
respectively. If the former made 230 revolutions in 3 minutes, how many 
turns will the latter make in a quarter of an hour ? 

11. Two pulleys, 15 in. and 33 in. in diameter respectively, are con- 
nected by a, belt. If the former makes 500 revolutions in 9 minutes, how 
many turns will be made by the other in 25 minutes ? 

12. A 24-in. pulley on an engine-shaft makes 214 revolutions per 
minute, and drives by a belt a 34-in. pulley on another spindle. This 



244 Mechanics. 

second spindle has keyed upon it a double worm; which gears with a 
worm-wheel having io8 teeth on a third spindle. Calculate the velocity 
ratio. 

13. Define "velocity ratio." Calculate it in the following cases; — 
Screw-jack : screw pitch, J in. ; length of handle, 59 in. Wheel and axle : 
wheel, 25 in. diameter; axle, 3 in. radius. Ans. 741 '6 and 4' 16. 

14. Three spindles. A, B, and C, are arranged parallel to one another. 
On A there is a spur-wheel with 52 teeth, which gears with another spur- 
wheel having 19 teeth on the spindle B. On this spindle a spur-wheel 
having 81 teeth, gears with another of 21 teeth on spindle C. Calculate 
the velocity ratio, and if the spindle A made 15 turns, how many would B 

, . , . , Revs, of C IO-6 „ 

make m the same time. Ans. „ - -^ r = ; Revs, of is = 4l"2. 

Revs, of A I ^ 

15. Prove the relation between the sizes of the wheels in a clock-train 
and the speed of the first and last spindles. 

16. With a leading screw of J in. pitch, and change-wheels of 20, 24, 
36, 40, 55, 60, 80, and ICO, show how you would select wheels to cut 
screvfs of 6, 11, and 16 threads to the inch. 

17. Given the change-wheels with 18, 30, 40, 50, 88 teeth, show how 
you would arrange them to cut a screw thread of 1 1 threads to the inch if 
the leading screw has 3 threads to the inch. If the leading screw had been 
^ in. pitch, how would you then have arranged them ? 

18. The available change-wheels of a lathe have 20, 30, 40, 55, and 
100 teeth respectively. Describe how and why you would select particular 
wheels from this set to cut a single right-hand screw of 1 1 threads to the 
inch. The leading screw has 3 threads to the inch. 

19. A, B, C are three spur-wheels attached to parallel axes. A gears 
with B, and B with C. A has 20 teeth, B has 10, and C 40. A makes 
5 turns per minute. What is the speed of C ? And what kind of wheel is B ? 

Ans. 2 '5 revs. ; B is an idle wheel. 

20. When an ordinary train of wheels is employed for obtaining an 
increased speed of rotation, how are the wheels arranged? Sketch an 
arrangement of four pulleys with bands for driving a fan at 1500 revolutions 
per minute from a shaft making 100 revolutions per minute. 

21. Investigate a formula for the velocity ratio between the first and 
last wheels in a train. 

An engine-shaft which runs at n revolutions per minute, carries a 
pulley, A, of 56 in. in diameter, which drives by a belt a pulley, B, on the 
line-shaft of 36 in. in diameter. The line-shaft carries a second pulley, C, 
of 42 in. diameter, which is connected by a belt with a pulley, D, of 24 in. 
diameter, carried ,on a counter-shaft. Another pulley, E, on the counter- 
shaft is 48 in. in diameter, and drives on to a 14-in. pulley on the spindle 
of a dynamo. Find the velocity ratio between the spindle of the dynamo 

and the engine-shaft. Ans. -^ = — 

i2. A planing machine for working metals is driven by a pinion which 
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gears into a rack fixed to the underside of the table of the machine. At 
what rate per minute would the table advance if the pinion had 12 teeth 
of I J in. pitch, and was driven at the rate of 12 revolutions per minute? 
Sketch and describe the mechanism employed for driving the pinion in 
opposite directions, but so that the return movement is made 50 per cent, 
faster than the forward motion. (A pinion is a small spur-wheel.) 

23. A driving shaft at 100 revolutions per minute, carries a pulley 
22 in. in diameter, from which a belt communicates motion to a pulley 
12 in. in diameter, carried upon a counter-shaft. On the counter-shaft is 
also a cone pulley having steps 8, 6, and 4 in. in diameter respectively, 
which gives motion to another cone pulley with the same steps on a lathe 
spindle. Sketch the arrangement in front and end elevation, and find the 
greatest and least speeds at which the lathe spindle can revolve. 

Ans. 366'6 and 93'3 revs. 

24. What are cone or speed pulleys ? Describe the use of such pulleys 
in any machine with which you are acquainted. (See last chapter.) 

The spindle of a wood-turning lathe can, by moving the belt on its 
cone pulleys, be driven at the rate of 400 revolutions per minute when 
running at its lowest speed. If the revolutions of the driving shaft are 
kept constant throughout, and the largest diameter of the speed cones is 
20 in., what must be the diameter of the smallest steps on the pulleys, 
the speed pulleys on the two shafts being of the same size? Sketch 
the pulleys in position. Ans. Highest speed 2000 and S steps. 

25. The axes of two parallel shafts are as nearly as possible 2 ft. apart, 
and the shafts are to be connected by a pair of spur-wheels, the pitch of 
which is I '5 in. What will be the numbers of teeth on each wheel, when 
the velocity ratio of the shafts is 3 to I ; and what will be the exact distance 
apart of their axes ? Ans. 23! in. 

26. A shaft making ICX) revolutions per minute carries a driving pulley 
2j ft. in diameter, and communicates motion by means of a belt to a 
parallel shaft at a distance of 6 ft., carrying a pulley I ft. in diameter. 
Find the speed of the belt and an expression for its length when crossed. 
Find also the number of revolutions per minute of the driven shaft, allowing 
a slip of ij per cent. 

27. A lathe is driven by belting from a counter-shaft, and the back 
gear is in use. Find how many revolutions the mandril will make with 
the following proportion of gearing if the counter-shafting is running at 
150 revolutions per minute : diameter of pulley on counter-shaft, 4i in, ; 
diameter of pulley on lathe, 8| in. ; spur-wheel on mandril axis, 58 teeth ; 
pinion on back shaft, 18 teeth ; spur-wheel on back shaft, 58 teeth ; pinion 
on spindle of mandril, 18 teeth. Sketch the arrangement. Ans. yi revs. 

28. The table of a drilling machine is raised by a worm and wheel in 
combinatiori with a rack and pinion. Sketch the arrangement, and find 
what weight would be balanced on the table if a pressure of 12 lbs. were 
applied to the end of the handle, which is 12 in. long, the worm being 
single-threaded, while the worm-wheel has 30 teeth, and the pitch circle of 
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the rack-pinion is 4 in. in diameter. Suppose the table and accessories to 
weigh 500 lbs., and that 45 per cent, of the worlc applied is lost by friction. 

29. Find the mechanical advantage in a wheel and axle. 

A man raises 3 cwt. by turning a windlass whose barrel is 5 in. in 
diameter. If he pushes at a point 2 ft. from the axis, what force must he 
exert, and what work, in foot-pounds, is done in 12 revolutions of the 
handle ? 

30. In a pulley-block tackle with a velocity ratio of 6 to I, experiment 
shows that 30 lbs. is just lifted by 10 lbs., and 169 lbs. by 50 lbs. Find 
the linear law connecting, power • and load ; and also the mechanical 
efficiency of the tackle for each of the above loads. 

31. What do you understand by the efficiency of a machine? How 
would you test the efficiency of a pair of differential chain pulley-blocks, 
and how would you plot a curve showing the efficiency of the apparatus at 
different loads ? 

32. With a hydraulic jack it was found that driving forces of 21 lbs. 
and 33' 5 lbs. were required to lift 2100 lbs. and 4000 lbs. respectively. 
The velocity ratio was 200. What would be the mechanical efficiency 
with a load of 5000 lbs., the mechanical advantage with a load of 3000 lbs., 
and the friction with a load of 6000 lbs. ? 

Ans. 52'5 per cent. ; II2 ; i6'5 lbs. 

33. Define the pitch of a screw-thread. In an ordinary screw-cutting 
lathe, the leading screw is single, and of J in. pitch. The wheel on the 
end of the mandril has 20 teeth. Show, by the aid of an outline sketch, 
what wheels must be used with the above to cut a screw of 1 1 threads to 
the inch, and state your reasons for your answer. Is there any difference 
in the method of cutting a screw with an even or odd number of threads to 
the inch ? Has the leading screw anything to do with it ? What wheels 
would you use in the above lathe to cut a treble left-hand screw-thread of 
I J in. pitch ? What is the thickness of each thread (square) ? 

Ans. 1 10 teeth and J in. 

34. The leading screw on a lathe has 2 threads to i in., the thread 
being single. The wheels at your disposal have 20, 24, 30, 44, 50, 60, 80, 
and 100 teeth respectively. Select wheels to cut single screw-thrends of 
II, 12, and 16 threads to the inch. Ans. 24 teeth on mandril drives 60. 

35. The leading screw of a lathe is J-in. pitch and right-handed. Show 
clearly, by the aid of sketches, how the screw is put in and out of gear 
with the saddle of the lathe. Determine the number of teeth in each of 
the wheels of a suitable set of change-wheels required for cutting a left- 
handed screw of |-in. pitch, in such a lathe, and sketch their arrangement. 
No wheel is to have less than 25 teeth or more than 100. Ans. ^, = f T. 



' It is wrong to call these forces by the name of paiucr. It will be 
seen in the next chapter that power is a different kind of thing altogether. 
This question was taken from a public examination paper. 
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36. Describe and show by sketches the means by which the slide-rest of 
the lathe may be connected with the leading screw. 

If the slide-rest traverses the bed at the rate of l\ ft. when the leading 
screw makes 56 revolutions, what is the pilch of the screw-thread? 

37. Sketch the screw-coupling commonly used to connect together the 
carriages of a railway train, and explain its action. With what force would 
the carriages be drawn together by the exercise of a pressure of 50 lbs. 
applied to the ball at the end of the arm, supposing the pitch of the screw 
to be J in., and that the centre of the ball measures I ft. from the axis of 
the screw ? Friction is to be neglected. 

38. Pulleys A, B, C, and D, Fig. 221 (diameters 36 in., 8 in., 30 in., 
and 5 in. respectively), are connected by belts whose thickness can be 




Fig. 221. 

neglected. Pulleys B and C are keyed to the same shaft. If D makes 1600 
revolutions per minute, how many revolutions does A make in the same 
time ; also how many does B make per minute? 

39. A tackle, consisting of an ordinary double and treble block, is 
employed for lifting a weight of 600 lbs. attached to the double block. 
What force is required, neglecting friction ? 

If the tackle is reversed, so that the weight is attached to the treble 
block, the free end of the rope being pulled upwards, what force would 
now be required to lift the weight? Ans. .120 lbs. and 100 lbs. 

40. Sketch in vertical section the common screw or bottle lifting jack. 
The lever in such a jack is single-ended, and measures 24 in. in length ; the 
pitch of the screw is 5 in. What force applied at the end of the lever 
would be required to raise a load of 22 cwt., the effect of friction being 
neglected ? Ans. F = 6J- lbs. 

41. A common screw-jack, with a lever 16 in. in length, has a worm- 
wheel of 20 teeth, and a screw of li in. pitch. Sketch the arrangement, 
and calculate the weight lifted by the application of a constant pressure of 
30 lbs. at the end of the handle, friction being neglected. 

42. The efficiency of a block and tackle is 65 per cent. Assuming that 
a load of I ton is being raised by it at a steady speed of 2 in. a second, how 
many foot-pounds of work per minute must be done by the driving effort ? 

43. State the principle of work applied to a machine. In a particular 
machine the driving force was found to be 54 lbs., and the motion of 
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its point of application 32 ft. The useful work done by the machine in 
the same time was J ft.-ton. Apply the principle of work to find the 
resistance of friction, supposing it to be applied at the same point as the 
driving force. 

44. Distinguish between the velocity ratio and the mechanical advantage 
of a machine. 

In a hydraulic lifting jack the ram is 6 in. in diameter, the pump 
plunger is J in. diameter, the leverage for working the pump is 10 to i. 
What is the velocity ratio of the machine ? Experimentally we find that 
a force of 20 lbs. applied at the end of the lever lifts a weight of 8500 lbs. 
on the end of the ram. What is the mechanical advantage and efficiency 
of the machine at this load? Ans. VR = 470 ; ME = d'905. 

45. Describe any machine, workable by hand, for lifting weights. 
Describe carefully how you would make tests to find its mechanical 
advantage under various loads. 

46. Given a Weston's pulley-block, show how we find the velocity 
ratio. How would you experimentally find the mechanical advantage? 
Does the mechanical advantage depend on the load which is being lifted, 
and if so, in what way ? 

47. The leading screw on a lathe has 2 threads to l in., the thread 
being single. The wheels at your disposal have 20, 24, 30, 44, 50, 60, 80, 
and 100 teeth respectively. Select wheels to cut single screw-threads of 11, 
12, and 16 threads to the inch. 

48. What do you understand by the efficiency of a machine, and how 
is it measured? In a single-purchase crab, the pinion has 12 teeth and 
the wheel has 78 teeth, the diameter of the barrel being 7 in. and the 
length of the lever handle 14 in. It is found that the application of a 
force of 15 lbs. at the end of the handle suffices to raise a weight of 280 lbs. 
Find the efficiency of the machine at this load. 

49. Describe either a screw-jack (pitch of screw § in., handle 19 in. 
long) or a simple winch for lifting weights up to i ton by one man. What 
is the mechanical advantage, neglecting friction ? Describe what sort of 
trial you would make to find its mechanical advantage under various loads, 
and what sort of result would you expect to find ? 

50. In a machine, the load moves through one forty-fifth the distance 
moved through by the driving effort. If the load is 200 and 500 lbs. 
respectively when the corresponding effort is 30 and 56 lbs,, find the 
general relation between friction and load. 

51. A double-purchase winch has the following wheels: — first driver 
10 teeth, first follower 35 teeth, second driver 10 teeth, second follower 
100 teeth. The diameter of the drum is 6 in., and the diameter of the 
cord-pulley is 20 in. Calculate the velocity ratio of the winch, and find 
the efficiency when 30 lbs. placed in the scale-pan on the cord-pulley will 
just lift 1050 lbs. on the drum. Ans. VR = 1 16"6 ; efficiency = 0^3. 

52. Using the data in question number 51, and in addition, knowing 
that a driving force of 12 lbs. is necessary to run the machine without any 
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load, find the equation showing the relation between driving force and load, 
and also the relation between the friction and load. Write down from these 
equationsthe friction when lifting a load of i ton and the necessary driving 
force, also for half a ton. 

Alts. DF = 0'04 load + 12 ; friction = o'oo85 load + 12. 

53. A lifting machine, when experimented upon, gave the following 
results : — With a load of 109 lbs. the driving force was 51 lbs. ; and with 
a load of 568 lbs. the driving force was 1 54 lbs. Deduce the equations 
connecting the load with (l) driving force, (2) mechanical advantage, (3) 
mechanical efficiency, (4) friction, and use these equations to obtain the 
quantities with a load of 1000 lbs. 

Ans. DF = 0'224 load + 28. 

MA = -, — -T—, — -„ ; friction = 0^024 load + 28. 

0-224 load + 28 ^ 

54. In a lifting tackle it is found from experiment that 16 lbs. will lift 
100 lbs., and that 36 lbs. will lift 300 lbs. Find the relation between the 
lifting force and the load lifted. Also find the efficiency when 500 lbs. is 
being lifted if the velocity ratio were 12 to I. 

55. Describe Weston's differential pulley-block. If the weight is to be 
raised at the rate of 5 ft. per minute, and the diameters of the pulleys of 
the compound sheave are 7 and 8 in. respectively, at what rate must the 
chain be handled? 

56. Two hydraulic cylinders l| in. and 7 in. radius respectively are 
connected by a pipe. If the smaller piston is depressed through 4 ft., how 
much will the larger piston be raised, and why ? 

57. The following observations were taken in an experiment on a 
lifting apparatus (such, for instance, as a screw-jack or pulley-tackle). Plot 
these observations on squared paper, and deduce as accurately as you can 
an equation showing the relation of driving force to load lifted. 



Driving force in lbs. 
Load lifted in lbs. . 



12-5 


18 


30 


,4°'5 


S°'9 


7° 


79-8 


92 


108 


10 


40 


100 


150 


200 


300 


350 


410 


490 



122 
560 



58. In a test of a Weston differential pulley the following results were 
obtained : — 

Load (in lbs.)- Power ^ (in lbs.). 
40 6-5 




' See footnote to Question 30 
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Obtain an expression for the law of friction for the pulley, and determine 
its maximum mechanical efficiency if the velocity ratio is 23'5 to i. 

59. By experiment with a Weston's differential pulley-block, it was 
found that a pull of 15 lbs. on the leading side of the chain was required 
to lift a weight of 60 lbs. (including weight of lower pulley and hook). 
The radius of the larger pulley was 2 in., and of the smaller pulley l'75 in. 
Find the mechanical advantage with and without friction, and the efficiency 
of the apparatus. Why does the weight remain suspended when there is 
no pull on the chain? Aiis. 16, 4, and 0'25. 

60. In a Weston's pulley-block the weight of the chain, etc., is 120 lbs., 
and it is assumed its weight acts as a dead load upon the bearing supporting 
the double sheave. The diameters of the double sheave are ^\ and 8 in., 
and that of the lower pulley 8 in. Diameters of spindles i in. What 
must be the coefficient of axle friction when the tackle just supports a load 
of W lbs. so that it will just NOT run down ? 

61. Express the work done when a moment M has rotated n times. If 
a force equal to the weight of 10 lbs. revolve three times tangentially round 
a circle of 5 ft. radius, find the work it would do. 

If the energy thus generated were imparted to a free stationary mass of 
12 lbs., how fast would it move? 

62. Draw to scale a wheel and axle by which a man, sitting in a loop 
at the end of a rope wound round the axle, can haul himself up by pulling 
at a rope round the wheel with a force only one-fifth of his weight. What 
weight is sustained by the pivots ? 

63. A steady force applied to a mass of 75 tons, initially moving at the 
rate of 3 miles an hour, accelerates it 4 ft. a second every second. Calculate 
(a) the applied force, in pounds weight ; {b) the speed of the body after the 
lapse of I '5 minutes ; {c) its kinetic energy at the same time, expressing it 
in " footrtons." 

64. The drum pf a windlass is 4 in. in diameter, and the power is 
applied to the handle 20 in. from the axis. Find the force necessary to 
sustain the weight of 100 lbs., and the work done in turning the handle 
10 times. Ans. Force = 10 lbs. ; work = 1047 ft.-lbs. 

65. Draw a system of pulleys «ith a single string going twice round 
each of the blocks, and find the power ' needed to sustain a weight of I ton. 

Ans. 560 lbs. 



See footnote on page 246. 



CHAPTER IX. 

WORk', rOWER, AND MISCELLANEOUS PROJJLEMfS. 

It was stated in the last chapter (p. 230) that the work done by 
a force was measured by the product of the force, and the 
distance through which the body moved while under the action 
of the force. 

This can often be conveniently indicated by the area of a 
figure, the base of which represents distance, and the corre- 
sponding force being represented by an ordinate ; thus, if a 
constant force is represented by OA, and the distance moved 
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Fig. 222. 



over while under the action of the force is represented liy OB, 
then the shaded area = OA X OB = force X distance = work 
done by force. 

When the force is not constant the area still represents the 
work done, and it enables the mean or average force to be 
calculated. 

Example. — A piece of apparatus in the natvire of a huge spring 
balance is interposed between a tender and the train it is liauling. 
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Assume that the motion of the pointer or pull indicator is com- 
municated to a pencil, so that it can record on a sheet of paper 
(Fig. 223) a continuous curve, the ordinate to which represents the 
pull on the train. 

Find the work done in foot-tons over a distance of 2 miles. 




5 I 1-5 

Distance in'J^e/e» 



Fig. 223. 



the work done per foot 



The area of the figure shown shaded, i.e. for a base of 2 miles, 
represents the work done, and = mean height x base. 

Find the mean height by the method given in the Appendix. 
It comes out 3'67 tons. 

Work done in 2 miles = y(y] x 2 x 5280 ft.-tons 
work done in 2 miles 
2 X 5280 
= 3 '67 ft.-tons 

This is numerically the same as the mean force or pull on the 
train ; hence the definition of force in the summary, as — 

The rate of doing work per unit of distance. 

We have so far not considered how long it took the locomotive 
to haul the train over 2 miles of track in the last example. 

If it had done the journey in 15 minutes, the rate at which it 
was doing work per minute was — 

3-67 X 2 X 5280 e: e^ ^ • » 

J — 2600 ft.-tons per mmute 

'5 ^ 
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If it had taken 2 minutes, its rate of doing work per unit of time 
would have been — 

^Q.OQO 

-=^^^^— = 19,500 ft.-tons per mmute 

These numbers indicating the rate of doing work are called the 
power at which the locomotive was working under the respective 
conditions. 

Example. — The diameter of an engine cylinder is 42 in., and 
the piston travels through a stroke of 5 ft. in each direction 
84 times in each minute. The average pressure of the steam 
on each square inch of piston was 22 lbs. in the forward direction 
and 24'4 lbs. during the back stroke. Calculate the power of the 
engine expressed in ft.-lbs. per minute. Diameter of piston-rod 
5 min. 

Take each face of the piston separately. 

Forward stroke. 

Area of piston face = 7 x 42^ sq. ins. 

Each of these square inches sustains a pressure of 22 lbs. ; 
hence the total pressure or force, urging the piston forward, is 

X 42^ X 22 lbs. 

4 

Work done during one ^ j. . ,• ^ j ^i. , 

, \ = force X distance moved through 

forward stroke ) 

= - X 42^ X 22 X 5 ft.-lbs. 
4 ' 

work done per minute = - x 42^ x 22 x 5 x 84 

= 12,806,640 ft.-lbs. 

Return or back stroke. 

Area of piston face = - x 42-^ - - x S'' 

= - X 1739 sq. in. 

total force urging piston = - ^ '739 x 24^4 lbs. 

work done during one stroke = ^ x 1739 x 244 x 5 ft.-lbs. 
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work done per minute = - x 1739 x 24-4 x 5 x 84 
4 

= 14,002,428 ft.-lbs. 
total power of engine = 12,806,640 + 14,002,428 

= 26,809,068 ft.-lbs. per minute 
This number is much too large to be convenient, and so a 
larger quantity than i ft.-lb. per minute has been chosen as the 
unit of power. 

It is called the horse-power, and equals 33,000 ft.-lbs. per 
minute. 

26,809,068 



Power of the above engine expressed in horse-power = 



33,000 

= 814 



The mean pressures assumed in the above example are 
found by experiment in the following way. To each end of 
the cylinder D (Fig. 224) is connected an indicator, which 



iimmmtc 




Fig. 224. — Steam-engine indicator arrangement. 



consists of a small cylinder, in which slides a nicely fitting 
piston, above which is fitted a helical spring, S. 

The piston is pressed upwards by the steam in the cylinder, 
thus compressing the spiral spring S above it, and the amount 
of movement of the piston is proportional to the pressure in 
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the cylinder, because the compression of a spiral spring is 
proportional to the force producing it (see page 10). 

By connecting the piston-rod to a pencil, P, the pressure is 
automatically recorded on a piece of paper secured to the 




Fig. 225. — Steam-engine indicator. 



board F, the amount of pressure being proportional to the 
height of the pencil above its zero position. 

The board or frame F is made to partake of the motion of 
the engine piston B by coupling it to the lever L by a cord at 
A. The lever swings about its upper end, and consequently 
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the motion of A and the frame F is a duplicate of that of the 
pin N or the piston B, but to a reduced scale. The spring E 
keeps the cord tight. 

The result is the same, whether the pencil is moved 
horizontally over the paper or the paper is moved under the 
pencil, and hence the diagram drawn on the paper is the same 
as if the paper were stationary and the pencil were moved 
vertically and horizontally over the paper, - the horizontal 
movement being proportional to the movement of the 
piston B. 

Any vertical ordinate bounded by the outline of the 
diagram represents useful or effective pressure. 

The above is a very old type of indicator. In modern 



Fig. 226. — Indicator diagrams from a steam-engine. 

instruments, one of which, made by Schaffer and Budenberg, 
is shown in Fig. 225, the movement of the piston is multiplied 
six times by the arrangement of links shown in the figure, the 
pencil being at P. 

The arrangement of links is also for the purpose of making 
the pencil move in a vertical line, so that the amount of its 
motion shall in every respect represent the pressure under the 
indicator piston. The sliding frame in the previous figure has 
given place to the cylindrical drum D (Fig. 225), round which 
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the paper is secured by the clips C. The right end of the cord 
in the previous figure is now wound round the groove at the 
base of the paper drum, and the spring E in Fig. 224 is 
replaced by the spring S in Fig. 225. 

The average pressure is obtained by finding the mean 
height of the diagram in inches, and multiplying the result by 
the scale of pressure (so many pounds per square inch to 
one inch of height). 

Sometimes, for the sake of convenience, the diagrams from 




KiG. 



the two ends of the cylinder are drawn on the same sheet of 
paper. In Fig. 226 a pair of these are shown, but one is 
shown dotted for the purpose of easily distinguishing one from 
the other. 

The horse-power of an engine found by means of this 
instrument (the indicator) is called the indicated horse-power, 
and is a measure of the rate at which work is done on the 
engine piston by the steam. 

Brake Horse-power. — -The rate at which an engine or 
motor does work, or the rate at which work is got out of an 

s 
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engine at the flywheel, is called its brake horse-power, be- 
cause the resistance is produced by a brake of some 
description. 

A rope thrown over a pulley, as in Fig. 227, serves the 
purpose, if a weight, W, is suspended from one end and the 
other is made fast to a spring balance, S, which will indicate 
the pull at that end. 

The resistance offered by the rope to the motion of the 
pulley is (W - S) lbs. 

The work done in one turn is — 

(W — S) X distance moved in i turn = (W — S) X 27rR 

where R is the effective radius of the brake, i.e. the distance 
from the wheel centre to the centre line of the rope (the pull in 
the rope is exerted along its centre line). 

If there are N revolutions per minute, the work done per 
minute = (W - S) X 27rRN ft.-lbs. 

And the brake horse- 1 _ work done per minute in ft.-lbs. 



1 = 



power J 33,000 

__ (W - S) X 27rRN 

33,000 

As the horse-power of an engine is seldom quite constant 
for many seconds together, it will be necessary to take a 
number of observations periodically, and calculate the average 
H.P. 

The number of turns per minute of the crank-shaft can be 
read off on the dial of a tachometer (speed indicator), or can 
be found from a counter, or the number can be counter if the 
speed is not too great. 

The horse-power should be calculated for each observa- 
tion, and the average obtained from the results as shown 
below. 
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Record oi' Experiment to determine Brake Horse-power. 

Date, May 29, 1900. Observer, J. W. Hall. 

Kind of Motor — Steam Engine. 

Diameter of brake-wheel = 3 ft. 

Diameter of rope = J in. 

Load W on end of brake-rope =115 lbs. 



Time. 


Revolutions 
per minute. 


Spring-balance 
readings. 


Effective resist- 
ance of friction. 
R = W-S 


B.H.P. 




N. 


S lb.s. 






7-45 


265 


4-5 


iio'5 


8'5o 


7-S5 


268 


4-5 


iio'5 


8-50 


8-S 


272 


4-0 


III'O 


8'75 


8-15 


273 


37 


II I '3 


8-75 


8-25 


266 


4-0 


III'O 


8-53 


8-35 


269 


4-0 


III'O 


8'65 


8-45 


270 


5-5 


log'S 


8'56 



Results. — -Average speed = 269 revolutions per minute. 
Average B.H.P. = 8'6. 

If we determine both the indicated and brake horse-power 
simultaneously, we can at once calculate the mechanical effici- 
ency of the engine; for the I.H.P. measures the rate at which 
work or energy enters the engine^ and the B.H.P. measures the 
rate at which the engine gives out energy to or does work in 
driving some other machine. Then — 



The mechanical efficiency 



_ work derived from a machine 
~ work put into the machine 

_ B. H.P. X 33,000 
I.H.P. X 33,000 

^ B.H.P. 
~ I.H.P. 



Electrical Horse-power. — It is sometimes very con- 
venient to drive a machine by means of an electric motor. In 
that case it is necessary to have a volt-meter and an ampere- 
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meter to measure the electrical pressure and current supplied to 
the motor. 

Then the work done per minute by the current, or the 
work put into the motor per minute by the current, measured 

in watts 

= the pressure in volts x current in amperes 

and the rate at which the motor receives work measured in 
horse-power 

_ volts X amperes 
746 

>^^°elecfrifa/'H.P. = ^^^^^"^y 

Hence, the rate at which the motor can supply work or 
energy to another machine for the purpose of driving it 
= B.H.P. 

= electrical H.P. X efficiency 

Hence, if an efficiency curve for the motor has been pre- 
viously found, it can be used under the same conditions for 
determining the rate at which work is supplied to a machine by 
that electric motor. 

A Transmission Dynamometer is used for the same 
purpose as the electric motor above, namely, for measuring the 
rate at which work is put into a machine. Instead of the 
machine whose H.P. is required being driven direct from a 
main shaft by a belt, the main shaft drives on to the dynamo- 
meter and the dynamometer on to the machine. 

A simple form of transmission dynamometer is shown in 
Fig. 228. The spindle of the machine whose power is required 
is shown at B. The driving-spindle is C. Fixed on the spindle 
B is a toothed wheel, G, which gears with another, H, which runs 
loose upon a spindle, E, firmly fixed in the end of the vertical 
part of the three-armed lever M, which turns loosely upon the 
spindle B. Let the wheel K be urged in clockwise direction. 
Let P be the pressure of the teeth of K on the teeth of H. 
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This is shown in Fig. 229 by the arrow P. The diameter 
QET of the wheel H (Fig. 229) acts as a lever, turning about 




Fig. 228. — Transmission dynamometer. 



T, and consequently the pressure on the spindle at E must be 
2P. As the spindle is fixed in the arm, this pressure is trans- 
mitted to the arm as in Fig. 230. This is balanced by a weight 
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W, together with a spring balance S (Fig. 228). Either of these, 
or both, may be used, as suggested in the sketch. 

Taking moments round the centre of the spindle B, we 
have — 

2P X « - WA - SA = o 

If D = diameter of wheel K, and N the number of turns it 
makes per minute, the horse-power transmitted must be — 

force (lbs.) X distance moved per minute (feet) 

33,000 

PX 



tDN 



33,000 



Substituting for P, we have — 



HP 



A(W + S) ^ ttDN 

2(7 33j°°° 



Another transmission dynamometer is shown in Fig. 231. 

It is not very dissimilar to that 
just described. If the wheel H 
in Fig. 228 had its plane turned 
through a right angle, so that it 
turned about the arm E as an 
axis, and still geared with the 
wheel G ; and, further, if the 
wheel K were the same size as 
G, and placed loose upon the 
same shaft, B, so as to gear 
with H at the opposite end of 
the diameter to G, then we 
should get the dynamometer, 
Fig. 231. 

In Fig. 231 the pulley A is 
connected by a belt to a main 
shaft or motor by which it is driven, while the pulley B is con- 
nected to the machine to be driven. The pulley A is fixed 
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upon the shaft J, together with the bevel-wheel C. The bevel- 
wheel E and the pulley B are fixed upon a loose sleeve or 
hollow shaft K, which turns loosely on the shaft J. The two 




Fig. 230. 

bevel-wheels D and F simply turn loosely upon the arm H, 
which itself turns loosely upon the shaft J. The bevel-wheels 




Fig. 231. — Transmission dynamometer. 



C, D, E, and F are all the same size, and hence all make the 
same number of revolutions per minute. 
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Consider the arm H, and the bevel-wheel D upon it. 
Let T (Fig. 232) be the pressure exerted by the wheel C 
upon the wheel D. The wheel D will press at O upon the 




Fig. 232. 



wheel E, and consequently, as action and reaction are equal and 
opposite (see page 192), the wheel E must react or press up- 
wards on the wheel D with a force T, as shown at O. These 
two forces, T and T, will produce a resultant of zT acting 
upwards on the wheel D at Q, and consequently on the arm 
H at Q. 

Take moments of the forces on the arm H round S. We 
then get for the equilibrium of the arm — 

W X L = 2T X « 

Now, the horse-power transmitted through the wheel D 
equals — 

force T lbs. at P x distance moved by P per minute 
33,000 

_ T XjTT X OP X N 
" 33.o°o 
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where N represents the number of revolutions of either 
wheel per minute. Also OP is the diameter of each bevel- 
wheel, and this must equal 2a, as a is the radius of the bevel- 
wheels C and E. Therefore — 

, , . , T .•n- X 2(7 X N 

the horse-power transmitted = 

^ 33,000 

Substituting for 2Ta from the equation — 

WL = 2T« 
we get — 

HP _ WL-"N 
33JOOO 

Note that L must be measured in feet, because we are dealing 
with foot-pounds per minute. 

It may be' worth noticing here that T x QP = turning- 
moment on the wheel D round its axis = T x a. We can 
then write — 

turning-moment X a^rN 
33,000 

But 27rN is the circular measure of the angle turned through 
by the wheel in one minute ; hence — 

T T p _ turning-moment in Ibs.-ft. X angle in radians per minute 

33,000 

Transmission of Energy by Belts. — Two pulleys, A 
and B, are connected by a belt, as shown in Fig. 233. The 
belt, which is generally made of leather, is somewhat elastic, 
and is made slightly less in length than that which it has to 
assume when in position on the pulleys ; hence it is stretched 
in the process of putting on, and remains stretched until it is 
taken off again. This stretching places the belt in tension, and 
maintains it thus until it is removed from the pulleys.' This 

' By constant use over a long period a belt often becomes permanetjtly 
stretched, and then has to be shortened to produce the right amount of tension 
lo cause sufficient, friction. 
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tension produces a large amount of friction between the belt 
and pulley (for the amount, see page 267), which prevents the 
belt from slipping over the pulley. With large belts it is 
desirable, if possible, to arrange the pulleys at some horizontal 





Fig. 233. 




distance apart, so that the mere weight of the belt is sufficient to 
put a considerable amount of tension on it. 

Assume for the moment that the pulley A in Fig. 233 is 
held stationary, and that an attempt 
is made to turn B in the clockwise 
direction. 

By so doing, extra tension will 
be placed on the top half of the 
belt, and the lower half will be re- 
lieved of a corresponding amount 
of tension, the sum of the two ten- 
^'°- '^s*' sions remaining the same throughout. 

Let D = the effective diameter of the pulley, Fig. 234, 
= diameter of pulley + thickness of belt ; 
also let T = tension on the tight side, 
and t = „ „ slack „ 

The tension T is tending to turn the pulley in one direction, 
while t is trying to turn it in the opposite direction ; hence the 
effective tension which is doing work in turning the pulley 
is T - t. 

The distance moved by the belt is the same as that moved 
by the pulley rim, which equals the length of one circumference 
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X number of turns per minute N. Hence the work transmitted 
per minute is — 

(T - /)7rDN ft. -lbs. 
(T - /')7rDN 



and H.P. = 



33,000 



Example. — What width of single belt is required to transmit 
4 H.P. when running over a 36-in. pulley, making 200 revolutions 
per minute, the thickness of the belt being J in., and 70 lbs. per 
inch of width being the maximum tension allowed, and the tension 
on the slack side being assumed to be half that on the tight side ? 

From the question, T = 2^ 

T 

and the effective tension (T - ^) = T 



Let w — width of belt in inches. 

Then maximum tension = 707c' = T 

or 35w = T = effective tension = (T - 

Substituting in the above expression for the H.P. transmitted, 
we get — 

, _ ^ p _ 35'^<^ X IT X 3,3^ X 20 
33,000 

, 4 X 33,000 X 24 

hence w = -l-'J- ? 

35ir X 73 X 200 

= 1-97 in. 

A 2-in. belt would be used. 

The Friction of a Belt. — It was mentioned in the 
above example that the tension on the tight side was twice 
that on the slack side. It is desirable to discover by experi- 
ment how near this assumption is to the truth. By far the 
best apparatus is a speed cone pulley fixed to a shaft and 
driven at a definite speed, with a flexible cotton rope acting 
like a brake. Let the pulley in Fig. 235 turn in the direction 
of the arrow. Four hooks or staples are arranged at A, B, C, 
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and D for hitching the spring balance to. When hitched in 
.the staple A, the angle of contact between the cord and pulley 
is 90°. Similarly, when hitched at B, C, and D, the respective 
angles are 180°, 270°, and 360°, or multiples of these. 

The surface of the pulley should be well polished and quite 




Fig. 235. — Rope friction apparatus. 



dry, no oil or grease being allowed to come near the pulley. 
The cleaner the rope, the more consistent the results ; hence 
the rope should never be thrown on the floor or allowed to 
get wet. 

The load W is maintained constant throughout the experi- 
ment, a convenient amount being 56 lbs. 

The following results were obtained by experiment : — 
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Record of Experiment on Rope Friction. 

Date, March 20, 1901. Observer, C. J. Feeny, 

Rope used (new) cotton = |-in. diameter. 
Diameter of pulley = 7'3 in. 
Weight W = 50 lbs. 
Speed of pulley = l6l turns per minute. 



Turns of the 
rope. 


Angle of contact 
radians. 


Spring balance read- 
ing S lbs. 


Log„W-Iog„S. 


1 
5 


IT 
2 


34-0 


o'38 


1 


IT 


24-5 


071 


? 


35 
2 


1875 


0-99 


I 


2ir 


13-5 


1-32 


l\ 


55 

2 


9-0 


170 


A 


S'r 


6-5 


2 '04 


n 


75 

2 


4-5 


2-40 


2 


47r 


3-S 


2-67 


2\ 


9^ 
2 


2-S 


3-01 


A 


5,r 


2-0 


3-30 



Plotting the third column vertically on the second column 

as base, we get a curve. Doing the same with W — S, we still 

W 
get a curve. Trying ^, the result is a curve. If we plot the 

W 
logarithms of (^ vertically and the logarithms of the angles 

of contact horizontally, we still get a curve. 

W 
Next try plotting the hyperbolic logarithms of-g {i.e. log 

W — log S) vertically and the angles of contact horizontally, 

and we get the straight line OA in Fig. 236. 

The equation to this line is — 

W 
log — = slope X angle of contact 

o 

= O'2I30 

where 6 represents the angle of contact in radians. 
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This equation can be written — 

W 

S ^ 

The number 0-213 is the coefficient of friction between the 
rope and the pulley. 

If the angle of contact is maintained constant, the right- 
hand side of the above equation is constant, and equal to I'gs, 
when Q = -K radians, as in Fig. 234. 

Then W= rgsS 

The coefficient of S is very nearly the 2 spoken of in the 
last example ; in fact, much nearer than would be the case in 
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Angle of Contact in Radians. 

Fig. 236. 



5^ 



actual practice, because here we have slipping, and in actual 
practice it is the function of a belt not to slip. 

The last equation suggests another short experiment. The 
coefficient of S, namely, I'gs, is ei^, where /x represents the 
coefficient of friction. Replace I'gs by C, then — 
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log, 0,= ji-B 
and /A = — J— 

If an experiment is carried out with varying load W, but 
constant angle of contact, the equation — 

W = CS 

must hold as above. This is the equation to a straight line 
through the origin, if W is plotted vertically, and S horizontally, 
tlie slope of the line being C. 

Insert the hyperbolic logarithm of C and the value of Q 
radians in the above equation, and we get /x, the coefficient of 
friction. 

Next find the influence of the diameter of the pulley on 
the resistance of friction. Under ideal conditions the diameter 
has no influence, but under real conditions it certainly has. 

The following were obtained from experiment : — 

Angle of Contact 180° or v Radians. 



Diameter of pulley 
in inches. 



7 '3 
575 
4-2 
27 



Resistance of friction 
(W— S)lbs. 



30 

28'4 

26-5 

25 



Plotting these, we get Fig. 237, which shows that the 
diameter of pulley has something to do with the friction. 
This is, of course, because the belt does not fulfil the ideal 
conditions under which the expression on page 270 was 
constructed. 

The Bending: of a Beam can be studied experimentally 
by means of the apparatus in Fig. 238. On a stiif bed, B, rests 
a couple of supports, S, which carry the beam, and which can 
be placed anywhere along the bed. 

These supports terminate in knife-edges, with a little plate 
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Fig. 238. — Beam-bending apparatus. 
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above the knife-edge to prevent wood beams from being 
indented. 

A spider frame, F, carries the scale M and the guides 
between which the vernier slides. The vernier slide is fixed 
to a vertical rod which bears upon the stirrup, by which the 
load is put on the beam. 

In the first experiment, find the relation between the load 
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Fig. 239. 

and the deflection, using the longest length of beam. It 
will be found that the deflection is proportional to the load 
producing it as with the spiral spring. 

In the second experiment, vary the length of the beam by 
shifting the supports S, and use the same load for every length. 
Be careful to take a zero reading with every length, because 
beams are seldom quite straight. 

Plotting the length and deflection, we get a curve. Find 
its equation by the method suggested in the Appendix. The 
results of an experiment are shown in the following table and 
plotted in Fig. 239. 

T 
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span 



Deflection 



Log span. 



Log deflection. 



12 


O'OI 


1-0792 


20 


i6 


0-02S 


'•2041 


2-3979 


20 


o"o5 


1-3010 


2-6990 


24 


o-o8s 


1-3802 


2 9290 


28 


0-I3 


1-4472 


I-II39 


32 

36 
40 


0-2 

0-3 

0-42 * 


1-5051 
1-5563 

I -6021 


I-3OIO 

1.-4771 
1-6232 



Equation to line AB, Fig. 239 — 

log deflection = 3 log span + 6-77 
and deflection = 0-0000059 span^ 

In other words, the deflection of a beam is directly pro- 
portional to the cube of its span. 

In the third experiment, vary the depth of the beam, 
keeping the load and the span constant. 

It will be found, in a manner similar to that just described, 
that — 

Deflection = 



depth^ 



Lastly, vary the width of the beam, keeping the load and 
span constant ; and then — 



Deflection 



width 



Now connect these equations together, as was explained 
on page 155 in connection with the Attwood's machine, and 
we get — 

Deflection = coefficient x -^-rr, — --1 — v^ 
width X depth^ 

The coefficient should be found for different materials. 
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The Work done in bending^ a Beam can now be 

quickly found if the deflection due to one load is known. The 

load-deflection curve in the previous experiment was found to 

be a straight line through the origin. In Fig. 240 the 

deflection AP was caused by the load 

PQ. Join the origin A to Q, then AQM 

is the deflection curve within the elastic 

limit. 

The work done in deflecting the 
beam through AP is given by the area 
of the triangle APQ, and the work of 
deflecting it through AK is given by the 
area AKM. This work is often called 
the resilience of the beam, because it is 
equal to the work done by the beam in 
U7istrained condition. 

However a beam is bent, within the elastic limit, the work 
done in bending it is represented by a triangle, in which one 
side is the amount of deflection, and the side perpendicular to 
this represents the steady load which would cause this 
deflection. 

A Live Load is Twice as Destructive as a Dead Load. 




Fig. 240. 



coniinp; back to the 




Skajdff LoadProdmingdeflecUmZ 

Fig. 241. 



—This can be shown in the following manner : Let the load 
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in question, W, be supported in contact with the beam, but 
the beam bears none of the load. Then let the load's support 
be removed, and the load will come suddenly upon the beam, 
and will cause it to deflect. 

Let the deflection be GD, Fig. 241. The work done by 
the weight on the beam in falling = W x GD = area DEFG. 

From the "Principle of Work," this must be used in 
bending the beam. 

From above, the work done in bending the beam is given 
by the area of the triangle ABC (Fig. 241), in which AB 
= deflection and BC the steady load which would cause the 
deflection. Equating these quantities, we get — 

area ABC = area DEFG 
or i deflection X BC = deflection x W 



that is — 



BC = 2W 



or the effect of a live load is the same as that which would be 
produced by a steady load of twice the amount of the live 
load. 

Bending Moment and Moment of Resistance. — In 

Fig. 242 a line is drawn across the beam between W^ and W3. 



w, 
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Fig. 242. 



Consider the part of the beam to the left of this line. The 
forces trying to turn it round an axis perpendicular to the 
paper and passing through the centre of the beam and the 
line of section are the left supporting force L, Wj, and Wj. 
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The combined effect of these forces is a tendency to turn or 
bend the left part of the beam round the axis mentioned above 
in the direction of the hands of a clock. Taking each force 
separately and considering clockwise direction as positive, the 
moment of L is LX, the moment of Wi is — Wja:,, and the 
moment of W^ is —W^t. The resultant moment equals the 
sum of these moments, namely — 

LX - Vi^X, - WjJVa 

This resultant moment is called the bending moment at the 
section in question. 

If the left part of the beam is in equilibrium, as it must be, 
the above resultant moment must be balanced by an equal 
and opposite moment, which is called the momeiit of resistance. 
It is produced by the action of the right portion of the beam 
upon the left. 

In Fig. 243, a section of the beam is shown on the left. It 



IW, 



IW, 



m. 






Fig. 243. 



consists of some plates and angles forming the top and bottom 
flanges, which are connected together by a web-plate. The 
upper flange is in compression and the lower flange in tension. 
That being so, the action of the right part of the upper flange 
on the left part is a force F„, and similarly at the lower flange 
we get a tensile force F,. These must be the directions of the 
forces, because they are the only directions which permit of a 
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moment of resistance in the opposite direction to the bending 

moment. 

The forces F„ and F, act approximately at the dots in the 

section, these dots being at the centre of gravity of the flanges. 
_ These forces, F, and F„, must be equal, be- 

cause the first law of equilibrium says that the 
sum of the horizontal components is zero, 
and as there are only two forces, one must 
be equal and opposite to the other. Further, 
their moment round any point in the section 
is the product of one of the forces and their 
distance apart, or Yd, for the moment of F„ 
round A is F„a, and the moment of F, round 
A is F/. The sum of these is F(« + ^) = Yd. 
This is called the moment of resistance, and 
Ft equals the bending moment. Hence — 

^"'- =«"■ F^ = LX - Wi.r, - W,x, 

We can find L by the method given on page 80, and if 
we know d we can find F. Then, assuming a working or safe 
stress, say /tons per square inch— 

F =/ X area A of flange 

from which the size of the flange can be calculated. 

There is a force not yet taken account of in the above 
beam problem. 

The first law of equilibrium states that if the part of the beam 
(Fig. 243) is in equilibrium, the sum of the vertical components 
acting on it must be zero. It will be found that L — Wi — Wo 
is not zero, but equal to some force, say S. This force S is 
the vertical force exerted by the right part of the beam upon 
the left part at the section, and is called the shearing force at 
that section. 

This shearing force is resisted almost entirely by the web- 
plate of the beam. 

The student should bear in mind that the bending moment 
and also shearing force are the same, whatever the shape 
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of the beam section. They depend respectively only on the 
disposition of the loads. 

But the moment of resistance depends entirely on the shape 
of the section. The easiest section has been taken above, 
and practically the only one that can be dealt with at this 
stage of the subject. 



Summary of Chapter IX. 

Work = force exerted X distance moved by body 
while force is acting. 

Force = rate of doing work per unit of distance. 

Power = rate of doing work per unit of time. 

One horse-power = 33,000 ft. -lbs. per minute. 

One horse = power = 746 watts. 

Tension on the tight side of a belt is assumed to be 
twice the tension on the slack side. 

Deflection of a beam is proportional to the load. 

Effect of a live load is twice that of a dead load at 
any section of a beam. 

Bending moment = moment of resistance. 

Bending moment = sum of moments of forces on 
one side of section. 

Shearing force = sum of forces on one side of 
section. 

Moment of a couple = one force X perpendicular 
distance apart of forces. 



Examples o.v Chaptek IX. 

1. Define the unit of work. What name is given to this unit? In 
drawing a load a horse exerts a constant pull of 120 lbs. How much work 
will be done in 15 minutes, supposing the horse to walk at the rate of 
3 miles an hour ? Atis. 475,200 ft.-Ibs. 

2. When a body is raised through a given height, how is the work done 
estimated ? A body weighing 8 cwt. is drawn 100 ft. along an incline 
which rises 2 ft. for every 5 ft, along the incline. Find the work done, 
neglecting friction. Ans. 35,840 ft. -lbs. 
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3. Define the terms : Force, work, and power. A horse drawing a cart 
at the rate of 2 miles per hour exerts a force of 156 lbs. Find the work done 
in I minute. A71S. ■2.1,i,S(i ft. -lbs. 

4. Distinguish between force and power. How is each respectively 
measured ? A traction-engine draws a load of 20 tons along a level road, 
the tractive force on the load being 150 lbs. per ton. Find the work done 
upon the load in drawing it through a distance of 500 yards. 

Alts. 4,500,000 ft.-lbs. 

5. How is the work done by a force measured ? The resistance to 
motion on a level road is 150 lbs. per ton of weight moved. How many 
foot-pounds of work are expended in drawing 6 tons through a distance of 
15 yards? Ans. 40,500 ft.-lbs. 

6. Find the work done in raising 136 cub. ft. of water to a height of 
20 yards. Ans. 510,000 ft.-lbs. 

7. Explain the method of calculating the work done by a force, and 
define the unit of work. The surface of the water in a well is at a depth of 
20 ft., and when 500 gallons have been pumped out, the surface is lowered 
to 26 ft. Find the number of units of work done in the operation, the 
weight of a gallon of water being 10 lbs. Ans. 115,000 ft.-lbs. 

8. The plunger of a force-pump is 8f in. in diameter, the length of the 
stroke is 2 ft. 6 in. , and the pressure of the water is 50 lbs. per square inch. 
Find the work done in one stroke. Ahs. 7516 ft.-lbs. 

g. A weight of 4 tons is raised from a depth of 222 yards in a period 
of 45 seconds : calculate the amount of work done. Ans. 5,967,360 ft.-lbs. 

10. If a horse, walking at the rate of ■z\ miles per hour, draws 104 lbs. 
out of a well by means of a cord going over a wheel, how many units of 
work would he perform in I minute? Ans. 22,880 ft.-lbs. 

I J. Four cwt. of material are drawn from a depth of 80 fathoms by a 
rope weighing I '15 lbs. per linear foot: how many units of work are 
expended ? What horse-power would be required to raise the material in 
4J minutes? Ans. 347,520 ft.-lbs. ; 2-34 H.P. 

12. A chain, weighing 2 lbs. per foot, passes over a fixed smooth pulley, 
so that 14 ft. haiigs over on one side and 6 ft. on the other : show by a 
diagram the work which will be done in pulling round the wheel until the 
ujjper end of the chain is I ft. above the lower end. Hence explain the 
use of a conical drum as applied to coal-winding machinery. 

Ans. 31 '5 ft.-lbs. 

13. A spiral spring is stretched through i in. by a force of 10 lbs. Find 
the work done in stretching it through an additional length of 2 inches. 
Draw the diagram of work done, giving dimensions. Aris. 40 in. -lbs. 

14. What must be the effective horse-power of a locomotive engine 
which moves at a steady speed of 40 miles per hour on a level rail, the 
resistance being 15 lbs. per ton, and the weight of the engine and train being 
100 tons ? If the rails were laid on a gradient of I in 100, what additional 
horse-power would be required? Ans. 160 H.P. ; 238'9 H.P. 

15. A train of 200 tons ascends an incline which has a rise of 5 ft. in 
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1000, witli a uniform speed of 30 miles per hour : what is the effective horse- 
power of tlie engine, the friction being 5-5 lbs. to the ton? 

Alls. 2672 H.P. 

16. A cistern, 22 ft. long, 14 ft. broad, and 12 ft. deep, has to be filled 
with water from a well 7 ft. in diameter. The vertical height of the bottom 
of the cistern above the free surface of the water in the well is icx3 ft. when 
the operation of filling the cistern is commenced. Water flows into the 
well at the rate of 462 cub. ft. per hour. Find the horse-power of the pump 
in filling the cistern, supposing 30 minutes are required in the operation. 

Ans. 35' I. 

17. A belt is required to transmit 4 horse-power from a shaft running at 
120 revolutions to one at l6o revolutions per minute. Find the stresses in 
the belt, the small pulley being 2 ft. in diameter, and the ratio of the 
tensions on the belt being as 7 is to 4. Find also the width of belt that 
would be required in the above case, if the stress is taken at 100 lbs. per 
inch of width. • Ans. 3o6'25 lbs. ; 175 lbs. ; 3-06 in. 

18. In the transmission of energy by a rope, the wheel carrying the rope 
is 14 ft. in diameter and makes 30 revolutions per minute, the tension of the 
rope being 100 lbs.: find the amount of power transmitted. Ans. 4 H.P. 

19. A pulley, 3 ft. 6 in. in diameter, and making 150 revolutions per 
minute, drives by means of a belt a machine which absorbs 7 horse-power. 
What must be the width of the belt so that its greatest tension shall be 
70 lbs. per inch of width, it being assumed that the tension in the driving 
side is twice that in the slack side? Ans. 4 in. 

20. Show that a force acting at any point of a body is equivalent to an 
equal and parallel force acting at any other point and a couple about that 
point. 

21. Show that a couple has no particular point of application, but may 
be shifted anywhere in the same plane without disturbing the equilibrium of 
u, body to which it is applied. Is this true of a force ? Explain the 
difference, if any. 

22. What is a foot-pound of work ? Is it the same at different parts of 
the earth ? What is a horse-power? 

A reservoir of water is 1 1 ft. deep, and is fed by a stream supplying 
6o,030 gallons per hour. The water runs out at the same rate at the bottom 
and turns a turbine. If the turbine uses 60 per cent, of the potential energy 
which the water loses, find the horse-power which it supplies. 

Ans. 2 H.P. 

23. The average pressure on the piston of a steam-engine is 60 lbs. to 
the square inch, the area of the piston is i sq. ft., and the length of stroke 
18 in. The engine registers 8 horse-power. How many strokes does it 
make per minute ? Ans. 20.!^. 

24. A snow slope rises a height of 50 ft. in a slope of 200 ft. A sledge 
weighing 400 lbs. is drawn up it by a rope parallel to the surface of the 
snow. Find a triangle representing in magnitude the forces acting, and 
find the pull on the rope when the sledge is going steadily up. Find the 
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work done in pulling the sledge up the slope. Friction is to be neg- 
lected. Ans. 20,000 ft.-lbs. 
25. In machinery, where one pulley drives another by means of an end-, 
less belt, there is a difference of tension in the two parts of the belt. Why 
is this ? The pulley on an engine shaft is 5 ft. in diameter, and it makes 
100 revolutions per minute. The motion is transmitted from this pulley to 
the main shaft by a belt running on a pulley, and the difference in tension 
between the tight and slack sides of the belt is 115 lbs. What is the work 
done per minute in 'overcoming the resistance to motion of the main shaft ? 

Ans. 180,550 ft.-lbs. 



CHAPTER X. 

FLUIDS. 

The different states of matter are (i) Solid, (2) Liquid, and 
(3) Gaseous. It is difficult to draw a hard-and-fast line 
between these different states, if absolute accuracy is required ; 
but it is convenient in describing a portion of matter to use the 
above terms ; and although every one knows what is generally 
meant by these terms, it will be useful for future use to define 
them as nearly as we can. 

A Solid body is one which retains its shape and size with- 
out lateral support when left to itself; for example, a penholder 
will maintain its size and shape unless it is wilfully broken or 
cut to pieces, and it does not require any lateral support to 
keep its shape. 

A Fluid body is one which does require lateral support to 
maintain its shape. Fluids may be subdivided into Liquids 
and Gases. 

A Liquid body is one which requires lateral support to 
maintain its shape, and its volume is the same whatever may be 
the shape it occupies. Water is a liquid, and while it may be 
poured from one vessel to another of a different shape, its 
volume does not alter. Further, the sides of the vessel are 
necessary to provide the lateral support to prevent it from 
altering its shape. 

A Gaseous body is one which requires lateral support to 
maintain both its shape and volume. If permitted to do so, it 
will alter its shape and volume indefinitely. 

Pressure at a Point in a Liquid.^ — By this we mean 
the pressure or force exerted by the liquid on a square inch or 
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square foot, as the case may be, when the centre of that square 
inch or square foot, is situated at the point in question. 

Consider the prism immersed in the tank of water (Fig. 
244), and let the prism weigh exactly the same as would the 
quantity of water which would just fill the space occupied by 
the prism. If this condition is satisfied, the prism will remain 

anywhere within the water in 
which it may be placed. Also 
let 8 = weight of one cubic 
foot of water. Then the 
weight of the prism must 
equal the number of cubic 
feet it contains multiplied by 
the weight of one cubic foot. 
Let V be the number of cubic 
feet in the prism (= volume), 
then its weight is V8 lbs. 

Let h be the height of the 
prism in feet, and A the area 
of each end in square feet. 

' ' ^''''' Then A x .^ = volume of 

prism 
and V X 8 = A X /i X S = weight of prism 

Now consider the equilibrium of the prism. It is main- 
tained in equilibrium by — 

(i) The force or total pressure, F, of the water over the 
upper end BCDE. 

(2) The total pressure Q over the under side of the prism. 

(3) The weight of the prism = K.h .'h lbs. 

(4) The horizontal pressures H on the right and left 
vertical faces, and 

(5) The horizontal pressures on the back and front vertical 
faces. 

We have learnt from page 51 that the mutual pressures 
between two surfaces in contact must be perpendicular to the 
surfaces at the points of contact. The water touches the 
vertical faces of the prism, and therefore the pressure of 
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the water on the vertical faces must be perpendicular to those 
faces ; that is, they are horizontal in direction. Further, the 
pressure on one face must be equal and opppsite to the pressure 
on the opposite face ; for if these forces are not equal, they 
must have a resultant which will make the prism move in the 
direction of the resultant. In the same way, the pressures on 
the back and front faces must balance one another. 

There are now left for consideration the forces mentioned 
in paragraphs i, 2, and 3. These being all vertical, we can 
add them together with their proper signs, and by the first law 
of equilibrium the result must be zero. That is — 

F + weight of prism = Q 
or F + A . ^8 = Q 

Now let the prism grow longer until the top surface is 
coincident with the free surface of 
the water (Fig. 245). F is now 
the pressure of the atmosphere 
only on the prism, and equal to 
147 X 144 K A lbs. 

Then Q = 147 X 144 X A + 




But as Q is the total or resultant 
pressure on the lower horizontal 
surface of the prism, we can in- 
terpret the above equation as — 

Resultant pressure of a liquid 
on a horizontal surface immersed 
in it = pressure of the atmosphere fig. 245. 

, on an equal surface + area of 

surface in square feet x depth of surface below free surface of 
liquid X density of liquid. 

If the atmosphere were replaced by a gas under pressure or 
by steam, as in a boiler, the above equation holds good if the 
word "atmosphere" be replaced by "gas" or "steam," as the 
case may be. 

If, as is generally the case, we require to find the pressure 
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due to the liquid only, without any atmosphere or gas pressing 
on the free surface of the liquid, put the atmospheric or gas- 
pressure equal to zero, and we get resultant pressure on hori- 
zontal surface due to the liquid only = A .h.S. 

The student should, if possible, now carry out an experi- 
ment to verify the above statement. This can easily be done 
by connecting a delicate pressure-gauge 
with a column of water or mercury, as 
suggested in Fig. 246. The height of 
the water-column K is measured on the 
scale S. The supply-valve is shown at 
A, and the drain at D. The valve E 
is for the purpose of shutting off the 
gauge if necessary.^ 

The gauge G measures the pressure 
of the water in pounds per square inch, 
and if the above formula is true, and 
we put the area A = ^44 square foot 
and 8 = 62-5, we get — 

Pressure per square inch due to 
a column of water h ft. 
high = T¥4 X /« X 62-5 
= 0-43-% 

Take observations of the pressure- 
gauge indications and the height of 
Fig. 246. the water-column, and after entering in 

a table, plot them with the height, //, 
of water-column along the base and the gauge-pressures verti- 
cally upwards. Deduce the equation to the resulting curve, 
and compare it with that found above, namely — 

Pressure in pounds per square inch = 0-43/^ ft. 

1 In fitting up this gauge, it should be carefully filled with water and the 
water retained in it by keeping the valve E closed, except when being 
used. The gauge may be filled %\ith water by attaching to a steam main 
and allowing the steam to condense in it. With a Schaffer gauge this is 
not necessary. 
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Example. — A tank, which is full of water, is 7 ft. deep, 2 ft. 
wide, and 3 ft. long. What is the resultant pressure on its base ? 

Resultant or total pressure on base = pressure of atmosphere only 

+ pressure of water only 

= 147 X 144 X A + A . ^ . S 

= 2ii7x6 + 6x7x 62"S 

= 12,702 + 2625 

= 15,327 lbs. 

If the atmosphere is exhausted from the tank, then the pressure 
on the base is due to the water alone, and equals 2625 lbs. 

If the tank had been full of oil, each cubic foot of which weighed 
42 lbs., the pressure on the base would be found by substituting 42 
for S in the above equation. 

We have so far only considered the pressure on a horizontal 
surface. Consider the portion of the liquid in Fig. 247, shown 




H,-H; 




Fig. 247. 



Fig. 248. 



shaded. The pressures on the different surfaces must be per- 
pendicular to their respective surfaces. 

The shaded part is in equilibrium under the action of its weight 
W, the resultant side pressures Hj and H^, the resultant back and 
front pressures (which balance each other), and the resultant 
pressure R on the inclined base. (See also Fig. 248.) 

Resolving these forces in the vertical direction, we have V, the 
vertical component of R, balancing the weight W ; then— 
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W = V 
But W = volume of shaded portion x weight per cubic foot 
= area of horizontal section x average height x 5 
and area of horizontal section = area of base resolved horizontally 

. area of horizontal section _ FC 
area of base BC 

and therefore area ofl FC , , 

horizontal section / = BC '^ ^'^^ °^^^^^ 

Also, average height of shaded portion = depth of centre of 
gravity of BC below free surface ED of liquid = h say ; 

.•. weight of shaded portion = W 

= area of horizontal section v. h y,i 



m- 



area of base 1 x ^ x S 



Again, the triangle cab is similar to the triangle CFB, because 
ca is perpendicular to BC, and ba perpendicular to FC, and the 
angle between two lines equals the angle between the two per- 
pendiculars, that is, the angle bac = the angle FCB. Further, the 
angles at F and b are right angles, therefore the remaining angles 
at B and C must be equal. (See Introduction.) The triangles 
being similar, their corresponding sides are proportional ; that is — 



FC 
BC " 


.ba _\ _ 
ac R 


. w 

R 


and W = 


15 FC 
= ^^^60 





But from above we have — 

FC 
W = :pp X area of base x // x S 

. „ FC FC 
. . K X Tjj-^ = ^— X area of base x /« x 8 

that is, R = area of base x /« x S 
But R = resultant pressure on base 
therefore— 
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Resultant pressure on inclined surface (base) = area of the 
wetted surface in square feet x depth (h ft.) of the 
centre of gravity of wetted surface below the free surface 
of the liquid x weight of i cub. ft. of the liquid. 

The reason for calling the immersed surface " the wetted 
surface" is because some of it may under certain conditions be 
out of the liquid, and we are only concerned with that part in 
contact with the liquid, and which of necessity must be wetted. 

Example. — A rectangular water-tank is 6 ft. deep, 10 ft. wide, 
and 15 ft. long : calculate the pressure on the base, and on each 
side separately. 

Substituting these numbers in the equation in heavy type 
above, we have — 

Total or resultant pressure on base = (15 x 10) x 6 x 62'5 

= 56,250 lbs. 

The area of one end is 6 x 10 = 60 sq. ft. 
The centre of gravity of the end will be halfway down it, or 3 ft, 
below the free surface ; hence — 

Total pressure on end = 60 x 3 X 62'5 

= 11,250 lbs. 

total pressure on one side = (6 x 15) x 3 x 62'5 

= 16,875 lbs. 

Example. — A triangular vessel, shown in Fig. 249, has a pipe 
I ft. diameter fixed in its upper side. The vessel is 2 ft. deep 
perpendicular to the paper. Calculate the pressure on each side 
of the vessel. 

The centre of gravity, a, of the left side is at a (50 + 2) ft. 

below the free surface ; hence — 

The total pressure on it = area in square feet x 52 x 62'5 
= 4 X 2 X 52 X 62-5 = 26,000 lbs. 

the total pressure on thej ^ ( ) ^ ^^g^. ^ 500 lbs. 

slopmg side > ^^ 3 j o 

the total pressure on the\ ^^^^ ^ ^^ ^ g^.„ 
top side •' 



= (6--X IM50 X 62 5 = 16,297 



lbs. 
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The centre of gravity of the triangular face is ^ ft. down from 
the top side, or 50 + ij below the free surface. The area of 
ABC = J X 4 X 3 = 6 sq. ft. 

Total pressure on face ABC = 6 x 51J x 62-5 = 19,250 lbs. 

The student will realize from working through this problem 




Fig. 249. 



the use of a vertical stand-pipe, as it is called, for producing 
pressure. One will be found in connection with the pumping- 
stations of most waterworks. 



Example. — A sluice-gate, 2 ft. wide and 3 ft. deep, has its 
upper edge 26 ft. below the free surface of the water. It is raised 
and lowered by means of a screw, the collar which supports the 
weight being made as the nut to the screw, which latter does not 
turn. The collar nut has 25 teeth on its periphery, into which 
gears a worm-wheel, which is turned by means of a handle 
10 in. long. 

What force must be applied to the handle to lift the sluice-gate, 
if the efficiency of the whole is o'i2, the pitch of the screw being 
\ in., and the coefficient of friction of sluice = o'3 ? Weight of gate 
and other parts lifted = 300 lbs. 
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Resultant pressure of water on'i 

^ J i = area of gate x depth of 

'^ ; centre of gravity x 62-5 

= 3 X 2 X 27-5 X 62-5 
= 375 X 27-5 lbs. 
resistance of friction = 0-3 x 375 x 27'5 lbs. 
= 3100 lbs. 
total resistance to motion = friction + weight of gate 
= 3100 + 300 = 3400 lbs. 
work done in lifting this during! 
one turn of worm-wheel / 



3400 X 0-5 in.-lbs. 



During same time the worm and handle have made 25 turns. 

Let F = average force on end of handle ; then, as the efficiency- 
is 0-I2, the portion of F doing useful work in lifting = o'i2F lbs. 
The useful work done by this during 25 turns of the handle 
= 27r X 10 X 25 X o'i2F in.-lbs., and this must equal the work 
done in lifting sluice, or — 



2ir X 10 X 25 X 0-I2F = 3400 X Q-J 



from which — 



F = 9 lbs. approximately 



The expression obtained on page 289 for the pressure on any 



^ 



X 



Fig. 250, 

surface immersed in a liquid did not contain the inclination of 
the surface to the horizon ; hence the pressure must be the same, 
whatever the inclination ; that is, it is the same in all directions 
at a point. 

We have also seen, in Fig. 245, that the pressure is the same 
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all over any horizontal plane ^ ; hence the pressure can be trans- 
mitted without loss from one point in a horizontal plane to 
another point in the same plane. In Fig. 250, if the two 
cylinders are connected as shown, the above statement shows 
that the pressure per square inch over the' section AB must be 
the Same as that over the section CD. Similarly, the pressure 
at E is the same as that at F. The pressure per square inch at 
E = the pressure per square inch at B + the increase of pressure 
due to the head X ft. of wdter. 

As in ordinary machinery X is generally small, say only a 
few feet, and the pressure per square inch from 500 to 3000 lbs. 
per square inch, we do not trouble to include the small extra 
pressure due to X ft. of water, and hence the statement that 
the pressure per square inch is the same throughout 
the fluid connections in hydraulic machinery. 

Example. — In Fig. 251 are shown two cylinders, B and C, fitted 
with pistons, which are assumed to be watertight, and at the same 



F 

II III! 

1 


B 


W 
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i 



Fig. 251. 



time free from friction. If B is 2 in. in diameter, and C 10 in. in 
diameter, find W, if F = 100 lbs. 

From the above statement in heavy type, we know that the 
pressure per square inch throughout the whole of the connections 
between B and C is constant (if we neglect the small effect of the 
weight of the water). Call this pressure/ lbs. per square inch. 

' This is so, because the pressure at a point is proportional to its depth 
below the free surface, which depth is constant in the case of a horizontal 
plane, and consequently the pressure is constant over that plane. 



Fluids. 293 

For the equilibrium of the small piston (neglecting its own 
weight) — 

F — total pressure of water on under side = o 

or F = 2> X - X 2^ 
^ 4 

then p = — lbs. per square inch 

Again, for the equiUbrium of the large piston — 
W — upward pressure of water = o 

or W =j* X X 10'^ 

from which p = 

Equating the two equivalents of/, we get — 
F ^ 4W 

TT lOOir 

,,, looF „ „ 

or W = = 2?F = 2500 lbs. 

4 

If in the above problem 45 per cent, of the total work was 
done against friction, what would then have been the value 
of W ? 

The part of F which was useful was — 

( ~°7i^ J ^ = °'55 ^ ^°° = 55 lbs- 
Substituting this value for F above, we get — 
W = 25F = 25 X 55 = 1375 lbs. 

The Hydraulic Press in its simplest form is shown in 
Fig. 252. The press proper is shown in section on the left, but 
the pump on the right of the figure is required to work it, and 
should be included with any description of the press. 

The plunger P of the pump is forced up and down by means 
of the hand-lever H. During the upward stroke of the plunger 
P a partial vacuum is formed in the chamber A, and the pressure 
of the atmosphere on the surface of the water in the tank forces 
it up the suction pipe K, past the suction-valve S, into the 



294 



Mechanics. 



chamber A. During the down stroke of the plunger, pressure 
is put on the water by it, which pressure is conveyed throughout 
the water and Ufts the delivery-valve D and passes along the 
connecting-pipe M to the cylinder of the press. Here the 




Fig. 25a.— Hydraulic press and hand-pump. 

pressure in the water produced by the pump acts on the base of 
the ram R and forces it upward. 

The pump-plunger corresponds to the small piston in 
Fig. 251, while the press-ram corresponds to the larger piston. 

Moderate size pump-plungers, or small rams, may be made 
watertight by means of leather or rubber packing, C (Fig. 253), 



Fluids. 



295 



in the form of a cup, on which the water presses, forcing it 
against the pump-barrel and preventing the escape of any water. 
The greater the pressure, the harder is the packing pressed 
against the barrel. P is a plate for the purpose of keeping the 
packing in proper working position. In 
Fig. 252, the packing consists of a gasket 
of leather or other soft packing, wound 
in the groove turned in the plunger. The 
pressram is made watertight by the n 
leather ring U in Fig. 254; the water- 
pressure on the sides of the p forcing 
them against the neighbouring metal, 
which prevents the escape of water. 
Sometimes a metal p is placed inside 
the ri leather for the purpose of keep- 
ing the wearing surfaces in their working 
position. There is also a bye-pass from the pipe M back to 
the suction-tank, this being fitted with a valve to allow the ram 
R to return to its lowest position after being lifted. 

Example. — In Fig. 252 assume that HB is 25 in., and BE 




253. — Cup-leather 
packing. 



772ZZZZj-4^ 



Fig. 254.— n-leather packing. 



2\ in. Also that the diameter of the plunger P is o-8 in., while 
that of the ram R is 10 in. If the average pressure exerted on 
the hand-lever at H is 30 lbs., calculate the pressure exerted by the 
ram R on the material above it, (i) assuming no friction, and (2) 
assuming the efficiency of the machine is 35 per cent. 

Consider the equilibrium of the hand-lever (Fig. 255). The 
sum of the moments round E must be zero, or — 
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(30 X 27-5) - (;ir X 25) = o 

or JT = 330 lbs. 

where x is the resistance of the plunger. 

Now consider the equilibrium of the plunger. 

The pressure of the lever upon it ( = 330 lbs.) is balanced by 

the upward pressure of the water on it = ^^ x o'8 x p lbs., where p 

= pressure per square inch of the water in the pump barrel. 
Solving for/, we get — 



330 



X o'64 



lbs. per square inch 



This pressure is conveyed through the liquid connections to the 
,30 lbs. 



J- 



c=c 



Fig. 255. 



' r 






press cylinder. For the equilibrium of the ram R, we must have 
the upward resultant pressure of the water on it minus the resist- 
ance ofifered to the ram by the material to be pressed = zero ; 

or/ X - X 10'' = resistance offered to ram by material 
= force exerted by ram on material 
= W say 

Substituting for/ from the equation above, we get — 



W = 



330 



X o'64 



X - X 100 

4 



= 5 1,750 lbs. 

Had the efficiency been 35 per cent., the value of W would have 
een o'35 of 51,750 = 18,200 lbs. nearly. 
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The Hydraulic Jack is an extremely useful machine by 
which heavy weights may be lifted while it is being worked by 




Fjc. 256. — Hydraulic jack. 
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one man. It is in reality the pump and press of Fig. 252, very 
neatly and compactly arranged in a portable form. It is shown 
in section in Fig. 256. The plunger P is made to reciprocate 
by means of the hand-lever H fixed to the hexagonal spindle S, 
on which is threaded the small arm A, which fits into a slot in 
the plunger. The suction valve is shown at K, and the delivery 




////////////// y ///////// 7'/ , 

Fig. 257.— Arrangement of hydraulic jack for experiment. 



valve at D. The ram R, over which slides the cylinder C, is 
made watertight by means of the cup leather L. As the hand- 
lever is worked up and down, the water in the cistern M is 
pumped into the cylinder C, thus lifting the whole of the 
machine (except the ram) together with the load on F. When 
it is desired to lower the load, the little thumbscrew T is with- 
drawn a small amount, and the pressure of the load F forces the 
water from the cylinder C back into the cistern M. 
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An experiment may be carried out with this jack in the 
following manner. The maximum load which one of these 
jacks will lift is over a couple of tons, even if it be a small one, 
and consequently it will be necessary to put on the load in 
some artificial way. A lever, L (Fig. 257), fitted with a 
couple of knife-edges, is used for this purpose, and a strong 
block of wood is cemented into a thick wall with plenty of 
weight above it. The knife-edge N bears upon the top of the 
jack while a hole is drilled in the hand-lever at v, through 
which a small cord may be passed to support the weight F, 
which here plays the part of driving effort. Another weight W 
is suspended from the lever L by a single cord, its position 
being noted on the scale of inches upon the lever. The actual 
load upon the top of the jack is — 



(^W X ^ j -I- the weight of the lever 



distance of its centre of gravity from right knife-edge 

y 

Attach a weight F lbs. to the cord at v, and adjust another 
weight W along the lever L until the weight F will only just 
slowly move the hand-lever downwards. Insert the necessary 
numbers in the following table, and repeat with other weights 
for F :— 

Experiment with a H"ydraulic Jack. 
Date, , . Observer, , 

Distance^ = in. 
z = in. 
Distance of centre of gravity of lever from right knife-edge = 

Weight of lever, lbs. = 
Corresponding pressure on top of jack = 



Driving effort, 
Fibs. 



Weight W, 
lbs. 



Distance 
X in. 



Total load on 

top of jack. 

lbs. 



Mechanical 
advantage. 



Mechanical 
eflficiency. 
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The mechanical advantage will equal total load on top of jack 

The velocity ratio can be found by measuring the distance 
of the outer end of the lever L from the floor, and then working 
the hand-lever up and down through its full travel a number of 
times (say 50), and then measuring the height of the lever end 
from the floor again. 

Also measure the movement of the point v in the hand- 
lever during one downward motion, and multiply by the number 
of downward movements. 

This latter gives the distance moved by the driving end, 
while the following end (top of jack) will move in the same 
time through a distance equal to — 

Movement of end of lever X ^~^^^^^ j^ ^^ 

Plot the driving effort, mechanical efficiency, and me- 
chanical advantage on a total-load base, and deduce the 
equations connecting them with the load, including friction. 

The Hydraulic Accumulator. — When a small pump is 
working a press, whether large or small, the press has to be 
stopped repeatedly, the period of stoppage varying from a few 
seconds to some minutes. 

It is undesirable and inconvenient to start and stop the 
engine or other motor for driving the pump every time the 
press is started and stopped, and, further, it is generally very 
desirable to work the press at a speed much greater than would 
be possible if it were connected direct to the pump. These 
conditions necessitate a sort of storage reservoir for the water 
under pressure, somewhere between the pump and the press, 
and it takes the form of a ram working in a cylinder, the top of 
the ram being loaded with a dead weight. 

A section of a small accumulator is shown in Fig. 258. A 
number of annular cast-iron weights W are slung to the cross- 
head C by loiig rods, R. Each circle or ring of weights is 
divided into four parts for convenience in handling, but the 
bottom ring is in one piece. When the press or other hydraulic 
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machine is stopped, the pump simply forces water into the accu- 
mulator cylinder, lifting the ram with its load. When it is 
desired to operate the press, a valve is opened and the water 



ff^J 




Fig. 258. — Hydraulic accumulator. 
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under pressure is admitted to the press. If the pump does not 
work fast enough to supply the press with water, the accumulator 
ram descends and makes up the deficit, while if the pump works 
faster than is necessary to supply the press, the accumulator ram 
is lifted. To prevent any damage to the accumulator, it is so 
arranged that as it approaches the top of its stroke it strikes a 
lever which opens aloaded safety-valve connected to the accu- 
mulator pipes, and thus permits some water to flow out of the 
ram cylinder. In large installations the above lever first closes 
the steam-valve on the pumping-engine, so as to waste as little 
water as possible. 

Example. — A hydraulic accumulator ram is 9 in. diameter and 
12 ft. long. It is supplied with water by a single-acting pump, 
X in. in diameter, and 4Jr in. stroke, and it makes 40 double strokes 
per minute. 

If the pump will supply enough water in 10 minutes to lift 
the accumulator ram through its length, what \% xt 

Also,howmany foot-pounds of work are stored in the accumulator 
(neglecting the weight of the water), and what must be the load on 
the top of the ram if the water-pressure is 706 lbs. per square inch? 

Volume of water entering ac- \ 
cumulator cylinder during \- = length x sectional area of ram 
one stroke of the ram ' 

= 144 X 81 cub. in. 

4 

volume of water delivered 1 ^ , , . 

^ , \ = y. x'' Y. d,x cub. m. 

by pump m one stroke ) A 

volume per minute = vx'^ x number of useful strokes 
per minute 

As one stroke only out of every two actually delivers water to 
the accumulator, there will be 40 useful strokes per minute ; hence — 

Volume of water delivered in 10 minutes = 10 x 40 x irx^ 

and as this equals the volume entering the accumulator during 
one stroke of the ram — 

4ooir;t-^ = 144 X X 81 
4 
.-. x^ = y2 

and X = r94 in. 
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Work done in lifting accumulator 1 t „ 

tu 1 rf f = 70° X - X 81 X 12 

ram through 12ft. ; ' 4 

= 622,600 foot-lbs. 
Load on ram (neglecting friction) = total pressure of water on 

lower end of ram 

= 700 X - X 81 = 44,550 lbs. 
= I9'9 tons 

If the water were used by some hydraulic machine so quickly 
that the ram descended the 12 ft. in 30 sees., the rate at which the 
machine was doing work was — 

622,600 X 2 ft.-lbs. per minute 
622,600 X 2 



33,000 



= 377 horse-power 



The horse-power required to drive the pump (neglecting friction) 

_total press, on piston x length of stroke x no. useful strokes per min. 

33,000 

ir , 4 X rQ4 40 

= 700 X - X I '94^ X -^ ^^- X — ^- - 

4 12 33,000 



This calculation shows how the accumulator is capable of 
doing work very rapidly for a short time, while the driving 
pump is supplying the energy much more slowly, in this case at 
one-twentieth of the rate at which the accumulator enables the 
hydraulic machine to work. It must not be forgotten that the 
accumulator requires a period twenty times as great as that 
occupied by the ram in descending, in which to store the next 
charge of energy, so that no energy is created by the accumu- 
lator. It only allows the energy to be stored slowly, and given 
out rapidly if necessary; and in this way permits of the use 
of a small pump and motor to drive it, where otherwise a large 
one would be necessary. 

Experiment to measure the Efficiency of a Pump. — 
The pump-shaft must be driven in such a way that the rate at 
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which energy is transmitted to it can be measured in horse- 
power. This can be done by an electric motor, or a trans- 
mission dynamometer, such as that described on page zdi. 
We will call the rate of transmission of energy to the pump- 
shaft the pwnp horse- 
power, and the rate of 
transmission to the water 
in the pump, the water 
horse-power. 

The eflSciency of the 
pump must then be — 

water horse-power 
pump horse-power 

This is the quantity we 
want to find for different 
lifts. 

The pump is fitted 
up (Fig. 259) so that the 
weight of water pumped 
per minute can be easily 
measured on the scale at 
T, and the pressure 
against which the water 
is delivered is indicated 
by the gauge G. This 
pressure can be con- 
verted into feet of water 
by dividing the gauge 
pressure by 0-43. Call this //„, the delivery head, and measure 
the distance from the centre of the gauge ^ to the water-level 
in the suction-tank. Call this h„ the suction head. Then the 
total height through which the water is lifted is h, -f //„ ; and 
the work done per minute = weight of water delivered per 
minute x total lift in feet = W(//, -|- h^ foot-pounds. 




Fig. 259. 



' The gauge is here supposed to be at the same level as the centre of the 
pump cylinder. 
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33,000 



The pressure measured by the gauge G is produced by 
partly closing the valve V. // should never be quite dosed. If 
the gauge pointer oscillates, .it should be checked by partly 
closing the small valve F. Continued oscillation of the 
pointer will spoil the gaug^e. 



Record of Experiment on a Pump. 
Date, . Observer, 

Object of Experiment. — To determine the efficiency of the pump at different 



lifts and speeds. 

Kind and dimensions of pump, 
Suction head, ft. 

Table of Water Quantities. 





Delivery head. 


Weight of water 

delivered per 

minute. 

W lbs. 


Water horse- 
power. 


Time. 


Gauge-pressure, lbs. 
per sq. in. 


Feet of water. 













Results — Mean total lift in feet = 

Mean weight of water pumped per min., lbs. = 

Mean water horse-power = 

Mechanical efficiency = 

The Density of any material is the mass of i cub. ft. 
in English measure, and is expressed as so many pounds per 
cubic foot. In the metric system, it is the mass of i cub. 
centimetre of the material, and is expressed as so many 
grammes per cubic centimetre. 

The density of a substance may be obtained by weighing a 
known volume of the substance ; for instance, assume a piece 

X 
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of wood I ft. long, 3 in. wide, and 6 in. deep is weighed, and 
its weight is 4*2 lbs., its volume is i X -j X ^ = J- cub. ft., and 
therefore i cub. ft. will weigh 4'2 X 8 =.33'6 lbs. Its density 
is then 33"6 lbs. per cubic foot. 

Example. — A piece of iron 5 in. long and 2 in. diameter 
weighs 4-25 lbs. : what is its density ? 

Volume of piece of iron = 5 x 2^ x - cub. in. 



_5l_ 
1728 



cub. ft. 



Then, number of cubic feet x weight of i cub. ft. = 4*25 lbs. 



5t 
1728 



X density = 4^25 



and density = 4'25 x 



1728 
5t 



= 465 lbs. per cubic foot 



It is seldom convenient to weigh a piece of material of a 

regular shape, such that its 
volume can be readily cal- 
culated. A more general 
method is that of weigh- 
ing in air and water. 

Consider the rectangular 
solid immersed in a liquid. 
Fig. 260, and supported in 
it by a fine cord whose 
tension is T. The length, 
width, and thickness of the 
solid are respectively /, c, 
and d ft. The pressure on 
the left face is balanced by 
that on the right face. Simi- 
larly, the pressure on the 
front face is balanced by that on the back face. These balanced 
pressures can be left out of any calculation respecting the 
resultant pressure or the equilibrium of the solid. If the solid 
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Fig. 260. 
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is in equilibrium, the sum of the vertical component of the 
forces acting on it must be zero ; or — 

Upward pressure on base of solid - weight of solid W 
lbs. + tension of cord T lbs. — pressure of liquid' on 
top of solid = o 

The pressure on base of solid = {I x c) x b y. $ 

where S = density of Uquid in pounds per cubic foot ; also— 

Pressure on top of solid = (/ x f) X « X 8 

Inserting in the above equation, we get — 

/XcXiJx8-W + T-/x<rx«x8 = o 

or /c^b -a) = \\' -T 
But b — a~ d 
and I X c X d= volume of solid 
hence — 

Volume of solid x density of liquid = W — T 

The left side of this equation is equal to the mass of liquid 
which would exactly fill the same space as the solid, or, as we 
say, it is the mass of the liquid displaced by the solid. 

The right side of the equation is the apparent loss of 
weight of the solid while immersed in the liquid ; that is, it is 
the portion of the weight of the solid which is supported by 
the liquid. Hence we may state — 

The vertical supporting force offered by a liquid to 
a solid immersed in it equals the weight of a 
quantity of liquid equal in volume to that of 
the solid. ^ 

' This may be shown more easily as follows : — 
The side pressures balance each other. 

The resultant pressure of the I , . 

. , , ,-, > = pressure on base — pressure on top 

liquid on the solid ) " 

=/XcXixS~/XcXaxS 
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Dividing the above equation by the density of the liquid, 
we get — 

W - T 
Volume of solid = \ -.- — r<- — ^j 
density of liquid 

Also by definition — 

Weight of solid = volume of solid X density of solid 

W -T 



or W = , - '.[ ->".- -^ X density of solid 
density of liquid ' 



that is- 



W 



Yr^_7~ X density of liquid = density of solid 

If water (density 62 •£ lbs. per cubic foot) is the liquid used, 




Fig. 261. — Chemical balance arranged for determining density. 

then the density of a solid may be found by weighing the 
solid first in air and then in water, and inserting the weights 



= volume of solid x density of liquid 
= mass of a quantity of liquid whose 
volume is equal to that of the solid 

The resultant pressure is upward, because the pressure on the base is 
greater than on the top. Hence the support offered by a liquid to a solid 
immersed in it equals the weight of an equal volume of liquid. 
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in the above equation. This is the commonest method of 
finding the density of a solid heavier than water. 

The density of the solid having been obtained, the density 
of another liquid may be obtained by weighing the solid when 
it is immersed in this other liquid ; and inserting the numbers 
so obtained in the above equation. 

The weighing in air and water can best be done with a 
chemical balance, but approximate results can be obtained by 
means of a good spring-balance when a large piece of solid 
is used. Fig. 261 shows the method of using the ordinary 
chemical balance, where B is a light wooden bridge to support 
a beaker for weighing in water. The substance is first weighed 
by attaching it by a fine thread to the hook C, after which the 
beaker of water is placed upon the bridge, and the body 
weighed in water as shown in the figure. 

Great care should be exercised in removing with a camel- 
hair brush any air-bubbles which may adhere to the solid, and 
it is better to use water which has been previously boiled, so 
that it does not contain any dissolved air. 

A quicker, though more crude, method is to use a much 
larger piece of material and a spring-balance. Here 20, 30, 
or 40 lbs. of material may well be used, whereas only a small 
fraction of a pound would be used with the chemical balance. 

Nicholson's Hydrometer may be used for finding 
density, and the method of using it depends upon the fact 
expressed on page 307, that the support offered by a liquid to 
a solid equals the weight of an equal volume of liquid. The 
hydrometer consists of a hollow water-tight vessel, H, Fig. 262, 
fixed upon the wire stem, S, which carries two pans, P and Q, 
the whole floating in a vessel of water. There is a notch, M, 
cut in the wire S. 

The hydrometer, without anything in the pans, floats as 
shown in Fig. 262. Now add standard weights, W, to the 
upper pan P until the mark M has sunk to the surface of 
the water (Fig. 263). Then, because the support offered by the 
water = weight of a volume of water equal to that of the instru- 
ment up to M, and as the instrument is sunk every time to 
M, the weight of instrument -|- total weight added to pans = 
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support of water, which is constant because volume of instru- 
ment immersed is constant. Also the weight of the instrument 
is constant j hence we can write the above equation as- 
Total weight added to pans = support of water — weight of 

instrument 

= constant 
= W 

Remove W and place the body in the upper pan P, adding 
weights, W„, until the instrument sinks to M again. 
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Fig. 263. 



Nicholson's hydrometer. 

As the total weight added to pans = W, we have- 
Weight of body in air + W„' = W 
and weight of body in air = W — W„ 
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Now remove ^V„, and place body in lower pan, Q. Add 
weights, W„ to the upper pan to bring the instrument down to 
M again. Then — 

Weight of body in water ■\-^i = y<l 
and weight of body in water = W — W, 

But from page 308 we get — 

weight of body in air 
weight of body in air — weight of body in water oensity 
of water = density of body 

W-W,„ , . . 

= y?^ -yN^- (W "-rw7) ^ ^^^^^'^^ °^ ^^*^'' 

W — W 
= ^ _ " X density of water 

Example. — It was found that 15 grms. were required to sink 
a Nicholson's hydrometer to the mark M in water. It required 
5 grms. to sink it with the body in the upper pan, and 8 grms. 
to sink it with the body in the lower pan. What was the density 
of the body ? 

Density of body = density of water x >, — 

8 - 5 

= I X ¥ 

= 3'33 grms. per cubic centimetre 

The Common Hydrometer consists of a glass bulb, B 
(Fig. 264), having a smaller bulb at one end weighted to cause 
stability while floating, and a hollow stem protruding from the 
other side, the stem being uniform in cross-section throughout 
its length. 

The support offered by a liquid to a solid equals the weight 
of liquid which would occupy the same volume as that part 
of the solid below the surface of the liquid. 

In Fig. 264, the weight of the hydrometer must equal the 
weight of liquid which would occupy the volume of that part of 
the instrument below the surface AA. 

Let V = volume of instrument below AA ; 

and S = density of liquid in which it floats. 
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Then V X 8 = weight of instrument = a constant 

Let suffix 1 refer to one liquid, say water, and suffix ^ refer 
to another liquid. Then, as V x S is always constant for all 
liquids — 

Vi X 8, = Va X K 
and 82 = Sj X :^ 



From this equation we see 
that the density 82 of the liquid 
is inversely proportional to the 
volume of the instrument under 
the liquid. Hence the lighter 
the liquid the deeper will the 
hydrometer sink, and thus a 
scale of densities can be in- 
scribed on the stem of the in- 
strument. 

Let a = sectional area of 

the stem ; 
and L = length of unim- 
mersed part of 
stem ; 
also V = volume of com- 
plete hydro- 
meter. 

Then V, = V - ah, 
also Vo = V — dL.2 

V- rtLi 




Fig. 264. — The common hydrometer. 



and 82 = Si X 



V - rtLo 



The instrument can be floated in water to get Lj, the 
sectional area a can be obtained from the diameter of the 
stem, and V can be found by immersing in a graduated burette 
or by other more accurate methods. Lg can be measured in 
the same way that L was measured, and 82 can then be 
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calculated, 
graduated to read 



As a rule these hydrometers have their stems 
' direct. In many instruments the 



decimal places are omitted, and numbers such as 700, 950, 
1244 really mean 07, o'95 and i'244 respectively. The 
density in the English system is obtained by multiplying 
these numbers by 62 '5. In the metric system they represent 
density,'because i cub. cm. of water weighs 1 grm. 

Specific Gravity. — We can write the previous equation — 



\ 



= 8x X ,y 



The left side is the ratio of the density of a substance to 
that of water, and is called the specific gravity of the sub- 
stance. Hence the numbers on the hydrometer stem are 
specific gravities x 1000. 

We may then define specific gravity as — ■ 

weight of a body 
weight of an equal volume of water 

In the metric system the density 
is the same as the specific gravity. 

The Density Bottle is useful 
in many cases for the determina- 
tion of density. It is shown in Fig. 
265, and consists of a small glass 
bottle containing a glass stopper 
ground in position and having a fine 
hole through it. 

The bottle can be filled with a 
liquid and the stopper inserted, 
when the superfluous liquid will be 

expelled through the hole in the stopper. If the bottle were 
not covered in, it would be uncertain when it was exactly full, 
as a liquid will rise slightly above the top edge of a vessel 




Fig. 265.— The density bottle. 
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without overflowing. The stopper also permits finely divided 
substances being inserted. 

The density of a liquid can be found by means of the 
bottle. Clean and dry the bottle and weigh it. Then fill it 
with water and weigh it again. Dry it and fill it with the 
liquid whose density is required, and weigh it again. 

Let weight of bottle = «', and weight of bottle + water =W„,. 

Then weight of water = W„. — w 
But weight of water = volume X density of water 

weight of water 

.•. volume = J — =7 — ? — I — 

density of water 

W„, - w 

~ density of water 

Let weight of bottle + liquid = W,. 

Then weight of liquid = W, — w 

and weight = volume X density 

W - W 
OT Wi — w = , .^ ^ "-- X density of liquid 
density of water ■' '■ 

From which we get — 

density of liquid = density of water X -cj^' _^ 

The density of a solid insoluble i?i wata- is found in the 
following manner by means of the bottle : — 

weight of bottle = w 
weight of solid = W, 
weight of bottle full of water = W,„ 
then weight of water in bottle = W^ — iv 

Put the solid in the bottle, and add water until the bottle 
is quite full, and weigh again. Let this weight be W. Then — 

Weight of water required to occupy volume! _ ^v _ VV — w 
of bottle less the volume of solid > 
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As the weight of water (full) = W„, — w, and weight of 
water which will occupy same volume as solid = (W,„ — w) — 
(W - W. - K/) = W,. - W 4- W.. 

Again, as weight = volume X density — 

W — W 4- W 
Volume of solid = - V" . '' -tL-IjL, 
density of water 

also weight of solid = volume of solid X density 

, . ^ ,. , weight of solid 

or density of solid = — r^ j — jtj 

■' volume of solid 

W 
= W„ - W + w; ^ density of water 

Example. — Find the density of a solid from the following 
observations : — 

weight of solid = 70 grms. 
weight of bottle empty = 5 grms. 
weight of bottle quite fiall of water = 55 grms. 
weight of bottle + solid + water make up = 112 grms. 

Substituting from these observations in the above equation, we 
have — 

70 

Density of solid = density of water x — 

' ' 55-112 + 70 

= 62-5 X 5'35 

= 334 lbs. per cubic foot 

In the metric system the density would be 5'35 grms. per cubic 
centimetre, which is the specific gravity also. 

Density of a Solid which will float in Water. — This may be 
found most easily by a chemical balance, as in Fig. 261, but 
with the addition of a sinker for the purposes of completely 
immersing the solid. Let us take an example — 
Weight of solid =12 grms. 
„ sinker = 40 grms. 

,, sinker in water = 35 grms. 

,, sinker + solid in water = 33"S grms; 
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The weight of water displaced by sinker=40 — 35 = 5 grms. 

Also weight of water dis-l u^r/i-ji-i \ -i 

, J ? . , , ,.,> = weight of (solid + sinker) — weight 

placed bysinkerand solid' ci i-j 1 • 1 \- . 

•^ of (solid + sinker) in water 

= 12 + 40 - 33-5 = 18-5 grms. 
therefore weight of water) „ 

displaced by solid ) = ^^5 " 5 = ^S'S g™s. 

From page 308 we have — 

Density of ) j •, r weight of solid 

solid I = density of water X ^t. ^f ^,t,, displaced b 



wt. of water displaced by solid 



I X 



13-5 

= o"888 grm. per cubic centimetre 
or = 55 '3 lbs. per cubic foot 

Centre of Pressure. — The point of application of the 
resultant fluid pressure on a surface is called the centre of 




Fig. 266. 



pressure, Let the rectangle ABCD (Fig. 266) be the surface 
in question, in which the edge AB is below the free surface of 
the liquid. Assume for the sake of simplicity that the edge 
AB is parallel to the free surface MN of the liquid. 
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We know from page 285 that the pressure at a point in a 
liquid is proportional to its depth below the free surface ; 
hence the pressure at the point D is proportional to MD. 
Set out DE perpendicular to the surface at D to represent the 
pressure at D to some scale. For simplicity, set out DE = DM. 
Do the same at the points A, B, and C, and we get the lines 
AK, BH, and CF, representing the pressures at those points. 
This may be repeated at a number of other points, and it will 
be found that the ends of the perpendiculars, will all lie in the 
plane EMNE, because AK was made proportional to AM, and 
DE proportional to DM ; hence we have two triangles, MAK 
and MDE, in which the sides MA and AK are proportional to 
the two sides MD and DE ; and, further, the angles at A and D 
are right angles, therefore the two triangles are similar to their 
corresponding angles equal (see Introduction) — that is, the 
angle at M in one triangle equals the angle at M in the other, 
and therefore the side MK is coincident with the side ME, and 
consequently the line MKE is straight, and therefore the 
surface KHFE is plane. 

It is also convenient to notice that — 

^^^^^ ^ARPn^''"^ I = ^^^^ °f ABCD X depth of the centre 
on ABLD ^^ gravity G of ABCD below MN 

X density 8 of the fluid 
= shaded area X MS X 8 
= shaded area X GQ X S 

Now turn the figure 266 round through 90° in anti-clock- 
wise direction, as shown in Fig. 267. Only that portion 
standing out from the shaded surface has been reproduced. 
The line GQ is the average height of the solid shown, and 
consequently the right-hand side of the above equation equals 
the weight of the solid in Fig. 267, resting on the shaded 
sutface. The point about which this solid will balance is a 
point through which the resultant pressure line of action must 
pass (see chapter dealing with centre of gravity and parallel 
forces). The resultant pressure must act perpendicular to the 
surface, hence find the centre of gravity g of the solid in Fig. 
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267, and draw through g a line perpendicular to the shaded 
surface. The point X, where this line meets the surface, is the 
centre of pressure. 

Rotating the figure back again, we get X in its true position. 

This is the point of ap- 
plication of the resultant 
fluid pressure on the 
shaded area. 

We may apply the 
above reasoning to a 
simple rectangle with one 
edge in the free surface, 
but the more difficult 
cases are outside the scope 
of this work. 

In Fig. 268 the rect- 
angle ABCD has the 
edge AB in the free sur- 
face of the liquid. The 
centre of pressure, X^ will 
be the point in which 
a line perpendicular to 
ABCD drawn through the centre of gravity of the triangular 
prism meets the surface ABCD. Take a side view of the 
prism, Fig. 268. The centre of gravity of the triangle is at G, 
one-third of the length of the dotted line up from the base. 
Through this point draw a line perpendicular to the shaded 
surface, meeting it in X. This is the centre of pressure, EX 
being two-thirds of AD. 

In general, the centre of pressure on a plane area is found 
in the following manner ; — ■ 

Draw perpendiculars to the surface (at the out= 
line of the surface) whose lengths represent the 
pressures of the liquid at their feet. Find the centre 
of gravity of the solid enclosed between the perpen- 
diculars, and draw through this centre of gravity a 
perpendicular to the surface in question. The point 
in which it meets the surface is the centre of 
pressure. 




Fig. 267. 
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The Flow of Liquids. — The first case we shall consider 
is the flow of a liquid (water) through a hole in the side or 




Fig. 268. 



base of a tank. It will be noticed in Fig. 269 that the dia- 
meter of the stream is not so great as the diameter of the hole 
or orifice — that is, the stream has contracted in flowing 
through, the orifice. The 
amount of contraction can 
be roughly measured with 
a pair of calipers, when it 
will be found that the sec- 
tional area of the stream at 
a little distance from the 
orifice is about o'65 times 
that of the orifice. This 
number is called the coeffi- 
cient of contraction. 

If the amount of water flowing from the orifice is caught in 
a measuring tank or weighed, the volume flowing out per 
second can be calculated. This will vary according to the 
head or height of water above the orifice. It is necessary to 




Fig. 269.— Showing the shape of a jet of liquid 
issuing from a sharp-edged orifice. 
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find by experiment the relation between the. head and the 
discharge per second. This is done by catching the water 
discharged during a number of minutes with a definite and 
constant head and calculating the discharge per second. This 
is repeated for a number of different heads, and a table filled 
up something like that below. 



Record of Experiment on the Discharge from a Simple 

Sharp-edged Orifice. 
Date, Observer, 

Object — To determine the relation between the head and the discharge 
per second. 



Duration of flow, 
minutes. 



Head, ft. 



Amount of water 
caught. 



Volume discharged 
per second, cubic feet. 



Plot the volume discharged per second on a head base. 
The result is a flat curve. Adopt the method given in the 
Appendix to find the equation to this curve, that is, plot the 
logarithms of the heads and volumes. The result ought to be 
a straight line. Deduce its equation. It will be found to be 
approximately — 

Cubic feet discharged per second = 4'95A/i* 



where A = area of orifice in square feet ; 

and h = head in feet. 

The number 4-95 is very nearly o'62tj2g, and hence the 
discharge per second is very nearly o-62K>J 2gh. 

The number o'62 is called the coefficient of discharge. It is 
not constant, but varies with the head and the size and shape 
of the orifice. The above is the average value. 
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But the volume flowing but per second = sectional area of 
stream X velocity = o"65A X v. 

Equating the two expressions for the discharge per second, 

we get — 

o"65Az' = o'62h.>J 2gh 

or z; = o'^6^ 2gh 

That is, the velocity of outflow is as nearly as possible the 
same as if each particle of water fell freely through a height 
equal to the head. 

The number o'96 is called the coefficient of velocity. 

The Calibration of a Tank is necessary if there is no 
weighing machine on which the tank can be placed for weighing 




Fig. 270. 

the discharge. Any irregularly shaped tank can be used for 
the purpose. The tank should be fitted with a gauge-glass, as 
in Fig. 270, for indicating the height of the water in the tank. 

Known weights of water are poured into the tank, and the 
height of water in the gauge-glass noted on a scale of inches or 
centimetres placed there temporarily. Plot the weight of 
water in the tank vertically, as in Fig. 271, and the height of 
water in the gauge-glass horizontally, and then project up the 
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tens to a slip of paper, AB, which is going to be the final 
scale. The smaller divisions can be afterwards projected, but 
sometimes the graduations are nearly equal, when the larger 
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Fig. 271. — Calibration curve for tank in Fig. 270. 



ones can be divided with small compasses. In Fig. 271 the 
small divisions have been projected. 

Bernouilli's Theorem states that if a liquid flow in a 
closed channel, the channel always being full, and if there is 
no friction of the fluid against the solid, and, further, if the 
density of the fluid remain constant, then — 

P iP' 

-^ + V ^ — constant 

8 2g 

where P = pressure in pounds per square foot at any point \ 
8 = density of fluid in pounds per cubic foot ; 
V = velocity of fluid at the point in feet per second ; 
and z = the height of the point in feet above some selected 
datum Une. 
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If the sum of the above three quantities is the same for any 
and every point in the channel, we can' write it in a sUghtly 




Fig. 272. 

different form. Take any two sections of the stream A and B 
(Fig. 272)] then — 

S 2^ ' '^ 8 ig 

must be true, the suffixes A and B referring to the sections 
A and B respectively. 

Consider for the moment the fluid between two normal 
sections, such as AB (Fig. 273), these sections being close 




Fig. 273. 



together. It will assist in following the argument if the fluid 
between A and B be assumed to be coloured. With the 
motion we are considering, it is assumed that the coloured 
fluid always remains between the two sections, as if these 
sections were bounding plates which could expand or contract 
automatically to fill the channel. As the channel became larger 
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in diameter, the plates must come closer together because the 
volume of poloured fluid is constant. 

This is called motion in plane layers, and although the 
friction of the fluid against the sides of the channel prevents 
this from actually taking place in most cases in practice, yet 
it enables us to formulate an expression for the flow of a fluid 
which coincides very nearly with actual facts. 

In Fig. 274 consider the motion of the part AB of the 




Datum Line. 



Fig. 274. 

stream during a very short interval of time. We can apply the 
principle of work to the part AB, thus — ■ 

The kinetic energy possessed by the fluid AB in the upper 
position + the work done upon or received by the fluid 
AB during motion to position CD = the kinetic energy 
possessed by fluid AB in the position CD + the work 
done by or given up by AB during motion. 

We will consider each of these items separately. 

The work done by the neighbouring fluid on the part AB (Fig. 
274) in direction of motion 

= total pressure X distance moved through by point 

of application 
= Pa X area of plate or section at A X AC 
= Pa X volume of channel between A and C 
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Similarly, the work done by the fluid AB on the neighbour- 
ing fluid at section B in the direction of motion = Pb X volume 
of channel between B and D. 

But it was shown on the previous page that th& volume of 
AC was the same as that of BD, which we may call V ; there- 
fore the work done on, or received, by, the fluid AB = PaV 
ft. -lbs., and the work done by the fluid AB on other fluid at 
section B = PbV. 

We have assumed the velocity at any section to remain 
constant at that section ; for example, the velocity at section 
C will be Vc during the time that motion continues. For this 




Da&un Z/ine 



Fig. 275. 

reason, the velocity at any section of the shaded part (Fig. 275) 
will remain constant during the motion, and consequently the 
kinetic energy of the shaded part remains constant. . If the 
sections A and C are close together, the velocity between A 
and C will be as nearly as possible z'a- Similarly, between B 
and D the velocity will be v^. 

Call the kinetic energy of the shaded part S. 
Then the kinetic energy of the part|_ j^g of AC -f KE of 
AB in the initial position > shaded part 

= mass of AC X — + ^ 

Also the kinetic energy of the partj ^ g-g ^f shaded part -f KE 
AB in the final position CD ■' gf gj) 

= S -f mass of BD X — 
a.? 
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The centre of gravity of the shaded part remains at the 
same height above the datum line, and consequently no work 
can be done by it. 

Before motion began, we had a part of the fluid AB between 
A and C, and none between B and D. At the end of the 
motion we have none between A and C, and some between 
B and D. This is in effect the same as allowing the fluid 
between A and C to flow or fall direct to the position between 
B and D. The work done by the earth on it = its weight x 
vertical distance fallen through = weight (Z^ — Zb) ft.-lbs. 
Now insert all these quantities in the equation on page 324, and 
we get — 

Mass of AC X ^ + S + Pa X volume of AC + weight of 

AC(Za - Zb) = mass of BD X ^''" + S + Pb X volume 
of BD 

As the mass of AC is the same as the mass of BD, which 
equals the volume of AC X its density = 8V, and S cancels, 
the above equation becomes — 

SV X ^^' + PaV + 8V(Za - Zb) = SV^' + PbV 

Divide both sides by 8V, and we have — 



And after rearranging the terms — 

Pa 1 JIa . y _ Pr J_ ''u 1^ y 

This is called Bemouilli's equation. 

Example. — Find the velocity of the water as it emerges from 
the end B of the pipe in Fig. 276. The pipe is parallel, and is 
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supplied from a tank overhead, the sectional area of which is 
many times that of the pipe. Water is kept flowing into the tank 
to maintain the level at A constant. Also plot a curve on the 
dotted line AB as base, showing the pres- 
sure of the water from A to B. 

In problems of this sort, the quantities 
relating to the two extreme sections A 
and B of the channel must be inserted in 
Bernouilli's equation. Of these quantities 
p^ is the pressure of the atmosphere per 
square foot, because the liquid at section A 
is in contact with it. The same holds with 
section B, and hence P^ = Pg, and these 
can at once be cancelled in the above equa- 
tion. 

The velocity v^^ of the surface A is zero, 
because the surface is maintained at a con- 
stant level. Even were no water allowed 
to come in, the velocity of the surface 
would be so small as to be negligible. 

The height Z^ = 20 ft. if we take the 
level of B as our datum line. At the same 
time Zg = o. 

Inserting these quantities in Bernouilli's 
equation, we get — 

and z/B = 35'8 ft. per second 




Now take two sections, B and C, the latter being at Zc above 
B, and find the pressure in the liquid at the section C. Bernouilli's 
equation for these sections is — 



Pb , 'vyt ^ Pf Vri 

^ + — +Z« = -i^+ — -1-Zc 



If we assume 1 5 lbs. per square inch as the atmospheric pressure, 

= 347 ft- 



15 X 144 
62'5 



P = 15 X 144 lbs. per square foot, and -^ 

This is the head of water equivalent to 15 lbs. per square inch. 
Also v-^ = v^, because the pipe is parallel in bore. Inserting these 
quantities in Bernouilli's equation, we get — 
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347 = -^ .+ Z, 
or (347 - Z(;)S = P,- lbs. per square foot 
01' (347 — Zj,) — ? = pc lbs. per square inch 
This reduces to — 

A- 15 -o'432Zc 
and is the equation to a straight line. Putting Z^, - o, we get — 

pr = 15 lbs. per square inch 
also when Z,- = 10, 

pc = io'68 lbs. per square inch 

Hence, plot these two points, D and E, in Fig. 276, and join 
them with a straight line. This is the pressure diagram, and is 
shown hatched. 

In the upper part of the figure the line AF represents the 
atmospheric pressure (15 lbs. per square inch). If we take section 
A and another section further down the tank at a height Z from 
the datum line, then the velocity there is the same as at A ; that 
is zero, or nearly zero, because the tank has parallel sides. 

Substituting in Bernouilli's equation, we get — 

^j^ + O + 20 = -? + O + Z 

or P = S(20 - Z) + P^ 
and/ = ^^'5(2o-Z) +/ 

^ 144 ^ ' -^ K 

= 15 + o'43 X depth below A 

Plotting this line, we get the part of the curve immediately 
below F. 

From this we see that if a hole were made in the tank, water 
would come out through it, because the pressure is everywhere 
greater than that of the atmosphere ; but if a hole were made in 
the pipe no water would come out, but air would pass into the pipe, 
because the pressure of the atmosphere is greater than that of the 
water inside the pipe. 

Example. — A siphon is arranged (Fig. 277) with its longest leg 
extending h feet below the free surface in the tank, and with the 
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top of the siphon H ft. above the free surface. If h is maintained 
constant at 6 ft., and the sectional area of the pipe at B is twice 
that at A, what is the greatest height H of the top of the siphon 
above the free surface so that it will work ? 
■ As the same volume of water passes A and B per second, we 
must have — 



Volume per second = v^ 



Aa = •^rAb 



where A = sectional area of pipe. This is called the equation of 
cojiiinuity, and simply expresses 
the fact that the same volume 
passes both sections during the 
same time. From it we find — 

Ab 

To find v-B, insert all the known 
quantities in Bernouilli's equation, 
using the free surface of the water 
as the datum level, and also for 
one section (no suffix), the other 
being at B. P = Pg = pressure of 
the atmosphere, and v =0, while 



-6 ft. Then, after cancelling 



P and P„, we have — • 




h 



+ = 



or vb 



^ -6 

I9'6 ft. per second 



B 



Fig. 277. 



If the Stream through the pipe is to be perfect, the pressure 
must not go below zero, because a liquid cannot sustain a tension. 
Hence the maximum value of H corresponds to Pa = o. Inserting 
this in Bernouilli's equation for sections A and B, we get — 



+ 



2jr 



+ H 



15 X 144 vv 



62-5 



+ ^ -6 
2^ 



and as Vj^ = 2V^ = 39'2 ft. per second, we have- 

H = 347 +6-6-24 
= 107 ft. 



Hence, if the top of the siphon is raised more than 107 ft. 
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above the free surface of the water in the tank the stream will 
break, and the siphon stops working. 

Fluid Friction, unlike solid friction, does not depend 
upon the pressure of the fluid ; but it does depend upon the 
surface of contact between the pipe and the fluid, and also upon 
the velocity of the fluid over that surface. 

The loss of head between two sections of a horizontal 
pipe, measured in feet of water, is given approximately by the 
expression— 

cl v^^ 
d ■ 2g 

where / is the length of the pipe in feet, d is the diameter of 
the pipe in feet, and f is a coefficient. 

This expression can be verified in the following manner : — 

Arrange a long length of horizontal pipe (preferably of 
small diameter) with a series of tees. Attach a pressure gauge 
to the first of these, and another gauge to each of the others 
in turn. The difference in the readings of the two gauges will 
be found to be proportional to their distance apart along the 
pipe. 

Next carry out an experiment at different rates of flow, 
and calculate the velocity in each case. Deduce the relation 
between difference of gauge-readings and velocity. 

Different-size pipes must be used to show that the loss of 
head is inversely proportional to the diameter of the pipe. 

The General Equation for a Gas in Equilibrium. 

By the term gas we generally infer that a gas far removed from 
condensation is meant. A gas near condensation is called a 
vapour, and behaves differently to a gas far removed from 
condensation. 

Let P = pressure of gas in pounds per square foot ; 
P— ;j ij ji » inch ; 

V = volume of i lb. gas in cubic feet (called the 
specific volume of the gas) ; 
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Let T = absolute temperature of the, gas 
= 273 + ^ Centigrade, 
or = 468 + t Fahrenheit, where / = temperature on 

the ordinary scale of the thermometer ; 
R = a constant, which is different for different gases. 

Then — 

PV = RT 

is an equation which holds good for all gases with a near 
approach to accuracy. 

If some other system of units be used instead of the foot- 
pound and second system, the value of R will be different. 

In the above equation let T be kept constant, then — 

PV = a constant 

which generally goes by the name of Boyle's Law. If suffixes 
1, 2, 3, etc., denote different stages in some operation at con- 
stant temperature, then — 

PiVi = P2V2 = P3V3 = a constant 

Returning to the original equation, and making P constant, 
we get — 

■p 
V = -pT = T X a constant 

which indicates that the volume of a given mass of gas increases 
directly as the absolute temperature, under constant pressure. 

This relation enables us to construct a thermometer in 
which a gas is the element which expands and contracts with 
change of temperature instead of mercury. 

Let suffix indicate the zero of an ordinary thermometer ; 
then, if A is the absolute temperature of the ordinary zero — 

V = |T = J(A-h/) 
andV„ = |(A + o) 



332 Mechanics. 

Dividing one equation by the other, we get — 

= v.(. + i') 

Let - be represented by a ; then — 

V = V„(i + a/) 

or the volume at any temperature f on the ordinary scale 
equals the volume at ordinary zero (freezing-point) multiplied 
by (i + coefficient of expansion x temperature). The quan- 
tity a. in this case is called the coefficient of expansion at constant 
pressure, and it is independent of the kind of gas ; that is, it is 
the same for all gases. This is approximately the case, as will 
be seen from the table below : — 

Hydrogen . . . o'oo366i 
Air . . . . o'oo367o 
Carbonic oxide O"oo3669 

If we put a = o'oo'366 in the equation — 

V = V„(i -f a.t) 

and remember that according to a previous equation the 
absolute temperature was zero when the volume was zero, we 
find, when putting V = o, that (i -|- a/) = o, and — 

t= - . \. = -273° C. 
000366 '"■ 

The absolute zero of temperature is then somewhere about 
273° C. below freezing-point. Hence the absolute temperature 
of a body is 273 -|- the temperature on the scale of an ordinary 
thermometer, 

Returning again to the equation — 

PV= RT 
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make V constant ; then — 

■^~ V 
also Po =-f^T« 
Divide one equation by the other ; 

then P = Po^ = ^«(^~X^j 

= P„(l + at) 

Hence the coefficient of expansion of a gas at constant 
volume is the same ,as at constant pressure. 

In the above equations V has represented the volume of 
I lb. of gas. If p be the density of the gas, that is, the mass 
in pounds of i cub. ft., or the mass in grammes of i c.c, the 
mass of V cub. ft. must be Vp lbs. But the mass of V cub. ft. 
is I lb. by definition; hence — 

I = Vp 

and p = ,, , or V = - 
■^ V p 

Therefore in any of the preceding equations we may write 

— for V, and express the different relations in terms of density 

rather than specific volume. 

Example. — A quantity of gas occupies a volume of 3 cub. ft. 
at a pressure of 25 lbs. per square inch. It is compressed at 
constant temperature (37° C.) till its volume is ra cub. ft. : find 
its pressure. It is now raised in temperature at constant volume 
to 127° C. : find its pressure. Its temperature is maintained 
constant, and the gas is expanded to a pressure of 10 lbs. per 
square inch : what is its volume ? If it is now cooled to 10° C. 
at constant pressure, what is its volume ? 

At constant temperature— 

PiVi = P,V, 
or 25 X 144 X 3 = 144 X j*2 ^ i'2 

and/u = 62'5 lbs. per square inch 
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Again — 

P2V2 = RT2 
and P3V3 = RT3 

Dividing one equation by the other, and remembering that 
V2 = V3, we get— 

P? ^ la = ^73 + 37 ^ 31 
Ps Ts 273 + 127 40 

hence Pj = Pj x |f = 62-5 x 144 x |J 

and/3 = 62'5 X ^£ = 81 lbs. per square inch nearly 

At constant temperature — 

PaVs = P4V4 

and as V3 = Vg, the volume being constant during that change — 

144 X 81 X V7, = 144 X 10 X Vj 

and V^ = 972 cub. ft. 

Again — 

P4V4_ Rl\, 
PeVe RT5 

or V5 = V, X '^ when P^ = P^ 

1 • 17 273 + 10 

that IS, Vg = 972 X -^^-, 

273 + 127 

= 6'9 cub. ft. 

Example. — If a mass of gas occupied a volume of 9 cub. ft. at 
20° C, what will it occupy at 120° C. if its coefficient of expansion 
is o"oo366 and the pressure is constant ? 

The simplest way of solving this problem is as follows : — 



P20V20 


= 


RT,„ 


and P120V120 


= 


RT120 


as Pjo 


= 


P120 


V,20 


= 


■I 20 




= 


273 + 120 

■' 273 + 20 




= 


12-07 cub. ft. 



Again- 
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It can be solved as follows : — 

Vjo = Vo(i + a X 20) 

hence Vo = — ^ = 8'386 cub. ft. 
° 1-0732 ^ 

V120 = Vo(i + a X 120) 
= 8'386 X 1-4392 
= 12-07 cub. ft. nearly 

Summary of Chapter X. 

I. The pressure of a fluid on a surface immersed in 
it = area of surface x depth of centre of gravity of 
surface X density of fluid. 

3. In hydraulic machinery, the pressure per square 
inch is the same throughout all the connections. 

3. The support offered by a liquid to a solid 
immersed in it = weight of water displaced by solid. 

4. Density is the mass of unit volume. 

„ .J,. ., density of substance 

5. Specific gravity = density of water 

weight of a body 



weight of an equal volume of water 

6. Volume of liquid discharged from an orifice per 
second = c . A . */ 2gh. 

7. When a liquid flows (full bore) through a closed 
channel (Bernouilli's equation) — 

P V* 

-j h Z = constant 

8 12g 

and (equation of continuity) — 

A . K . 8 = constant 

L v^ 

8. Loss of head due to friction = "^'20- 
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Examples on Chapter X. 

1. In a hydraulic press the pump-plunger is a cylinder 1 em. in 
diameter, and makes a stroke 7 cms. long. The plunger of the press 
is 20 cms. in diameter. Calculate (a) the pressure in the press when 
a weight of 100 lbs. is applied to the pump-plunger (ignoring friction); 
(*) the force acting on the press-plunger ; (c) the number of strokes which 
the pump must make in order to raise the press-plunger 10 cms. 

2. Describe the hydraulic press. How many tons to the square inch 
would you expect at a depth of 5 miles in the ocean, if I cub. ft. of sea- 
water weighs 66 lbs. ? 

3. Describe experiments to prove that the upward force which a fluid 
exerts on an incompressible solid immersed in it depends only on the bulk 
of the body, the density of the fluid, and the intensity of gravity, and is 
independent of the depth of immersion and of the shape of the body. What 
difference would it make if the body were readily compressible ? 

4. Define density or specific gravity, and calculate the mass of I c.c. of 
a certain solid from the following data : a mass of 720 grms. hanging 
from one pan of a balance is totally immersed in water, and found to be 
counterpoised by a weight of 645 grms. in the other pan. 

5. A spherical leaden bullet is cast with a hollow in its interior. How 
could you ascertain the size and position of the hollow without spoiling the 
bullet ? 

6. A solid body weighs 117 grms. in air, 98 in water, and loi in 
another liquid. Calculate the specific gravity of the solid and of the liquid. 

7. Define density. A specific gravity bottle, completely full of water, 
weighs 38 '4 grms. ; and when 22-3 grms. of a certain solid have been 
introduced, it weighs 49 "8 grms. Calculate the density of the solid. 

8. The upper ends of two long vertical glass tubes are connected 
together and to the receiver of an air-pump. The lower end of one dips 
into a beaker of water, that of the other into a beaker of copper sulphate. 
On working the air-pump, the liquids rise in the two tubes, but to different 
heights. Explain the cause of this. 

9. A flask when empty weighs 120 grms., when full of air it weighs 
121 '3 grms., and when full of water, 1 120 grms. . calculate the density of 
the air. 

Explain whether it is or is not necessary to take account of the weight 
of air displaced. 

10. Explain the construction of a barometer, what it measures, and how 
it measures it. Translate pressure measured in terms of the height of a 
barometer mercury column (say either 27 in. or 60 cms.) into absolute units 
of pressure. 

11. Prove that the surface of a heavy liquid at rest in a vessel is a 
horizontal plane. 
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12. A cylinder, loaded so as to float vertically, and weighing 2 grms. 
altogether, just sinks overhead in water when half a gramme extra is put 
on its top J otherwise it protrudes 7 cms. above the surface. What length 
will protrude above the surface of a liquid whose density is five-sixths that 
of water, if the cylinder be set floating in it without the extra load ? 

13. An artificial lake, \ mile long and 100 yards broad, with a gradu- 
ally shelving bottom varying from nothing at one end to 88 ft. at the other, 
is dammed at the deep end by a masonry wall across its entire breadth. 
Find the total pressure on the embankment when the lake is full of water 
weighing three-quarters of a ton to the cubic yard. Find also the total 
weight of water in the lake. 

14. A block of wood floats with 10 cub. in. above the surface in fresh 
water, and with 40 cub. in. above the surface in salt water of specific gravity 
I '025. What is its total volume ? Ans. 1240 cub. in. 

15. A cylinder, weighing I lb., floating in water with its axis vertical 
and each of its ends horizontal, requires a weight of 4 ozs. to be placed on 
its upper surface to depress it to the level of the water. Find the specific 
gravity of the cylinder. Ans. o'8. 

16. Describe an experiment which shows that when a body is weighed 
in water the loss of weight is equal to the weight of water displaced. 

17. A lock-gate in a canal is 8 ft. wide, the water on one side is 10 ft. 
deep, and on the other side is 6 ft. deep. Find the pressure on each side if 
I cub. ft. of water weighs 62'4 lbs. Ans. 24,960 lbs., and 8085-6 lbs. 

18. A solid floats in water with nine-tenths of its volume immersed. 
What proportion of its volume will be immersed when it floats in mercury ? 
[Specific gravity of mercury, I3'6.] Ans. ^§5. 

19. A glass bulb will just stand an excess of inside over outside pressure 
of 200 grms. per square centimetre. It is sealed up at a place where the 
barometer stands at 75 cms., and then taken uphill till it bursts. What is 
the height of the barometer at the place where this occurs ? Ans. 6o'3 cms. 

20. A wide-mouthed bottle full of air is closed with a well-ground glass 
stopper, S cms. in diameter, when the barometer stands at 772 mm. What 
weight must the stopper have in order that it may just be blown out if the 
barometer goes down to 730, the temperature remaining the same ? 

21. What do you know about the density of gases in relation to tem- 
perature and pressure ? Describe experiments which show that the density 
of a gas at constant temperature is proportional to its pressure. A uniform 
tube cFosed at top, open at bottom, is plunged into mercury, so that it con- 
tains 25 c.c. of gas at atmospheric pressure of 76 cms. ; the tube is now 
raised until the gas occupies Jo c.c. : how much has it been raised ? 

22. A balloon is filled with a gas whose specific gravity is one-tenth of 
that of air at the pressure of 760 mm. of mercury at 0° C. Compare the 
lifting power of the balloon in air when the height of the barometer is 
750 mm. with its lifting power when the barometer stands at 760 mm. 
The temperature in both cases is 0° C, and the volume of the balloon is 
supposed to remain unaltered. 

Z 
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23. How would you test Boyle's Law for air at pressures less than the 
atmospheric pressure ? 

Gas is sold by the cubic foot, but the illuminating power is proportional 
to the mass burnt per hour. A iS-candle-power jet costs \d. per 6 hours 
when the barometer stands at 30 in. What will it cost for the same 
candle-power in the same time when the barometer is at 28 in. ? (Neglect 
the difference of pressure between the gas and the atmosphere.) 

Ans. The mass of gas which is sold for \d. at the higher pres- 
sure will cost ^d, or i-j'^rf. at the lower pressure, and this is 
the required price of the jet for 6 hours. 

24. State Boyle's Law carefully, and describe how to verify it for any 
permanent gas. 

25. How can the atmospheric pressure be measured and expressed in 
grammes per square centimetre ? 

26. A barometer reads 30 in. at the base of a tower, and 29'8 in. at the 
top, 180 ft. above. Find the average mass of a cubic foot of air in the 
tower, taking the specific gravity of mercury as 1 3'5, and the mass of a cubic 
foot of water as 62'4 lbs. Ans. 0*078 lb. 

27. A diving-bell, having a capacity of 125 cub. ft., is sunk in salt water 
to a depth of 100 ft. If the specific gravity of salt water be i"02, and the 
height of the water-barometer be 34 ft., find the total quantity of air at 
atmospheric pressure required to fill the bell. 

28. Two hydraulic cylinders, ij in. and 7 in. radius respectively, are 
connected by a pipe. If the smaller piston is depressed through 4 ft., how 
much will the larger piston be raised, and why? 

29. In a hydraulic press the pump ram is ij in. in diameter, the press 
ram 1 5 in. in diameter. Through how many inches must the pump ram move 
if the press ram is raised 16 in. ? What pressure must be exerted on the 
pump ram to secure a pressure of 36 tons by the press ? Assume the 
efficiency is 70 per cent. Ans. 1600 in., and 1152 lbs. 

30. Make a sectional sketch of a hydrostatic press suitable for giving a 
pressure of 100 tons, showing the valves and pump, and by what contrivance 
the leakage of water is prevented. The pump for such ^ press has a 
cylindrical plunger i in. in diameter, with a leverage of 10 to I. What 
should be the least diameter of the ram which should give 100 tons pressure 
when a force of 56 lbs. was applied at the end of the pump lever ? Friction 
is neglected. What form is most suitable for the base of the ram cylinder ? 
and for what reason is a special form adopted ? 

31. Describe and sketch in section a hydraulic accumulator, showing how 
the ram is kept tight in the cylinder. A hydraulic press, having a ram 
16 in. in diameter, is connected with an accumulator which has a ram 8 in. 
in diameter and is loaded with 50 tons of ballast. What is the total pressure 
on the ram of the press ? 

32. A hydraulic accumulator has a loaded plunger of 12 in. diameter, 
and the lift of the same is 8 ft. Sketch the arrangement. What load, in 
tons, will give a pressure of 700 lbs. per square inch in the wster passing 
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from the accumulator to the hydraulic cranes ? What amount of energy 
may be stored up in such an accumulator ? How is a continuous supply of 
air under pressure provided for in a forge bellows ? 

33. The accumulator in. a hydraulic plant has a ram 8 in. in diameter, 
with a stroke of 20 ft. The pressure of water adopted in the system is 
1200 lbs. per square inch. What must be the load placed on the ram, in 
tons ? and what horse-power can be supplied by this plant, assuming the 
machines worked off it use 50 cub. ft. per minute ? The average efficiency 
of the machines is 58 per cent., and the pumps supplying the accumulator 
are sufficient to keep it steady with this consumption. 

Atts. 26-9 tons, and 152 H.P. 

34. Draw a section of a hydraulic press, and explain the principle of its 
action. 

When the ram is exerting a very great pressure, why may a comparatively 
weak pipe be strong enough to contain the water which transmits the force 
from the driving points ? 

35. A gauge in a water-pipe indicates a pressure of water equal to 
40 lbs. on a square inch. What is the depth of the point below the free 
surface? Sketch and explain the action of some form of gauge suitable for 
the above purpose. 

36. Describe the construction and action of an ordinary suction pump 
for raising water from a well. If 200 gallons of water are raised per hour 
from a depth of 20 ft., and if the efficiency of the pump is 60 per cent., 
what horse-power is being given to the pump ? 

37. Water at 750 lbs. per square inch pressure acts on a piston i sq. ft. 
in area, through a stroke of I ft. What is the work that such water does 
per cubic foot, and per gallon ? If a hydraulic company charges 181^. for 
1000 gallons of such water, how much work is given for each penny ? 

38. Explain the use of an intensifying accumulator in hydraulic 
machinery, and sketch its construction. What are the advantages of using 
such an arrangement ? 

How many horse-power are available in a stream of water in which 50 
cub. ft. per second are passing, if the head of the water is 92 ft. ? 

39. Water is flowing uniformly in a nearly rectangular channel through 
a meadow ; it has fallen from a height of 30 ft. State how you would 
proceed to find, with a very rough approximation to accuracy, the water- 
power of the fall. What measurements would you find it necessary to 
make ? 

40. Calculate how many horse-power can be transmitted by a 6-in, pipe 
conveying water under a pressure of 1120 lbs. per square inch. Select your 
velocity of flow. Sketch a suitable joint for connecting two lengths of 
pipes for such a pressure. 

41. In a hydraulic press worked by hand, the hand-lever was 5 ft. long 
and the plunger was connected to the lever at a distance of 4 in. from the 
end. The diameter of the press ram was i ft., and the pressure it exerted 
was 15 tons. If the diameter of the pump-plunger was i in., what force 
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must a man exert at the end of the hand-lever to produce this pressure on 
the ram ? Work out the problem from first principles. 

42. State how the pressure at any point of a fluid is measured. P is a 
point 10 ft. below the surface of a fluid, i cub. in. of which weighs^ lb. Two 
men, A and B, are talking about the pressure at P ; A says it is 4 lbs., 
B says it is 576 lbs. ; the difference is simply due to neither of them saying 
exactly what he means. Show this by completing their statement. 

43. Explain what is meant by the pressure of a fluid at a point, and by 
the resultant fluid pressure on a surface. If a sphere is held half immersed 
in water, find the magnitude of the resultant pressure of the water and the 
line along which it acts. 

44. State the method of finding the magnitude of the resultant pressure 
on a plane area immersed in a liquid. A thin lamina is in shape a regular 
hexagon, and its sides are 3 ft. long ; it is immersed in water with one side 
in the surface, and its plane inclined at an angle of 45° to the vertical : find 
the magnitude- of the resultant pressure on one of its faces, and the average 
pressure-intensity over that face. 

45. State the equation for finding the magnitude of the resultant 
pressure of a liquid on a plane area immersed in it. A square whose 
side is 8 ft. long has its plane vertical and its upper edge of the surface 
of the water in which it is immersed : find the magnitude of the resultant 
pressure on one face of it. If the square were fixed and the surface of 
the water were raised a foot, what would now be the magnitude of the 
resultant pressure ? 

46. When a body is partly immersed in a liquid, along what line does 
the resultant of the fluid pressures act ? 

ABCD is a rectangular lamina ; it is held in a vertical plane with the 
diagonal AC on the surface of water : show in a diagram the line along 
which the resultant of the fluid pressure acts. 

If AB, BC are 10 ft. and 4 ft. long respectively, and if the thickness of 
the lamina is I in., find the magnitude of the resultant pressure. 



CHAPTER XL 

MECHANISM. 

A machine was defined, on p. 209, as a combination of material 
parts, each of which can only move in its own particular path. 
When considering the geometrical properties of, or the 
relations between, the movements of different parts of a 
machine, we often speak of it as a mechanism. 

A machine is made up of parts or pieces, each of which is 
called ■ a link, and the mechanism is often spoken of as a 
kinematic chain. 

A kinematic chain does not become useful until one of its 
links is fixed. It is then, and only then, a machine. A link is 
sometimes called an element. 

Two consecutive links forming part of a machine must be 
connected in some way or other. They then form a pair of 
elements or links. 

Pai7-s are of two kinds : (i) lower, and (2) higher. 
Lower Pairs consist of rigid elements or links, between 
which contcut takes place over a surface. There are three kinds, 
namely — 

(i) A turning pair, in which a portion of one element turns 
inside a portion of the other element without move- 
ment in the axial direction, as a shaft turns in its 
bearing. (Note that if two links are connected by a 
pin, the pin is assumed to form part of one of the 
links, as if it were solid with it.) 

(2) A sliding pair, in which one element slides in or over 

another element without turning, as a piston in a 
cylinder. 

(3) A screw pair, in which one element has a motion 
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relative to the other, which is a combination of turn- 
ing and sliding, as a nut moves over a bolt. 

Higher Pairs are pairs of elements which are not lower 
pairs. These may contain non-rigid elements such as a belt 
(Fig. 278) or a rope (Fig. 199) ; or a liquid element, such as in 
Figs. 251, etc. ; or contact between two links or elements may 
take place along diline (instead of a surface), such as in toothed 
wheels and cams. 

The above gives an idea of how mechanisms may be 
analyzed, but it is a class of work more suited to the senior 
than the elementary student, and hence is out of place in a 
work of this character. Still, some knowledge of how different 
motions are produced by the aid of mechanism must be of 
great value to the elementary student, especially if he be 
engaged in any technical work, and in consequence a few 
illustrations will now be given of how certain typical results are 
produced. 

For the purpose of our elementary discussion of the subject, 
simple mechanisms may be classified as follows : — 

(i) Transmission of circular motion. 

(2) Transmission of linear motion. 

(3) Conversion of circular to linear motion or ince vers&. 

(4) Conversion of continuous to intermittent motion. 

A belt and a pair of pulleys are the simplest contrivance for 
transmitting circular motion from one shaft to another. This 
has already been dealt with arithmetically on p. 266. It is 
sometimes necessary to drive a shaft at a number of different 
speeds by a belt from another shaft rotating at a constant 
speed. This is accomplished by an arrangement of sjieed cones 
(Fig. 278), in which the sum of the diameters of any pair of 
pulleys on which the belt can run simultaneously is constant. 
For example — 

Diameter of C + diameter of D = diameter of E + diameter 

of F 
= diameter of H + diameter 

ofK 
= a constant 
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Of course the length of the belt must be the same for every 
pair of pulleys, otherwise the same belt would not work on 
every pair. This is exactly the case if the belt is crossed, but 
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Fig. 278. — Speed cones. 



when the belt is used " open," as in the figure, there is a slight 
difference in the length for different pairs of pulleys, but this is 
easily taken up by the elasticity of the belt. These sets of 
pulleys are called speed cones, because their edges lie on a 
cone, the slope of the two cones which will work together being 
the same. 

It is sometimes desirable to be able to transmit circular 
motion in either direction at will. One method of doing this 
is shown in Fig. 279. The driving shaft is D, and the driven 
or following shaft which is required to be rotated in either 
direction at the will of the attendant is F. Open and crossed 
belts are used together with one fast pulley C, and two pulleys 
B and D, which are quite free to rotate upon the shaft F and 
are called loose pulleys. A fork, or pair of fingers, whose ends 
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are shown in Fig. 279 at aa, and between which the belt runs, 
can be made to push the belt on to the pulley B by urging the 
fork towards the left. The belt then rotates the loose pulley 
only, and the shaft F remains at rest. The fork aa is rigidly 
connected to the fork cc so that as the open belt is moved from 
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Fig. 280. 



the fast to the loose pulley B, the crossed belt is simultaneously 
moved towards the fast pulley C. It is necessary that the open 
belt should completely leave the pulley C before the crossed 
belt comes into contact with it, hence the distance between the 
two belts must be at least equal to the width of the pulley C. 
This necessitates the loose pulleys B and D being of double 
width. When the forks are urged right across, so that the 
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crossed belt comes on to the fast pulley, the motion of the shaft 
is reversed. 

In some machines it is desirable that the time occupied in 
one direction should be less than that in the other direction ; 
or, in other words, the backward and forward speeds must be 
different. Fig. 280 shows how this may be accomplished. The 
two loose pulleys may be together, as in Fig. 280, or the two 
fast pulleys may be together and the two loose pulleys outside. 

Another mechanism for producing a result something similar 
to Fig. 279 is shown in Fig. 281. It is used for the purpose of 
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Fig. 281.— Automatic reversing arrangement for planing-machine. 



giving to the table of a planing-machine its backward-and-for- 
ward motion, and it is automatic in its action. The screw S 
works in a nut fixed to the movable bed of the planing-machine, 
and as it is rotated will make the bed move in the direction of 
the axis of the screw. To the screw is keyed the bevel wheel 
F (whose teeth are not shown), and gearing with F are two other 
bevel wheels, namely, B fixed upon the shaft N, and A fixed 
upon a sleeve, or hollow shaft, which can rotate freely round the 
shaft N. To this sleeve is fixed the belt pulley A, so that A 
and Ai rotate together. The pulley B is fixed upon the shaft N, 
so that B and Bj rotate together. A single belt passes between 
the fork shown, and always runs in the same direction. As the 
moving table of the planing-machine comes near the end of its 
travel, it strikes a collar on the rod K, moving it from left to 
right, thereby carrying the fork and belt over from the pulley B 
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to A. The pulley A, while turning in the same direction as B, 
will rotate the bevel wheel F in the opposite direction, and 
thereby cause the table to move from right to left until it 
strikes another collar on the rod K, and carries the fork and 

belt over to the position shown, 
thus reversing the direction of 
the motion again. 

The loose pulley is necessary 
for the same purpose as the 
extra width of the pulleys B and 
D in Fig. 279, to enable the belt 
to get quite clear of one fast 
pulley before moving on to the 
other. 

An automatic attachment 
may be added to Figs. 279 and 
280 to produce a result similar 
to that of Fig. 281. 

It is sometimes necessary to 
drive a shaft from another not 
parallel to it. A particular case 
is that shown in Fig. 282, in 
which it is required to drive the 
shaft y from the shaft x. 

The condition which must 
be satisfied in all belt ar- 
rangements is that the belt, 
as it leaves one pulley, must 
be in the central plane of 
the other pulley to which 
it is advancing. 

We see in Fig. 282, both in 
elevation and plan, that when 
the belt leaves the pulley A, it is then in the central plane ce of 
the pulley B ; and further, when the belt leaves the pulley B, it 
•is then in the central plane ac of the pulley B. If the direction 
of motion is reversed, the above condition is not satisfied, and 
the belt immediately comes off the pulleys. 
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Fig. 282.— Half-crossed belt drive. 
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It will be noticed in any workshop that the surface of a 
pulley on which a belt runs is generally slightly convex, as 
shown at P in Fig. 283. This causes the belt to keep to the 
centre of the pulley without any guides or shrouds. In the 
figure the belt is shown running on a cone. The tension of the 
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belt causes it to try and fit tightly upon the surface of the cone. 
To do this, the part in contact with the cone takes the shape 
shown in the figure with a point in the edge at e further up the 
cone than the point d in the same edge. Every point in the 
surface of the cone moves in a circle whose plane is perpen- 
dicular to the shaft, and consequently the point e will be carried 
round with the cone surface to i, assuming the belt does not slip 
over the cone. Now, the point e is higher up the cone than the 
point d, and in this way the belt will continue to creep up the 
cone towards the larger diameter. By making the surface of 
a pulley convex, as at P, the belt running upon it will always 
tend to creep to the largest diameter, which is in the central 
plane. 

A Claw Clutch (Fig. 284) is used to enable a wheel or 
shaft (in the same line as the driving shaft) to be rotated or 
stopped when required, while the driving shaft continues to 
rotate. The spur-wheel, which is quite free upon the shaft, has 
a number of projections or claws, Cj, formed on its boss, which 
will fit into corresponding recesses in the clutch Cj, a perspective 
view of which is shown on the right at C. A fork fits into the 
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groove A in the clutch, and by its means the clutch may be 
moved forwards on the left into gear with the spur-wheel or 
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Fig. 284.— Claw clutch. 



back again. The clutch is compelled to rotate with the shaft 
continually by the feather-key B. These clutches can only be 




used where they can be put into and out of gear while the shaft 
is at rest, or when turning slowly, as the shock which the teeth 
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of the spur-wheel would receive by being thrown into gear when 
the shaft was turning rapidly would probably break the teeth of 
the spur-wheel. 

Another arrangement of a similar nature, where the two 
shafts are at right angles instead of being coaxial, is shown in 
Fig. 285. The cones B, C, and D are the pitch surfaces of 
three bevel wheels, the teeth not being shown. The wheels B 
and C are formed in one casting, and their position is controlled 
by the lever H. In addition to being able to start and stop 
the rotation of the wheel D by bringing the teeth of the wheel B 
into gear with those of wheel D, the direction of rotation can 
be reversed by bringing the wheel C into gear with the wheel D. 
In this case also the wheels cannot be put into gear while the 
driving shaft is rotating rapidly, as some of the teeth may get 
broken in so doing. 

The Friction Clutch (Fig. 286) gets over this difficulty. 
The shaft A requires to 

be started and stopped ^C ,K 

at will. To it is se- 
cured the socket C of 
the clutch. The spigot 
K is made to turn with 
the shaft B by the 
feather-key F, and it is 
also capable of sliding 
axially along the shaft 
B, which is continually 
in motion, the position 
of the spigot K being 
controlled by the lever 
L through the screw S 
and the hand-wheel W. 

The conical surfaces of contact of the spigot and socket are made 
smooth, and the one slips over the other while the spigot is 
being pressed into the socket, and until the speed of the shaft A 
has increased to that of shaft B. As a rule, the cone surfaces 
are much larger in diameter than those shown in the figure, 
and the wedging action enables great pressure to be produced 




Fig. z86.— Cone friction clutch. 



350 



Mechanics. 



between the surfaces in contact, and a correspondingly large 

amount of friction. 

Bevel Wheels. — The nature of bevel wheels can be more 

easily understood from Fig. 287. Here no teeth are shown. 

It will be seen that the wheel on the shaft B is part of the cone 

EOC, and similarly the wheel on 
the shaft A is part of the cone 
DOC. These two cones have 
their vertices at the same point, 
O, and they will roll together if 
there is no slipping of one past 
the other; that is, if a circle on 
one gone moves over the same 
distance in the same time as the 
corresponding circle on the other 
cone which is in contact with it. 
Thus for perfect rolling we must 
have the circle DC moving at the 
same rate as the circle EC, and 
the circle ab must move at the 
same rate as the circle cb. Con- 
sider first the rolling circles DC 

and EC. Let N be the revolutions per minute of shaft A, 

and n the revolutions of shaft B. Then from page 219 we 

have — 

N X DC = « X EC, ox^ - ■^^ 




Fig. 287. — Bevel wheels. 
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similarly, ^ X ab = ?i X cb, or — = ; 

EC cb 

hence ^pr>=, = --; 

DC ab 



Again, if the two cones have their vertices at the same 
point O, and cb is parallel to EC and ab parallel to CD, then 
from similar triangles — 
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, cb ab 

hence ^^ = ^^- 

fb _EC 
°'' ab CU 

which is the same equation as that previously found above, 
on the condition that any two circles of contact should roll 
together; hence two cones will roll together if their vertices 
are coincident. 

Variable =feed Qear. — In some machines it is necessary 
to vary the rate of feed, either between wide limits or con- 
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Fig. 289. 



tinuously from a quick to a slow rate, or vice versa. In Fig. 
288 a mechanism is shown in which S is the main shaft 
rotating at a constant speed. On the end of S is fixed a disc, 
W, in contact with which is a rolling disc, F, which turns with 
the shaft P, but is capable of sliding along it, its position being 
determined by a fork, lever, and screw, as in Fig. 286. The 
shaft P is connected to the feed gear. The linear speed of a 
point near the centre of the disc W (Fig. 288) is less than that 



352 



. Mechanics. 



of a point near the circumference ; and hence, if the wheel F 
is in contact with the disc near the centre of W, the shaft P will 
turn more slowly than when the wheel F is further from the 
centre. The direction of the feed will be reversed if the wheel 
F is moved to the other side of the centre of the disc W. As 
there is only frictional contact, the effort transmitted cannot be 
great. 

A much greater range of speed may be produced by the 
arrangement in Fig. 289, but no reversal can take place. In 
the position of the wheel F in the figure, the disc W is driving 
with a small radius, and the disc K is following or being 
driven with a large radius. The corresponding speed of the 
shaft P is much smaller than would be the case if the wheel F 
were near the centre of the disc K. 

Epicyclic Trains of Wheels. — Another but more com- 




FlG. 290. — Epicyclic train of wheels. 



plicated mechanism for the transmission of circular motion is 
an epicyclic train of toothed wheels, one form of which is 
shown in Fig. 290. A is a rod or arm which can turn loosely 
round the shaft B. It carries the shafts on which are the 
wheels C and N. If by some means we can fix the arm A 
and rotate the wheel M at a given speed, we can calculate the 
speeds of C and N by the method given on page 219. Hence, 
to be able to make calculations or measurements, we must first 
reduce the arm A to rest. We can do this by giving to the 
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whole mechanism the same number of revolutions as the arm, 
but in the opposite direction to that of the arm.'^ 

If the arm previously made a revolutions per minute, 
while the wheel M made m revolutions per minute and the 
wheel N made n revolutions per minute, then, after giving to 
every part of the mechanism a number of revolutions {a) in 
the opposite direction to the arm's motion, the arm will make 
a — a = Q revolutions, the wheel M will make m — a revo- 
lutions per minute, and the wheel N will make (« — a) revolu- 
tions per minute. 

But with the arm fixed, we have the relation ^ — 

M's revolutions x M's teeth = N's revolution X N's teeth 

the wheel C being an idle wheel. This may be written as — 

"• M's teeth _ N's revolutions _n — a 
N's teeth M's revolutions m — a 

If a clock train is used, then the left-hand side of this 
equation becomes ■* — 

number of teeth of each driver multiplied together 
number of teeth of each follower multiplied together 

In making calculations relating to epicyclic trains, great care 
should be taken to prefix the proper signs before n, m, and a, so 
far as they may be known ; clockwise direction being considered 
negative. 

Example. — Let the wheels M and N (Fig. 290) have fifty teeth 
each. Prevent M from moving, and make the arm rotate twenty 

' As an illustration, a boat is allowed to drift down a stream at say 
3 miles per hour. This corresponds to the motion of the arm. If now the 
boat is rowed against the stream at the rate of 3 miles per hour, the boat 
will be stationary, because the rowing just neutralizes the effect of the 
stream . 

^ See page 219. 

' If M and N turn in opposite directions when the arm is fixed, a minus 

, , , , , . M's teeth 
sign should be placed before the fraction „, . ^^ 

* See page 220. 
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times a minute in clockwise direction : how many revolutions 
does N make per minute ? 

Here wz = o, and a = —20. .Then — 

50 _ M's teeth _ n - a _n - (-a) 
50 ~ N's teeth ~ m — 11 ~ o — { — a) 

or a = n + a 

and consequently « = o ; that is, the wheel N does not turn upon 
its axis, which is the same as saying that its lowest point K remains 
the lowest point throughout the motion. 

Example Take away the wheel N (Fig. 290), and prevent 

the wheel C from rotating upon its axis. If the arm makes ten 
revolutions per minute, how many will M make, if M and C have 
each fifty teeth ? 

Here a = 10, and « = o = revolutions of C. 

As there are two wheels only, they will tui-n in opposite directions, 
and therefore — 
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m — 10 
then m = 20, or the wheel M makes twice as many turns as the 
arm in the same direction. 

Example.— In Fig. 291, let the arm make twenty turns per 
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minute in the positive direction round the same shaft as the wheels 
N and M, while the wheel M makes thirteen turns per minute 
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in the same direction : how many turns does the wheel N make 
per minute ? 

The wheels M and N turn in the same direction when the arm 
is fixed, and hence — 

product of teeth in drivers _ , 75 x 60 _ lo 
product of teeth in followers 30 x 45 3 



,10 n 
and — = 



a _ n — 20 

in — a 13 — 20 



which gives m = - 3J revolutions per minute. 

If M had made fourteen turns per minute, N would have 
come out zero ; while if M had made twenty revolutions per minute, 
the equation — 



would become- 
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which is only possible when n = 20. Then all the wheels and the 
arm would rotate together as if they formed one solid piece. 

The Transmission of Linear Motion is not so common 





Fir.. 292.— The toggle joint. 



Fig 293. 
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as the transmission of circular motion, though it is somewhat 
difficult to separate them. An example may be found in the 
toggle joint in Fig. 292. 

A link, FC, is pivoted at F and connected to another link, 
AC, at C, the end A being compelled to move in a vertical 
path by the guides shown. If the joint C be urged in a 
horizontal direction, tending to straighten the links FCA, then 
a small force applied at C will require a large force, P, to resist 
the motion of A. This is shown in Fig. 293, which is a triangle 
of forces for the pin C. The horizontal force on C is repre- 
sented by dl, and the forces in the links by ba and ad. For 
the equilibrium of the pin A we have the forces ab, be, and ca, 
the last being P. The straighter the links become, the further 
does a recede from c, and therefore the larger does P become. 
The force db is put on by means of hand-wheel W and screw. 
This joint is used in some friction clutches and presses. 

Some other instances of linear motion may be found in 
weighing-machines, though here again we also have motion 
round a point, as in circular motion. 

The Roman Steelyard is shown diagrammatically in 

Fig. 294. Taking moments 
round the suspension hook at 
A, we have — 

IV y, a — W^ = o 

0\ Y^ = IV y. -r 
Fig. 294. — The Roman steelyard. 

If b and w are kept con- 
stant, then W is proportional to a, and that arm may be 
graduated in pounds or any other measure. 

It is sometimes convenient to use a number of levers 
instead of one long one. Such a system is shown in Fig. 295, 
where a large weight, W, is balanced by a small weight, w. 
Considering the upperrnost lever, we have — 

force atAx^ — ?cX« = o 

And for the second lever — 

force at B X if — force at D x f = o 




Mechanism. 



357 



As the force at A = force at B, the two equations above 
together give — 

6 
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Fig. 295.— a system of levers. 
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force atD = ze'XTX- 
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In the same manner- 
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b c e 



If it is desired to bring the two hooks in Fig. 294 very close 
together, it will be found very difficult and perhaps impossible. 




F [E D 
W 

Fig. 296. — The differential weighing lever. 

The arrangement shown in Fig. 296 may then be adopted. 
Here the weight W is equally divided between the points F and 
D, and transmitted to the points B and C. 



BH = <r - ^, and CH = ^ + ^ 
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Taking moments of forces acting on the lever round the 
knife-edge at H, we have — 

W T,TT W 



w 



Xa+ xBH-— xCH = o 





or wa ■■ 


W 
= - (CH - 
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BH) 








= —\c +^ - 
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-{c- 


b)\ 






w 

= — X 2^ 

2 






and 





= W 







It is most inconvenient in an ordinary weighing-machine 
to have to sling everything up to a hook. 

A platform is much more convenient, on which the article 
to be weighed is placed. Now, the machine must be arranged 
so that the true weight is indicated, whatever be the position 
of the article upon the platform. The platform is shown in 
outline in Fig. 297 by the dotted rectangle, and it possesses 
four knife-edges, which rest upon the levers at the points of 
the arrows. 

A bifurcated lever, HFDG, turns about knife-edges at 
D and G. Two other levers, CA and QM, rest respectively 
upon fixed knife-edges at A and M, and upon the bifurcated 
lever at C and Q ; the lengths AB and DE being equal, and 
DC and AC being equal. 

The bifurcated lever is connected to the weighing-lever 
PNL by a link, LH. 

Let the weight W of the article be distributed in any manner 

between the four knife-edges, such as Wj, W,, Wg, apd W4. 

The pressure of the lever AC on the bifurcated lever at C is 

obtained by taking moments round A, when it will be found 

AB 
to be Wi X rp. Similarly, the pressure of MQ on the lever 

.. • ,,, A.B 
at Q IS Wj X ^^. 
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Now, consider the equilibrium of the bifurcated lever. Take 
moments round the line joining D to G. Then, if the pressure 
of the link LH on the lever be represented by/ — 




61^ 

Fig. 297. — Diagrammatic representation of the ordinary weighing-macliine. 



AB AT? 

/xw-W^xED-W.xED-W,^^ XCD-W4^^ xCD = o 

Now, ED = AB, and AC = CO, in the ordinary weighing- 
machine (Fig. 297) ; then the above equation becomes — 

//// = W, x ED+W, X ED+ W, X ^ X CD +.W, x — X CD 

= (W, + W, + W, + W,)ED 
= W X ED 

Again, considering the equilibrium of the weighing-lever, 
we have — 



36o 
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W X / — /« = o 

„r ED 

or wp =\N y x n 



that is, w X 



p y, m 
11 X ED 



W 



In the commercial form of the weighing-machine, the 
jockey weight w can only weigh between certain narrow 
limits, such as between o and 14 lbs., and heavier masses than 



Pt^i^^lnoZever 




IVI 



Fig. 298. 



14 lbs. are weighed by putting on a load pillar situated at the 
outer end of the weighing-lever, weights corresponding to 
14 lbs., 28 lbs., 42 lbs., etc., the intermediate quantities being 
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obtained by sliding the jockey weight w along the arm until 
the latter is balanced. If the jockey weight stands at 9 lbs., 
and there are weights on the end of the lever labelled 56 lbs. 
and 14 lbs., the weight registered is56 + i4 + 9 = 79 lbs. 

A similar arrangement is used in Messrs. Ridhl6 Brothers' 
testing-machine (Fig. 298). The load W on the specimen is 
divided in any manner into Wj, W2, W3, Wj. The levers are 

so arranged that - = -■ 
k 

Inserting these equal ratios in the above equation for the 

equilibrium of the bifurcated lever in Fig. 297, we get the same 

result as that just found, namely — 

W = — X w 
ni 

A rope-lifting tackle (Fig. 199) is another example of the 
transmission of linear motion. 

An example of the Conversion of linear to circular motion is 
found in the crank and connect- 
ing-rod (Fig. 117). When a fluid 
presses upon the piston and com- 
pels the crank to turn, we get the 
engine mechanism, but when the 
crank compels the piston to re- 
ciprocate, we have a species of 
pump. 

Cams are used for the pur- 
pose of converting circular to 
linear motion. One is shown in 
Fig. 299 at C, fixed upon the 
shaft S. 

During rotation the cam urges 
the roller B further away from the 
shaft, and the guides a, a compel 
the rod R to move vertically. 

In some cases it is convenient to replace the rod R by an 
arm, L, upon a shaft, M, the former carrying a roller. A, to 
minimize friction. The cam can be so shaped as to give 




Fig. 299. 
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almost any kind of reciprocating motion. The weight of the 
rod R maintains it against the cam, while in the case of the 
arm L the roller A must be pressed against the cam by a spring 
or other similar means. 

The steam-engine governor (Fig. 300) may be cited as an 
example of the conversion of the circular motion of the weights 




Fig. 300. — Engine governor. 



W round B and C into a linear motion of the sleeve H along 
the spindle S. 

At any given speed the right-hand weight is in equilibrium 
under the action of its weight W, the centrifugal force CF, the 
tension T of the link D, and the tension t of the link E. Au 
increase of speed causes an increase of centrifugal force, which 
requires a new position of the weights further from the spindle 
S, to permit of equilibrium. 

This outward movement of the weights causes the sleeve 
H to rise, and the governor-valve connected to H will be 
partially closed, and the amount of steam regulated to suit the 
work to be done. 

Intermittent Motion. — This kind of motion is often 
used for feed purposes in machine tools. A simple example 
is given in Fig. 301. A crank, FE, turns about F at a constant 
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speed. An arm, DA, turning about a spindle. A, is connected 
to E by a rod, ED. The rotation of the crank causes the arm 
DA to reciprocate between the limiting positions BA and CA. 
During the motion from C to B the pawl slides over the teeth 
of the ratchet wheel, but during the return movement from B 
to C, the pawl catches against one of the teeth and the ratchet 
wheel is turned through the angle BAG. 

It is necessary that when the resistance of a tooth acts 







Fig. 301. 



on the point of the pawl, the latter shall not slip out of its 
position. This is ensured by arranging the pawl and the teeth 
of the ratchet-wheel so that the pres- 
sure, R (Fig. 302), of the teeth on the 
point of the pawl shall pass between 
the pawl-pin and the wheel, thus pro- 
ducing a moment on the pawl eciual to 
R X rt^ in a direction tending to keep 
it in contact with the wheel. 

It is sometimes necessary to use a 
pair of pawls, such as P and Q in Fig. 303, when it is 
desirable to minimize the backlash or lost motion between the 
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teeth and the pawl. It will be noticed in the figure that the 
point of the pawl P is half a tooth further in advance than 
the point of the pawl Q. Using the two pawls is equivalent 
to doubling the number of teeth in the ratchet-wheel. 

A friction feed is shown in Fig. 304. 

A ring, S, fits loosely over the plain wheel W. A bent 





Fig. 303. 



Fig. 304.— a friction ratchet-gear. 



lever, L, is attached to the ring S with a pin. When the 
upper end of the lever is moved in the direction of the arrow 
A, the foot F is lifted from the wheel, and after the lever 
comes against the lug H, the ring and lever are carried round 
together as one body. On the return stroke, when the lever 
is moved in the direction of the arrow B, the foot F is pressed 
against the periphery of the wheel W, and the friction so 
produced is sufficient to carry lever, ring, and wheel forward 
together. It will be seen that this mechanism is equivalent to 
that in Fig. 301, and if there were no lost motion of the lever 
L, it would be equivalent to a ratchet-wheel with an infinite 
number of teeth. 

Fig. 305 is a ratchet gear in which the feed stops after the 
speed of the mechanism has reached a certain limit. It is in 
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reality a gas-engine governor. Every time the spindle H is 
pushed towards the left a charge of gas enters the engine, and 
useful work is done by the exploding gas upon the piston. 

This is normally brought about by the arm BA being 
moved to the left, and causing the finger D to push in the 
spindle H. A spring, DC, maintains the arm DAF normally 
in the position shown ; but if the speed exceeds the normal, 





Fig. 305. 



Fig. 306 — Stanhope levers. 



the bob F tends to lag behind and stretches the spring DC, so 
that the finger D misses the spindle H, and no gas enters the 
engine until the speed comes back to the normal again. 

A mechanism which can hardly be classed under inter- 
mittent motion is the Stanhope Levers in Fig. 306. HFE 
is a bent lever, and BA is a plain crank fixed upon the spindle 
A, which, in a form of printing machine, is screwed. For the 
equilibrium of the lever HFE we must have — • 

pressure on pin E X FD = P X HF 

HF 
that IS, pressure on pm E = P X t--pv 



Again- 
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the turning moment i . . „„ ^. 

^, ■ J, , ■( = tension in EB X CA 
on the spindle A ) 

HF 
= P X pp X CA 

The further the lever HFE is moved the smaller does FD 
become, and consequently the greater does the turning moment 
become. In this way great pressure can be exerted by the 
screw in an a;cial direction. 
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The Theory and Use of the Vernier. — The vcrnici- is a small 
supplementary scale used in conjunction with an ordinary scale for 
the purpose of measuring to a greater degree of accuracy than is 
possible with the ordinary scale alone. 

One is shown in Figs. 8, 9, 11. 

A part of an ordinary scale, with vernier slide attached, is shown 
in Fig. 307. 

The vernier is generally made to read in tenths against a scale 
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Fig. 307. 



also in tenths. For example, if a foot rule contains inches and 
tenths of an inch, a vernier will enable the rule to be read to 
hundredths of an inch. Fig. 307 is an enlarged diagram of this 
arrangement. 

The ordinary scale reads 7'2 plus a fraction of one-tenth of an 
inch, whose length is AB. It is this last piece that the vernier 
measures. 

The vernier is constructed by taking nine ordinary scale 
divisions and dividing their equivalent length into ten equal 
parts, as shown in Fig. 308.. Consequently, each vernier division 
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is shorter than a scale division by one-tenth (or o"i) of a scale 
division. 

Returning to Fig. 307, it will be noticed that the eighth 
vernier mark, D, coincides with a scale mark C, therefore the 



O/rfintxnfSea^ 



rrr^ 



I 






Fig. 308. 

length DE (= 8 vernier divisions) is shorter than CA (8 scale 
divisions) by 8 times o'l of a scale division ; that is o"8 of a scale 
division, which equals o'o8 in. Hence the rule : Look along the 
vernier scale, and see which mark coincides with a main-scale 
mark. The number of the vernier mark is the decimal part of the 
scale division it is desired to measure. 

The vernier and scale in Fig. 307 now reads — 

= 7"2 -f o'8 of a scale division 
= 7'2 -1- o'8 of ^ in. 
= 7'2 -I- o'o8 in. 
= 7'28 in. 



The -vernier must be read in the same direction as the ordinary 
scale. 

The vernier need not be made to read in tenths, although it is 
almost always most convenient to do so. 

Let the length of 5 (or « — i) scale divisions be divided into 

6 (or n) equal parts to form a vernier, then each vernier division 

( n - \\ 
is f I or 1 of a scale division, and is shorter than a scale 

division by J ( or -^ j of a scale division. In Fig. 309 the fourth 
(or r"') vernier mark coincides with a scale mark, hence BC is 
shorter than AC by ,t (or 1 of a scale division. That is, 
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AB = jj- ( or - J of a scale division. But each scale division 

is ^ in., hence AB is f ( or - ] of J in. 

We can now state the general rule thus — 

Let the principal or unit graduation on the main scale 
be divided into p equal parts, and let (n — i) of these be 
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Fig. 3og. 



divided into « equal parts to form the vernier; then, if the 
r^ mark on the vernier coincide with one on the scale, 
the small fraction indicated by the vernier is— 



pn 



of the unit graduation 



The Screw Gauge, or Micrometer Caliper.— The instrument 




Fig. 310.— The miciometer gauge or caliper. 

shown in Fig. 310 is used to measure more accurately than the 
scale and vernier. It is graduated in millimetres or inches, but 

2 B 



370 Appendix. 

not in both. That in Fig. 310 is graduated in millimetres, the 
whole number of millimetres being shown on the scale at A. The 
fraction is read off round the bevelled edge at B in hundredths of 
a millimetre. 

In some malces of instrument this edge is divided into a 
hundred equal parts ; then the number on the bevel coincident 
with the longitudinal line (touching the top ends of the gradua- 
tions A) is the fraction of the millimetre required. One turn of the 
bevelled edge advances the end M just i mm. The majority of 
these gauges are less conveniently graduated than the one just 
described. The scale A is the same, but that on the bevel does 
not consist of a hundred equal parts, but of fifty ; there being two 
turns of the bevel to a millimetre of longitudinal movement of M- 
The bevel is graduated from o to 50, so that fractions of the first 
half of a millimetre are read off directly, but during the second half 
fifty hundredths have to be added to the number read off on the 
bevel. In Fig. 310 the graduated parts are enlarged in the lower 
right-hand corner, and the reading is 4'623 mm., the edge PQ 
cutting the millimetre in its second half. The bevel reading is not 
i2"3 hundredths, but 50 -I- i2'3 hundredths. 

Those instruments which read in inches have the scale A 
graduated in fortieths of an inch ; and the bevel B divided into 
twenty-five equal parts, one turn of the bevel advancing the spindle 
M through -^ in. 

The Equation to a Straight Line. — This is something 
which is so often used in experiments in mechanics, that it will 
be necessary to explain here how it is obtained. 

Vertical heights from the base ON (Fig. 311) to the line in 
question, KP, are called ordinates ; while horizontal distances from 

are called abscissas ; hence a point, P, on the line KP has an 
ordinate PN = 17 '6, and an abscissa oN = 27. 

We desire to obtain an equation which will give us the relation 
between the abscissa and ordinate of any point on the line KP. 

We notice, to begin with, that the line cuts the vertical axis at 
the point K seven units above o. The line then rises two units for 
every five units measured horizontally, that is, a rise of 0*4 for every 

1 horizontally. Hence the height of any point, O, above the base 
is oK -1- o'4 X the horizontal distance of Q from the vertical axis 
oY. But the height of Q above the base is called the ordinate 
of Q, and the distance of Q from the vertical axis is called the 
abscissa of Q ; hence the above equation can be written — 

ordinate = oK -|- o'4 x abscissa 
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The number 0'4 was the rise of the line KP, which took place 
over a horizontal distance of i, and this must equal the rise over 
say n units measured horizontally divide^ by n. If we take any 
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two points, R and Q, on the line, and draw a horizontal through R 

and a vertical through Q, these meeting in T, then QT is the 

. QT 
rise over the horizontal distance RT, and the rise over i is ^. 

This fraction ^ is generally called the slope of the line, while the 
R 1 

length oK may be called the intercept, cut off by the line on the 

vertical axis. 

The above equation can now be written as — 

ordinate = intercept + slope x abscissa 

This will hold for all straight lines, every line having its own 
intercept and slope as constant quantities. A few examples will 
now be given. 

Find the equation to the line KQ in Fig. 312. 

Here the intercept oK is 4. Selecting any two points, R and 
Q, on the line, and drawing RT and OT, we find RT = 25 and 
QT = 15. 
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Hence ordinate = 4 + o'6 abscissa 
is the equation to that line. 
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Again, find the equation to the line KQ in Fig. 313. 

The intercept is 16, the slope is asTJ = °'°28 ; the ordinates 
represent lifting forces, and the abscissse represent loads lifted by 
the machine, to which this line refers. Thus — 

lifting force = 16 + o'028 load lifted 
Find the equation to the line AB (Fig. 314). 
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Here the intercept is —8, because the line cuts the vertical 
axis at a point — 8 below the origin. 

^, , . BT 17 

The slope is ,,,p = — = 07 1 

hence ordinate = —8 + 071 abscissa 

FH _ 16 
The line EG has an intercept of 25 and a slope - r-Y{ ~ ~^ 

= — o'5, the minus sign being used to signify that the line slopes 
upwards from right to left instead of from left to right. 
The equation to the line EG is — 

ordinate = 25 — 0-5 abscissa 
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Deducing the Equation to a Curve is not so easy a matter. 
The few cases that occur in elementary experimental mechanics 
are dealt with below. 

Let y represent the ordinate of a point on the curve, and x 




the abscissa. Then there are a number of curves that can be 
represented algebraically by the equation — 

y = ex" 



To find whether a given curve such as MN (Fig. 315) is 
represented by this equation, proceed as follows : — 



Appendix. 



375 



X. 


y- 
3-0 


Log -r. 


Log J-. 


I 


o-o 


0-477 


2 


4-24 


0-301 


0-627 


3 


5-21 


0-477 


0-717 


4 


6-0 


0-602 


0-778 


5 


675 


0-699 


0-829 


6 


7-4 


0-778 


0-869 


8 


8-SS 


0-903 


0-932 


9 


9-0 


0-9S4 


0-9S4 


12 


1 04 


1-079 


1-017 


l6 


120 


1-204 


1-079 



Construct a table of corresponding values of x and y. This 
table is generally obtained from experiment before the curve is 
drawn. Now obtain the logarithms of the several values of x 
and y, and plot these as in Fig. 316. The points happen in this 
case to lie on a straight line. Its equation is — 

ordinate = intercept + slope x abscissa 
or logjc = 0-477 + o'5 X log .r 

Now take logarithms of both sides of the equation — 

y = ex" 
then — 

Iog_j' = log c + n log X 

Comparing this with the equation above, we see it is of exactly 
the same character, and that // = 0-5, and log e - 0-477. Con- 
sequently c = 3. The equation to the curve then is — 

y = 3A-i^ 

If the plotted logarithms should give a curve instead of a 
straight line similar to AB (Fig. 316), then the above equation is 
not the kind of one which represents the curve. Some other form 
of equation must then be tried. One of these which is used in an 
experiment is — ■ 

y = ^ 

e being the base of the hyperbolic logarithms = 2-718. 
Taking hyperbolic logarithms of both sides, we get — 

(hyp.) log J/ = ex 
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If a table of hyperbolic logarithms is not available, the 
hyperbolic logarithm may be found by multiplying the common 
logarithm by 2"3. 

Plot the hyperboUc logarithms of y vertically, and the values 
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of X horizontally. Then, if the curve can be represented by the 
equation — 

y = «" 

the plotted points will lie on a straight line through the origin, its 
slope being C. For an equation of this kind, see p. 270. 

Average Height and Area of an Irregular Figure. — One 

of the simplest methods of doing this is to divide the area into 
a number of parallel strips of equal width. Each strip will be a 
four-sided figure, with a pair of sides parallel, and hence the 
average height of a strip will be its middle height, while its area 
is the product of its width and its average height. The mean 
height of the whole figure is the average of the middle heights, 
while the area of the figure is the sum of the areas of the strips. 

Referring to Fig. 317, draw a pair of parallel lines touching the 
ends of the diagram. These are shown dotted, and they pass 
through A and B respectively. 
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Set a scale, such as AB in Fig. 317, so that the zero of the 
scale is somewhere on the left vertical line, and the tenth division 
on the other vertical line at B. Then mark the middle points, 
C, D, E, etc., of all the intervals, and through these points draw 
verticals. These are the positions of the middle heights of the strips.. 

Then the average height of the figure is the average of the 
lengths of the dotted middle heights inside the figure. These are 




Fig. 317. 



given in the first column of the table on page 87. Their sum is 

27'52, and consequently the average height of the figure is 

27-62 , . 

-j^ = 276 m. 

The length of the figure is 9'8 in., hence its area must be 
2-76 X 9"8 = 27 sq. in. 

The above method is based upon the assumption that the 
boundaries of the strips are straight. This is not approximately 
true in some cases, notably in the first, third, and last strips in 
Fig. 317. Here new boundaries are drawn (dotted), which 
approximately cut away from the figure as much area as they 
take into it. 

The Centre of Gravity of a Triangular Lamina. — In Fig. 
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318, ABC is a triangular lamina, or plate of uniform thickness. 
Divide the lamina into a large number of narrow strips parallel to 
the base, such as ch, ba, and de. The centres of gravity of these 
strips are at their middle points, i, m, and «, respectively. Similarly, 
the centres of gravity of all the strips will be at their middle points, 




Fig. 3t8. 

which lie on the line AQ joining the \ertex to the middle point of 
the opposite side ; and hence the centre of gravity of the whole 
triangle must be in this line. Similarly, it is in the line BP ; hence 
it must be at G, where these lines intersect. Join PQ. Because 
QC = iBC, and PC = JAC, then PO = JAB from the similar 
triangles CPQ and CAB. Also GPO and GBA are similar 
triangles, in which QP = JBA, and hence QG = JAG, and 
consequently OG = JAQ ; therefore — 

The centre of gravity of a triangular lamina lies on the line 
joining the middle point of any side to the opposite angle, 
and one=third of the line from the side in question. 
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Absolute temperature, 331 
Absolute units of force, 205 
Acceleration, definition of, 135 
Area of an irregular figure, 377 
Atwood's machine, 146 
Autographic wire-straining appa- 
ratus, 23 



B 

Balance, spring, 6 

Balance, the weighing, 93, 308 

Harr's wire-straining apparatus, 23 

Beam-bending, 272, 276 

Belt, creep of, 347 

Belt friction, 268 

Belt mechanisms, 343 

Belts, 265 

Bending of a beam, 272 

Bernouilli's equation, 322 

Bevel wheels, 350 

Brake, dynamometer, 257 



Calibration of a tank, 321 
Caliper-micrometer, 369 
Cams, 361 

Centre of gravity, 83, 378 
Centre of parallel forces, 92 
Centre of pressure, 316 
Centrifugal force, 164 
Clinograph, 41 
Clutch, 348 

Coefficient of friction, 27 
Components of a force, 44 
Cotter joint, 67 



Couple, 278 
Crank effort, 100, 241 
Creep of belt, 347 
Cylinder, strength of, 81 



D 

Density, 305 
Density bottle, 313 
Differential pulley-block, 216 
Dynamometer, 257, 261 



E 

Efficiency, 230, 303 
Energy, kinetic, 175 
Engine mechanism, forces in, 100, 

239 

Epicyclic trains of wheels, 352 

Equation to a line, 370 

Equilibrium, 49, 75 

Equilibrium, experimental illustra- 
tion of first law, 75 

Equilibrium, experimental illustra- 
tion of second law, 77 



Feed gear, 351 
Flow of liquid, 319 
Fluid — definition, 283 
Fluid friction, 330 
Fluid pressure, 287 
Flywheel experiment, 178 
Force, 6, 39 
Force, centrifugal, 164 
Friction, 25, 330 
Friction clutch, 349 
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Friction, limiting angle of, 65 
Friction of a belt, 268 
Friction of a machine, 230 
Friction of a pulley, 32 
Funicular polygon, 115 



Gas — general equation, 330 



H 

Harmonic motion, 196 

I [arrison's clinograph, 41 

Helical spring, 7 

Hydraulic accumulator, 300 

Hydraulic jack, 297 

Hydraulic machinery, velocity ratio, 

224 
Hydraulic press, 293 
Hydrometer, common, 311 
Hydrometer, Nicholson's, 309 



I 



Impact, 192 

Indicator, steam-engine, 254 

Initial tension, 58 



K 
Kinetic energy, 175 



Limiting angle of friction, 65 
Live load, 275 



M 

Mass, definition of, 145 
Mechanical advantage, 225 
Mechanical efficiency, 230 
Mechanism, 341 
Micrometer caliper, 369 
Modulus of elasticity, 10 



Newton's laws of motion, 202 
Nicholson's hydrometer, 309 



Packing, 295 

Pairing, 341 

Parallel forces, centre of, 92 

Pendulum, 198 

Permanent set, ig 

Polygon, funicular, 115 

Polygon of forces, 49 

Polygon of forces, experimental 

illustration, 60, 63 
Pound, standard, 6 
Power, 251 

Principle of work, 176, 232, 238 
Pump efficiency, 304 
Pump force, 294 



R 

Radius of gyration, 190 
Ratchet gearing, 363 
Reciprocal figures, 1:5 
Representation of forces, 39 
Resultant, 40 
Reversibility, 236 

Richie's testing-machine levers, 360 
Rope pulley-tackle, 213 



Screw-cutting, 222 
Screw gauge, 369 
Screw-jack, 217 
Screw threads, 221 
Set, permanent, 19 
Similar triangles, 2 
Siphon, 329 
Speed cones, 343 
Spiral spring, 7 
Spring, 7 
Spring-balance, 6 
Standard pound, 6 
Stanhope levers, 365 
Steam-engine indicator, 254 
Steelyard, 356 



Index. 



381 



Straight line — equation, 307 
Strain, 10 

Strength of hollow cylinder, 81 
Stress, lo 



Temperature, absolute, 331 
Toggle joint, 355 
Transmission dynamometer, 260 
Triangle, centre of gravity of, 378 
Triangle of forces — experimental 

illustration, 59, 61 
Turning moment, loi 



Units of force, 205 



Velocity, definition of, 132 
Velocity ratio, 209 
Vernier, 367 

W 

Water-clock, 149 
Weighing-machine, 358 
Weston's pulley block, 216 
Wheel and axle, 210 
Wheel-trains, 218 
Wire-stretching, 12 
Work, 175, 203, 251 
Work, principle of, 176, 238, 252 
Worm-wheel, 217 



Young's modulus, 1 1 , 29 



THE END. 
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M.I.M.E., A.M.I. C.E. Fcp. 8vo., 2J. bd. 

CLERK.— TliE GAS AND OIL ENGINE. By Dugald 
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AND MAGNETISM. By G. CAREY Foster, F.R.S. , Fellow and Emeritus 
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SLINGO AND BROOK£R.—yNox\s, by W. SLINGO and A. 
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ARTISANS AND STUDENTS. With 383 Illustrations. Crown 8vo. , I2i. ' 

PROBLEMS AND SOLUTIONS IN ELEMENTARY 

ELECTRICITY AND MAGNETISM, With 98 Illustrations. Cr. 8vo. , ai. 

rKVZ>^ZZ.— Works by JOHN TYNDALL,D.C.L.,F.R.S. Seep.36. 
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TELEGRAPHY AND THE TELEPHONE. 

HOPKINS. — TELEPHONE LINES AND THEIR PRO- 
PERTIES. By William J. Hopkins, Professor of Physics in the Drexel 
Institute, Philadelphia. Crown 8vo., 6j. 

PREECE AND SIFE WPIG ffr.—T¥.LEGRAPH.Y. By Sir W. 

H. PREECE, K.C.B., F.R.S., V.P.Inst., C.E., etc.. Consulting Engineer and 
Electrician, Post Office Telegraphs ; and Sir J. Sivewright, K.C.M.G., General 
Manager, South A frican Telegraphs. With 267 Illustrations. Fcp. 8vo. , 6s. 

ENGINEERING, STRENGTH OF MATERIALS, ETC. 

ANDEPSOM— THY. STRENGTH OF MATERIALS AND 

STRUCTURES : the Strength of Materials as depending on their Quality and 
as ascertained by Testing Apparatus. By Sir J. Anderson, C.E., LL.D., 
F.R.S.E. With 66 Illustrations. Fcp. 8vo., 3^. 6d. 

BAPPy.—RAlUW AY APPLIANCES: a Description of Details 

of Railway Construction subsequent to the completion of the Earthworks and 
Structures. By Sir John Wolfe Barry, K.C.B., F.R.S., M.I.C.E. With 
218 Illustrations. Fcp. 8vo., 4;. 6J. 

DIPLOCK.~A NEW SYSTEM OF HEAVY GOODS TRANS- 
PORT ON COMMON ROADS. By Braham Joseph Diplock. With 
27 Illustrations. 8vo. , 6j. dd. net. 

GC>OZ>^^W: -MECHANICS APPLIED TO ENGINEERING. 

By John Goodman, Wh.Sch., A. M.I.C.E., M.I.M.E., Professor of Engineering 
in the Yorkshire College, Leeds (Victoria University). With 620 Illustrations 
and numerous Examples. Crown 8vo. , 7J. dd. net. 

LOW. — A POCKET-BOOK FOR MECHANICAL EN- 
GINEERS. By David Allan Low (Whitworth Scholar), M.I.Mech.E., 
Professor of Engineering, East London Technical College (People's Palace), 
London. With over 1000 specially prepared Illustrations. Fcp. 8vo. , gilt edges, 
rounded corners, ts. 6d. 

PAPKINSOM— LIGHT RAILWAY CONSTRUCTION. By 
Richard Marion Parkinson, Assoc. M. Inst. C.E. With 85 Diagrams. 
8vo., los. 6d. net, 

SM/rir.— GRAPHICS, or the Art of Calculation by Drawing 
Lines, applied especially to Mechanical Engineering. By ROBERT H. Smith, 
Professor of Engineering, Mason College, Birmingham. Part I. With 
separate Atlas of 29 Plates containing 97 Diagrams. 8vo., 15^. 

STONE K— THE THEORY OF STRESSES IN GIRDERS 

AND SIMILAR STRUCTURES ; with Practical Observations on the 
Strength and other Properties of Materials. By Bindon B. Stoney, LL.D., 
F.R.S., M.I.C.E. With 5 Plates and 143 Illust. in the Text. Royal 8vo., 36^. 

UJVWIN.— THE TESTING OF MATERIALS OF CONSTRUC- 
TION. A Text-book for the Engineering Laboratory and a Collection of the 
Results of Experiment. By W. Cawthorne Unwin, F.R.S., B.So. With s 
Plates and 188 Illustrations and Diagrams. 8vo., i6r. net. 

WAPPEN.—ENGlNEERmG CONSTRUCTION IN IRON, 

STEEL, AND TIMBER. By William Henry Warren, Challis Professor 
of Civil and Mechanical Engineering, University of Sydney. With 13 Folding 
Plates and 375 Diagrams. Royal 8vo. , i6j. net. 

WJIEELEP.— THE SEA COAST: Destruction, Littoral Drift, 

Protection. By W. H. Wheeler, M.Inst. C.E. With 38 Illustrations and 
Diagram. Medium 8vo., loj. 6d. net. 
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LONGMANS' CIVIL ENGINEERING SERIES. 

CIVIL ENGINEERING AS APPLIED TO CONSTRUCTION. 

By Leveson Francis Vernon-Harcourt, M.A., M.Inst.C.E. With 368 

Illustrations. Medium 8vo., 14J. net. 
Contents. — Materials, Preliminary Works, Foundations and Roads — Railway Bridge and 
Tunnel Engineering— River and Canal Engineering — Irrigation Woriss — Dock Works and 
Maritime Engineering — Sanitary Engineering. 

NOTES ON DOCKS AND DOCK CONSTRUCTION. By C. 

COLSON, C.B., M.Inst.C.E. With 365 Illustrations. Medium Bvo., 21J. net. 

CALCULATIONS IN HYDRAULIC ENGINEERING: a 

Practical Text-Book for the use of Students, Draughtsmen and Engineers. By 
T. Claxton Fidler, M.Inst.C.E. 

Part I. Fluid Pressure and the Calculation of its Effects in En- 
gineering Structures. With numerous lUustns. and Examples. 8vo.,6i. bd. net. 

Part II. Calculations in Hydro- Kinetics. With numerous Illus- 
trations and Examples. 8vo. , -js. 6d. net. 

RAILWAY CONSTRUCTION. By W. H. Mills, M.I.C.E., 

Engineer-in-Chief of the Great Northern Railway of Ireland. With 516 Illus- 
trations and Diagrams. 8vo. , i8j. net. 

PRINCIPLES AND PRACTICE OF HARBOUR CON- 
STRUCTION. By William Shield, F.R.S.E.,M.Inst.C.E. With97 Illus- 
trations. Medium 8vo., 15;. net. 

TIDAL RIVERS: their (i) Hydraulics, (2) Improvement, (3) 
Navigation. By W. H. Wheeler, M.Inst.C.E. With 75 Illustrations. 
Medium 8vo., i6j. net. 



NAVAL ARCHITECTURE. 

ATTWOOn.—T^XT-BOOYi OF THEORETICAL NAVAL 

ARCHITECTURE : a Manual for Students of Science Classes and Draughts- 
men Engaged in Shipbuilders' and Naval Architects' Drawing Offices. By 
Edward Lewis Attwood, Assistant Constructor, Royal Navy. With 114 
Diagrams. Crown 8vo., 7^. 6d. 

-ffCZvl/^.— PRACTICAL SHIPBUILDING : a Treatise on the 

Structural Design and Building of Modern Steel Vessels, the work of construc- 
tion, from the making of the raw material to the equipped vessel, including 
subsequent up-keep and repairs. By A. Campbell Holms, Member of the 
Institution of Naval Architects, etc. In 2 vols. {Vol. I. , Text, medium 8vo. ; 
Vol. II., Diagrams and Illustrations, oblong 4to.) 48J. net. 

WATSON.— ^KYKL ARCHITECTURE : A Manual of Laying- 
off Iron, Steel and Composite Vessels. By Thomas H. Watson, Lecturer on 
Naval Architecture at the Durham College of Science, Newcastle-upon-Tyne. 
With numerous Illustrations. Royal 8vo., iji. net. 

WORKSHOP APPLIANCES, ETC. 

NOHTHCOTT.—l^kTHE^ AND TURNING, Simple, Mecha- 
nical and Ornamental. By W. H. NORTHCOTT. With 338 Illustrations. Bvo., i&t. 

'S'iy.SZZ^K— WORKSHOP APPLIANCES, including Descrip- 
tions of some of the Gauging and Measuring Instruments, Hand-cutting Tools, 
Lathes, Drilling, Planeing, and other Machine Tools used by Engineers. By 
C. p. B. Shellev, >I.I.C.E. With an additional Chapter on Milling by R. 
R. t-lSTER. With 3a« Illustrations. Fcp. 8vo. , 5^. 
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MACHINE DRAWING AND DESIGN. 

LONGMANS' LIST OF APPARATUS FOR USE IN GEO- 
METRY, ETC. 
i. LONGMANS' ENGLISH AND METRIC RULER. Marked on one edge 
in Inches, Eighths, Tenths and Five-fifths. Marked on the other edge in 
Centimetres. Price id. net. 

2. LOW'S IMPROVED SET SQUARES. Designs A & B. 45° to 60°. 

A I 4S° 4" 1 f B I 45° 4" each i/- net. A i 60° 4" 1 rB i 60° 4" each i/- net. 
A 2 45° 6" Ur-^ B 2 45° 6" ,, 1/3 ,, A 2 60° 6" Vor.^ B 2 60° 6" „ 1/3 ,, 
A 3 45° 64" j IB3 4S°84"., 2/- „ A 3 60° 8^" J (_B 3 60° 8^" „ 2/- „ 

3. LOW'S IMPROVED PROTRACTORS (Celluloid). Protractor No. 2. 3" 

radius, marked in degrees, 6d. net. Protractor No. 3. 4" radius, marked in 
^-degrees, gd. net. 

4. LOW'S ADJUSTABLE PROTRACTOR SET SQUARE. 2s. 6d. net. 

5. LONGMANS' BLACKBOARD ENGLISH AND METRIC RULE. One 

Metre ; marked in decimetres, centimetres, inches, half-inches and quarter- 
inches. 2s. 6d. 
%* A Detailed and Illustrated Prospectus will be sent on application, 

LOW.—^orVs, by DAVID ALLAN LOW, Professor of Engineer- 
ing, East London Technical College (People's Palace). 
■ AN INTRODUCTION TO MACHINE DRAWING AND 

DESIGN. With 153 Illustrations and Diagrams. Crown 8vo., 2j. td. 

THE DIAGRAM MEASURER. An Instrument for measuring 

the Areas of Irregular Figures and specially useful for determining the Mean 
Effective Pressure from Indicator Diagrams from Steam, Gas and other 
Engine". Designed by D. A. Low. With Full Instructions for Use. i^. net. 

LOW AND BEVIS.—K MANUAL OF MACHINE DRAWING 
AND DESIGN. By David Allan Low and Alfred William Bevis 
M.I.Mech.E. With 700 Illustrations. 8vo., 7J. 6rf. 

UNWIN.—IYiY. ELEMENTS OF MACHINE DESIGN. By 
W. Cawthorne Unwin, F.R.S. 
Part I. General Principles, Fastenings, and Transmissive 

Machinery. With 345 Diagrams, etc. Fcp. 8vo., 7^. 6ii. 

Part II. Chiefly on Engine Details. With 259 Illustrations. 

Fcp. 8vo. , ts. 

MINERALOGY, MINING, METALLURGY, ETC. 

BAUERMAN.— Works by HILARY BAUERMAN, F.G.S. 
SYSTEMATIC MINERALOGY. With 373 Illustrations. 

Fcp. 8vo. , 6s. 

DESCRIPTIVE MINERALOGY. With 236 Illustrations. 

Fcp. 8vo., 6s. 

BREARLEY and IBBOTSON. — THE ANALYSIS OF 

STEEL-WORKS MATERIALS. By Harrv Breahley and FRED 
Ibbotson, B.Sc. (Lond.), Demonstrator of Micrographic Analysis, University 
College, Sheffield. With 85 Illustrations. Bvo., 14?. net. 

BREARLE Y. — THE ANALYTICAL CHEMISTRY OF 

URANIUM. By HARRY Breakley, Joint Author of Brearley and Ibbotson's 
' Analysis of Steel-Works Materials '. 8vo., q,s. net. 

GORE.—TYi.'& ART OF ELECTRO-METALLURGY. By G. 

Gore, LL.D., F.R.S. With 56 Illustrations. Fcp. 8vo.,&j. 



20 Scientific Works published by Longmans, Green, 6f C». 



MINERALOGY, IVIININC, IVIETALLURCY, ^TC- Continued. 

HUNTINGTON AND MCMILLAN. -METALS: their Properties 

and Treatment. By A. K. Huntington, Professor of Metallurgy in King's 
College, London, and W. G. M'Millan, late Lecturer on Metallurgy in Mason's 
College, Birmingham. With 122 Illustrations. Fcp. 8vo., js. bd. 

LUPTON.—yNoxY^ by ARNOLD LUPTON, M.I.C.E., F.G.S., etc. 
MINING. An Elementary Treatise on the Getting of Minerals. 

With a Geological Map of the British Isles, and 596 Diagrams and Illustra- 
tions. Crown 8vo. , gj. net. 

A PRACTICAL TREATISE ON MINE SURVEYING. 

With 209 Illustrations. 8vo., i2j. net. 

J?^^^Z>.— METALLURGY. By E. L. Rhkad, Lecturer on 

Metallurgy at the Municipal Technical School, Manchester. With 94 Illustra- 
tions. Fcp. Bvo. , jr. bd. 

RHEAD AND 5^Xr0iV".— ASSAYING AND METALLUR- 
GICAL ANALYSIS for the use of Students, Chemists and Assayers. By E. L. 
Rhead, Lecturer on Metallurgy, Municipal School of Technology, Manchester ; 
and A. Humboldt Sexton, F.I.C, F.C.S., Professor of Metallurgy, Glasgow 
and West of Scotland Technical College. 8vo., ioj. dd. net. 

RUTLEY.—'YYi.Y. STUDY OF ROCKS: an Elementary Text- 
book of Petrology. By F. RUTLEY, F.G.S. With 6 Plates and 88 other Illus- 
trations. Fcp. 8vo., 4J. Sd. 

ASTRONOMY, NAVIGATION, ETC. 

^^^Orr.— ELEMENTARY THEORY OF THE TIDES: 

the Fundamental Theorems Demonstrated without Mathematics and the In- 
fluence on the Length of the Day Discussed. By T. K. Abbott, B.D., Fellow 
and Tutor, Trinity College, Dublin. Crown 8vo., zs. 

BALL.— ^orks by Sir ROBERT S. BALL, LL.D., F.R.S. 
ELEMENTS OF ASTRONOMY. With 130 Figures and Dia- 
grams. Fcp. 8vo. , 6s. 6d. 

A CLASS-BOOK OF ASTRONOMY. With 41 Diagrams. 

Fcp. 8vo., IS. 6d. 

GILL.— TEXT-BOOK ON NAVIGATION AND NAUTICAL 

ASTRONOMY. By J. Gill, F.R.AS., late Head Master of the Liverpool 
Corporation Nautical College. 8vo. , lor. 6d, 

GOODWIN.— AZIMUTH. TABLES FOR THE HIGHER 

DECLINATIONS. (Limits of Declination 24° to 30°, both inclusive.) 
Between the Parallels of Latitude 0° and 60°. With Examples of the Use of 
the Tables in English and French. By H. B. Goodwin, Naval Instructor,' 
Royal Navy. Royal 8vo. , js. 6d. 

HERSCHEL.—0\]T'Lm-E& OF ASTRONOMY. By Sir John 

F. W. Herschel, Bart,, K.H., etc. With 9 Plates and numerous Diagrams. 
8vo., las. 

LAUGHTON.—MH INTRODUCTION TO THE PRAC- 
TICAL AND THEORETICAL STUDY OF NAUTICAL SURVEYING. 
By John Knox Laughton,M. A.,F.R.A.S. With 35 Diagrams. Crown 8vo., 6j. 

LOWELL. — MARS. By Percival Lowell, Fellow American 

Academy, Member Royal Asiatic Society, Grea* Britain and Ireland, etc. 
With 24 Plates. 8vo., lat. 6rf. 
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ASTRONOMY, NAVIGATION, ETC.— Continuea. 

J/^^r/iK— NAVIGATION AND NAUTICAL ASTRONOMY. 

Compiled by Staff Commander W. R. Martin, R.N. Royal 8vo., i8j. 

MERRIFIELD.—k TREATISE ON NAVIGATION. For 

the Use nf Students. By J. Merrifield, LL.D., F.R.A.S., F.M.S. With 
Charts and Dia^ams. Crown 8vo., 55 

/MiPX^i?.— ELEMENTS OF ASTRONOMY. With Numerous 

Examples and Examination Papers. By GEORGE W. Parker, M.A., of 
Trinity College, Dublin. With 84 Diagrams. 8vo. , ss. 6d. net. 

W^^;^^.— CELESTIAL OBJECTS FOR COMMON TELE- 
SCOPES. By the Rev. T. W. Webb, M.A., F.R.A.S. Fifth Edition, 
Revised and greatly Enlarged by the Rev. T. E. Espin, M.A., F.R.A.S. (Two 
Volumes.) Vol. I., with Portrait and a Rem'niscence of the Author, 2 Plates, 
and numerous Illustrations. Crown 8vo., 6^. Vol. II., with numerous Illustra- 
tions. Crown 8vo., 6s. 6d. 



WORKS BY RICHARD A. PROCTOR. 

THE MOON : Her Motions, Aspect, Scenery, and Physical 
Condition. With many Plates and Charts, Wood Engravings, and 2 Lunar 
Photographs. Crown 8vo. , 3s. 6d. 

OTHER WORLDS THAN OURS: the Plurality of Worlds 

Studied Undpr the Light of Recent Scientific Researches." With 14 Illustrations ; 
Map, Charts, etc. Crown 8vo. , jr. 6d. 

OUR PLACE AMONG INFINITIES : a Series of Essays con- 

trasting our Little Abode in Space and Time with the Infinities around us. 
Crown 8vo. , 3^. 6d, 

MYTHS AND MARVELS OF ASTRONOMY. Crown 8vo., 

Jt. dd. 

LIGHT SCIENCE FOR LEISURE HOURS : Familiar Essays 
on Scientific Subjects, Natural Phenomena, etc. Crown 8vo., 3^. 6d. 

THE ORBS AROUND US; Essays on the Moon and Planets, 
Meteors and Comets, the Sun and Coloured Pairs of Suns. Crown Bvo. , 3^. 6d. 

THE EXPANSE OF HEAVEN : Essays on the Wonders of the 

Firmament. Crown 8vo. , y. 6d. 

OTHER SUNS THAN OURS: a Series of Essays on Suns— Old, 

Young, and Dead. With other Science Gleanings. Two Essays on Whist, 
and Correspondence with Sir John Herschel. With 9 Star-Maps and Diagrams 
Crown 8vo. , 3s. 6d. 

HALF-HOURS WITH THE TELESCOPE: a Popular Guide 

to the Use of the Telescope as a means of Amusement and Instruction. With 
7 Plates. Fcp. 8vo. , zs. 6d. 

NEW STAR ATLAS FOR THE LIBRARY, the School, and 

the Observatory, in Twelve Circular Maps (with Two Index-Plates). With an 
Introduction on the Study of the Stars. Illustrated by 9 Diagrams. Cr. 8vo., 55. 

OVER. 
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WORKS BY RICHARD A. PROCTOR— Continued. 

THE SOUTHERN SKIES: a Plain and Easy Guide to the 

Constellations of the Southern Hemisphere. Showing in 12 Maps the position 
of the principal Star-Groups night after night throughout the year. With an 
Introduction and a separate Explanation of each Map. True for every Year. 
4to., 5J. 

HALF-HOURS WITH THE STARS : a Plain and Easy Guide 

to the Knowledge of the Constellations. Showing in 12 Maps the position ol 
the principal Star-Groups night after night throughout the year. With Intro- 
duction and a separate Explanation of each Map. True for every Year. 
4to. , y. net. 

LARGER STAR ATLAS FOR OBSERVERS AND STUDENTS. 

In Twelve Circular Maps, showing 6coo Stars, ijoo Double Stars, Nebulae, etc. 
With 2 Index-Plates. Folio, ijs 

THE STARS IN THEIR SEASONS: an Easy Guide to a 

Knowledge of the Star-Groups. In 12 Large Maps. Imperial 8vo. , SJ. 

ROUGH WAYS MADE SMOOTH. Familiar Essays on 

Scientific Subjects. Crown 8vo., 31. 6d. ' 

PLEASANT WAYS IN SCIENCE. Crown 8vo., 3^. bd. 
NATURE STUDIES. By R. A. Proctor, Grant Allen, A. 

Wilson, T. Foster, and E. Clodd. Crown 8vo., 3^. 6d. 

LEISURE READINGS. By R. A. Proctor, E. Clodd, A. 
Wilson, T. Foster, and A. C. Ranyard. Crown 8vo. , jr. 6(f. 



PHYSIOGRAPHY AND GEOLOGY. 

B/JiD.— Works by CHARLES BIRD, B.A. 

ELEMENTARY GEOLOGY. With Geological Map of the 

British Isles, and 247 Illustrations. Crown 8vo. , zs. 6d, 

ADVANCED GEOLOGY. A Manual for Students in Advanced 

Classes and for General Readers. With over 300 Illustrations, a Geological 
Map of the British Isles (coloured), and a set of Questions for Examination. 
Crown 8vo., ■js.td. 

GREEN.— ?YLX'S>\(ZK\. GEOLOGY FOR STUDENTS AND 

GENERAL READERS. By A. H. GREEN, M.A., F.G.S. With 236 Illus- 
trations. 8vO., 215. 

MORGAN.— WoxV% by ALEX. MORGAN, M.A., D.Sc, F.R.S.E. 
ELEMENTARY PHYSIOGRAPHY. Treated Experimentally. 

With 4 Maps and 243 Diagrams. Crown Svo. , 2j. dd. 

ADVANCED PHYSIOGRAPHY. With 215 Illustrations. 

Crown 8vo., 4J. (id. 

READE.—TWS. EVOLUTION OF EARTH STRUCTURE : 

with a Theory of Geomorphic Changes. By T. Mellard Reade, F.G.S., 
F.R.I.B.A., A.M.I.C.E., etc. With 41 Plates. 8vo., 21J. net. 
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PHYSIOGRAPHY AND CEOI.OCV— Continued. 

THORNTON.— Wor\i.s by J. THORNTON, M.A. 
ELEMENTARY PRACTICAL PHYSIOGRAPHY. 
Part I. With 215 Illustrations. Crown 8vo., 2s. ()d. 
Part II. With 98 Illustrations. Crown Svo., 2s. 6d. 

ELEMENTARY PHYSIOGRAPHY: an Introduction to the 

Study of Nature. With 13 Maps and 295 Illustrations. With Appendix on 
Astronomical Instruments and Measurements. Crown Svo. , 2j. 6d. 

ADVANCED PHYSIOGRAPHY. With ii Maps and 255 

Illustrations. Crown 8vo., 4J. 6d. 



NATURAL HISTORY AND GENERAL SCIENCE. 

FUJiNEAC/X.— Works by WILLIAM FURNEAUX, F.R.G.S. 

THE OUTDOOR WORLD ; or, The Young Collector's Hand- 
book. With 18 Plates, 16 of which are coloured, and S49 Illustrations in the 
Text. Crown Svo. , 6s. net. 

LIFE IN PONDS AND STREAMS. With 8 Coloured Plates 

and 331 Illustrations in the Text. Crown Svo. , 6s. net. 

BUTTERFLIES AND MOTHS (British). With 12 Coloured 

Plates and 241 Illustrations in the Text. Crown Svo. , 6s. net. 

THE SEA SHORE. With 8 Coloured Plates and 300 Illustra- 
tions in the Text. Crown Svo. , 6s. net. 

BC/DSON.— Works by W. H. HUDSON, C.M.Z.S. 

BRITISH BIRDS. With 8 Coloured Plates from Original 
Drawings by A. Thorburn, and 8 Plates and 100 Figures by C. E. Lodge, 
and 3 Illustrations from Phptographs. Crown Svo. , 6s. net. 

BIRDS AND MAN. Large Crown 8vo., 6s. net. 
MILZAIS.— THE NATURAL HISTORY OF THE BRITISH 

SURFACE-FEEDING DUCKS. By John Guille Millais, F.Z.S., etc. 
With 6 Photogravures and 66 Plates (41 in colours) from Drawings by the Author, 
Archibald Thorburn, and from Photographs. Royal 4to., £6 6s. net. 

NANS£N. — TUE NORWEGIAN NORTH POLAR EX- 
PEDITION, 1893-1896 : Scientific Results. Edited by Fridtjop Nansen. 
Volume I. With 44 Plates and numerous Illustrations in the Text. Demy 

4to., 40.!. net. 
Volume II. With 2 Charts and 17 Plates. Demy 410., 301. net. 
Volume III. With 33 Plates. Demy 4to., 32J. net. 
Volume IV. With 33 Plates. Demy 4(0. , 21s. net. 

STANLEY.— k FAMILIAR HISTORY OF BIRDS. By E. 

Stanley, D.D., formerly Bishop of Norwich. With 160 Illustrations. Crown 
8vo., y. 6d, 
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MANUFACTURES, TECHNOLOGY, ETC. 

^5^Z£; K— BRITISH INDUSTRIES: A Series of General 

Reviews for Business Men and Students. Edited by W. J. Ashley, M.A., 
Professor of Commerce in the University of Birmingham. Crown 8vo. , y. 6d. net. 

^^ZZ.— JACQUARD WEAVING AND DESIGNING. By F. T. 

Bell. With 199 Diagrams. 8vb., 12s, net. 

CROSS AND BE F^iV.— Works by C. F. CROSS and E. J. BEVAN. 
CELLULOSE : an Outline of the Chemistry of the Structural 

Elements of Plants. With reference to their Natural History and Industrial 
Uses. (C. F. Cross, E. J. Bevak and C. Beadlk.) With 14 Plates. 
Crown 8vo., izs. net. 

RESEARCHES ON CELLULOSE, 1895-1900. Crown 8vo., 

6s. net. 

JACKSON.— K TEXT-BOOK ON CERAMIC CALCULA- 
TIONS: with Examples. By W. Jackson, A.R.C.S., Lecturer in Pottery 
and Porcelain Manufacture for the Staffordshire Education Committee and the 
Hanley Education Committee. Crown 8vo., 3J. 6d. net. 

MORRIS AND WILKINSON.— TYiE ELEMENTS OF COT- 
TON SPINNING. By John MORRIS and F. Wilkinson. With a Preface 
by Sir B. A. DOBSON, C.E., M.I.M.E. With 169 Diagrams and Illustrations. 
Crown 8vo. , js. 6d. net. 

7?/CZr^i?Z>5.— BRICKLAYING AND BRICK-CUTTING. By 

H. W. Richards, Examiner in Brickwork and Masonry to the City and Guilds 
of London Institute, Head of Building Trades Department, Northern Poly- 
technic Institute, London, N. With over feoo Illustrations. Med. 8vo., y. 6d. 

rj VLOR.-COTTO'i^ WEAVING AND DESIGNING. By 
John T. Taylor. With 373 Diagrams. Crown 8vo. , ys. 6d. net. 

WATTS.— AN INTRODUCTORY MANUAL FOR SUGAR 

GROWERS. By Francis Watts, F.C.S., F.I.C. With 20 Illustrations. 
Crown 8vo., 6s. 



HEALTH AND HYGIENE. 

ASBB K— HEALTH IN THE NURSERY. By Henry Ashby, 

M.D , F.R.C.P. With 25 Illustrations. Crown 8vo., 3^. net. 

BUCKTON.—imKLTU. IN THE HOUSE. By Mrs. C. M. 

BucKTON. With 41 Woodcuts and Diagrams. Crown 8vo., 2J. 

CORFIELD.-l'iiE LAWS OF HEALTH. By W. H. CoR- 

FIELD, M.A., M.D. Fcp. 8vo., is. 6d. 

lURNEAUX.—^lMMEKYAKY PRACTICAL HYGIENE.— 
Section I. By William S. Fuhneaux. With 146 Illustrations. Cr. 8vo., 2i. 6rf. 

NOTTER AND FIRTH.— Works by J. L. NOTTER, M.A., M.D., 
and R. H. FIRTH, F.R.C.S. 
HYGIENE. With 95 Illustrations. Crown 8vo., y. 6d. 
PRACTICAL DOMESTIC HYGIENE. With 83 Illustrations. 

Crown 8vo., as. 6d, 
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HEALTH AND HYGIENE-Co«ft«Kerf. 

POORE.—y^otks. by GEORGE VIVIAN POORE, M.D. 

ESSAYS ON RURAL HYGIENE. With 12 Illustrations. 

Crown 8vo., 6j-. 6d. 

-THE DWELLING-HOUSE. With 36 Illustrations. Crown 

8vo., •^. 6d. 

COLONIAL AND CAMP SANITATION. With 11 Illustra- 

tions. Crown 8vo., zs. net. 

THE EARTH IN RELATION TO THE PRESERVATION 

AND DESTRUCTION OF CONTAGIA : being the Milroy Lectures 
delivered at the Royal College of Physicians in 1899, together with other 
Papers on Sanitation. With 13 Illustrations. Crown 8vo., 5J. 

WILSON.— K MANUAL OF HEALTH-SCIENCE. By 

Andrew Wilson, F.R.S.E., F.L.S., etc. With 74 Illustrations. Crown 
8vo. , OS. dd. 
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ASHBY AND WRIGHT.— TYi^ DISEASES OF CHILDREN, 

MEDICAL AND SURGICAL. By Henry Ashby, M.D., Lond., F.R.C.P., 
Physician to the General Hospital for Sick Children, Manchester ; and G. A. 
Wright, B.A., M.B. Oxon., F.R.C.S., Eng. , Assistant-Surgeon to the Man- 
chester Royal Infirmary, and Stu-geon to the Children's Hospital. Enlarged 
and Improved Edition. With 192 Illustrations. 8vo. , 25^. 

BENNETT.— Works by Sir WILLIAM BENNETT, K.C.V.O., 
F.R.C.S., Surgeon to St. George's Hospital; Member of the 
Board of Examiners, Royal College of Surgeons of England. 

CLINICAL LECTURES ON VARICOSE VEINS OF THE 

LOWER EXTREMITIES. With 3 Plates. 8vo., 6j. 

ON VARICOCELE ; A PRACTICAL TREATISE. With 4 

Tables and a Diagram. 8vo., SJ. 

CLINICAL LECTURES ON ABDOMINAL HERNIA: 

chiefly in relation to Treatment, including the Radical Cure. With 12 Dia- 
grams in the Text. 8vo., Ss. 6d. 

ON VARIX, ITS CAUSES AND TREATMENT, WITH 

ESPECIAL REFERENCE TO THROMBOSIS. 8vo., 3^. 60?. 

THE PRESENT POSITION OF THE TREATMENT OF 

SIMPLE FRACTURES OF THE LIMBS. 8vo., zs. 6d. 

LECTURES ON THE USE OF MASSAGE AND EARLY 

PASSIVE MOVEMENTS IN RECENT FRACTURF5 AND OTHER 
COMMON SURGICAL INJURIES : The Treatment of Internal Derange- 
ments of the Knee Joint and Management of Stiff Joints. With 17 
Illustrations. 8vo. , 6s. 
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MEDICINE AND S\JKOE.Wi— Continued. 

BEJSTTLEY.—K TEXT-BOOK OF ORGANIC MATERIA 

MEDICA. Comprising a Description of the Vegetable and Animal Drugs of 
the British Pharmacopceia, with some others in common use. Arranged 
Systematically, and Especially Designed for Students. By Robert Bentley, 
M.R.C.S. Eng., F.L.S. With 62 Illustrations on Wood. Crown 8vo., js. 6d. 

CABOT.— A. GUIDE TO THE CLINICAL EXAMINATION 

OF THE BLOOD FOR DIAGNOSTIC PURPOSES. By Richard C. 
Cabot, M.D. , Physician to Out-patients, Massachusefts General Hospital. 
With 3 Coloured Plates and 28 Illustrations in the Text. Bvo., 16s. 

CARR, PICK, DO RAN, and DUNCAN.— TB.Y. PRACTI- 
TIONER'S GUIDE. By J. Walter Carr, M.D. (Lond.), F.R.C.P. ; 
T. Pickering Pick, F.R.C.S. ; Alban H. G. Doran, F.R.C.S. ; Andrew 
Duncan, M.D., B.Sc (Lend.), F.R.C.S., M.R.C.P. ^ 8vo., 21J. net. 

C-EZZ/.— MALARIA, ACCORDING TO] THE NEW RE- 
SEARCHES. By Prof. Angelo Celli, Director of the Institute of Hygiene, 
University of Rome. Translated from the Second Italian Edition by John 
Joseph Eyre, M.R.C.P., L.R.C.S. Ireland, D.P.H. Cambridge. With an 
Introduction bv Dr. PATRICK Manson, Medical Adviser to the Colonial Office. 
8vo., OfS. net. 

CHEYNE AND BURGHARD.—h. MANUAL OF SURGICAL 

TREATMENT. By W. WATSON Cheyne, C.B.. M.B., F.R.C.S., F.R.S., 
Professor of Clinical Surgery in King's College, London, Surgeon to King's 
College Hospital, etc. ; and F. F. BuRGHARD, M.D. and M.S. (Lond.), 
F.R.C.S., Teacher of Practical Surgery in King's Collej;e, London, Surgeon 
to King's College Hospital (Lond. ), etc. 

Part I. The Treatment of General Surgical Diseases, including 
Inflammation, Suppuration, Ulceration, Gangrene, Wounds and their Compli- 
cations, Infective Diseases and Tumours ; the Administration of Anaesthetics. 
With 66 Illustrations. Royal 8vo. , loj. 6d. 

Part II. The Treatment of the Surgical Affections of the Tissues, 
including the Skin and Subcutaneous Tissues, the Nails, the Lymphatic 
Vessels and Glands, the Fasciae, Bursse, Muscles, Tendons and Tendon- 
sheaths, Nerves, Arteries and Veins. Deformities. With 141 Illustrations. 
Ro3ral 8vo., 141. 

Part III. The Treatment of the Surgical Affections of the Bones. 
Amputations. With 100 Illustrations. Royal 8vo., I2j. 

Part IV. The Treatment of the Surgical Affections of the Joints 
(including Excisions) and the Spine. With 138 Illustrations. Royal 8vo. , 14s. 

Part V. The Treatment of the Surgical Affections of the Head, 

Face, Jaws, Lips, Larnyx and Trachea ; and the Intrinsic Diseases of the 
Nose, Ear and Larynx, by H. LAMBERT LACK, M.D. (Lond.), F.R.C.S., 
Surgeon to the Hospital for Diseases of the Throat, Golden Square, and to 
the Throat and Ear Department, The Children's Hospital, Paddington 
Green. With 145 Illustrations. Royal 8vo., i8j. 

Part VI. Section I. The Treatment of the Surgical Affections of 

the Tongue and Floor of the Mouth, the Pharynx, Neck, CEsophagus, Stomach 
and Intestines. With 124 Illustrations. Ro)fal 8vo., i8j. 

Section II. The Treatment of the Surgical Affections of 

the Rectum, Liver, Spleen, Pancreas, Throat, Breast and Genito-urinary 
Organs. With 113 Illustrations. Royal 8vo., zij. 
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CL^i?2i:£.— POST-MORTEM EXAMINATIONS IN MEDICO- 
LEGAL AND ORDINARY CASES. With Special Chapters on the Legal 
Aspects of Post-mortems, and on Certificates of Death. By J. Jackson 
Clarke, M.B. Lond., F.R.C.S., Assistant Surgeon at the North-west London 
and City Orthopaedic Hospitals, etc. Fcp. 8vo. , 2i. td. 

COATS.— K MANUAL OF PATHOLOGY. By Joseph 

Coats, M.D. , late Professor of Pathology in the University of Glasgow. 
Fifth Edition. Revised throughout and Edited by Lewis R. Sutherland, 
M. D., Professor of Pathology, University of St. Andrews. With 729 Illus- 
trations and 2 Coloured Plates. 8vo. , 28J. net. 

COOKE.— \NoxVs by THOMAS COOKE, F.R.C.S. Eng., B.A., 
B.Sc, M.D., Paris. 

TABLETS OF ANATOMY. Being a Synopsis of Demonstra- 
tions given in the Westminster Hospital Medical School. Eleventh Edition 
in Three Parts, thoroughly brought up to date, and with over 700 Illustra- 
tions from all the best Sources, British and Foreign. Post 4to. 

Part I. The Bones, ^s. td. net. 
Part II. Limbs, Abdomen, Pelvis. \os. 6d. net. 
Part III. Head and Neck, Thorax, Brain. io.f. (>d. net. 
APHORISMS IN APPLIED ANATOMY AND OPERATIVE 

SURGERY. Including 100 Typical viva voce Questions on Surface Marking, 
etc. Crown 8vo., 3J. (id. 

DAKIN.—K HANDBOOK OF MIDWIFERY. By William 

Radford Dakin, M.D., F.R.C.P., Obstetric Physician and Lecturer on 
Midwifery at St. George's Hospital, etc. With 394 Illustrations. Large 
crown 8vo. , i8j. 

DICKINSON.— ^oxY% by W. HOWSHIP DICKINSON, M.D. 
Cantab., F.R.C.P. 
ON RENAL AND URINARY AFFECTIONS. With 12 

Plates and 122 Woodcuts. Three Parts. 8vo., ;£■$ 4?. (sd. 

THE TONGUE AS AN INDICATION OF DISEASE: 

being the Lumleian Lectures delivered March, 1888. 8vo., ^s. 6d. 

OCCASIONAL PAPERS ON MEDICAL SUBJECTS, 1855- 

1896. 8vo., I2i. 

MEDICINE OLD AND NEW. An Address Delivered on 

the Occasion of the Opening of the Winter Session, 1899-1900, at St. George's 
Hospital Medical School, on 2nd October, 1899. Crown 8vo., zs. 6d. 

DUCKWORTH.— TWK SEQUELS OF DISEASE: being the 

Lumleian Lectures, 1896. By Sir DvcE Duckworth, M.D., LL.D., Fellow 
and Treasurer of the Royal College of Physicians, etc. 8vo. , lor. 6d. 
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mEDICINE AND BMUG^K^— Continued. 

ERICirSEN.—TiiE SCIENCE AND ART OF SURGERY; 

a Treatise on Surgical Injuries, Diseases, and Operations. By Sir John Eric 
Erichsen, Bart., F.R.S., LL.D. Edin., Hon. M.Ch. and F.R.C.S. Ireland. 
Illustrated by nearly looo Engravings on Wood. 2 vols. Royal 8vo., 48^. 

FOWLER AND GOBLEE.— THE DISEASES OF THE 

LUNGS. By James Kingston Fowler, M.A., M.D., F.R.C.P., Physician 
to the Middlesex Hospital and to the Hospital for Consumption and Diseases 
of the Chest, Brompton, etc. ; and RiCKMAN JOHN GODLEE, Honorary Surgeon 
in Ordinary to His Majesty, M.S., F.R.C.S., Fellow and Professor of Clinical 
Surgery, University College, London, etc. With 160 Illustrations. 8vo., 25J. 

GARROD.— Works by Sir ALFRED BARING GARROD, 
M.D., F.R.S., etc. 

A TREATISE ON, GOUT AND RHEUMATIC GOUT 

(RHEUMATOID ARTHRITIS). With 6 Plates, comprising 21 Figures 
(14 Coloured), and 27 Illustrations engraved on Wood. 8vo., zis. 

THE ESSENTIALS OF MATERIA MEDICA AND THERA- 
PEUTICS. Crown 8vo., 12s. 6d. 

GOADBY.— THE MYCOLOGY OF THE MOUTH : a Text- 
Book of Oral Bacteria. By Kenneth W. Goadby, L.D.S. (Eng.), 
D.P.H. (Camb.), L.R.C.P., M.R.C.S., Bacteriologist and Lecturer on Bacteri- 
ology, National Dental Hospital, etc. With 82 Illustrations. 8vo., 8s. 6d. net. 

GOODSALL AND J//Z^5.— DISEASES OF THE ANUS AND 

RECTUM. By D. H. GooDSALL, F.R.C.S., Senior Surgeon, MetropoHtan 
Hospital ; Senior Surgeon, St. Mark's Hospital ; and W. Ernest Miles, 
F.R.C.S., Assistant Surgeon to the Cancer Hospital, Surgeon (out-patients), 
to the Gordon Hospital, etc. (In Two Parts. ) Part I. With 91 Illustrations. 
8vo., 7J. bd. net. 

GRA y.— ANATOMY, DESCRIPTIVE AND SURGICAL. By 

Henry Gray, F.R.S., late Lecturer on Anatomy at St. George's Hospital 
Medical School. The Fifteenth Edition Enlarged, edited by T. Pickering 
Pick, F.R.C.S., Consulting Surgeon to St. George's Hospital, etc., and by 
Robert HowDEN, M.A. , M.B., CM., Professorof Anatomy in the University of 
Durham, etc. With 772 Illustrations, a large proportion of which are Coloured, 
the Arteries being coloured red, the Veins blue, and the Nerves yellow. The 
attachments of the muscles to the bones, in the section on Osteology, are 
also shown in coloured outline. Royal 8vo., 325. net. 

HALLLBURTON.— Works by W. D. HALLIBURTON, M.D., 
F.R.S., Professor of Physiology in King's College, London. 

A TEXT-BOOK OF CHEMICAL PHYSIOLOGY AND 

PATHOLOGY. With 104 Illustrations. 8vo., 28^. 

ESSENTIALS OF CHEMICAL PHYSIOLOGY. With 77 

Illustrations. 8vo., SJ. 
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IVIEDICINE AND %\iHGERH— Continued. 

HILLIER.—T-RE PREVENTION OF CONSUMPTION. By 
Alfred Hillier, B.A. , M.D. , Secretary to the National Association for 
the Prevention of Consumption (England), Visiting Physician to the London 
Open-Air Sanatorium. Revised by Professor R. Koch. With 14 Illustrations. 
Crown 8vo., %s. net. 

L^A^G.— THE METHODICAL EXAMINATION OF THE 

EYE. Being Part I. of a Guide to the Practice of Ophthalmology for Students 
and Practitioners. By William Lang, F.R.C.S. Eng., Surgeon to the Royal 
London Ophthalmic Hospital, Moorfields, etc. With 15 Illustrations. 
Crown 8vo., 3^. 6d. 

ZC/7^/^— TEXT-BOOK OF FORENSIC MEDICINE AND 

TOXICOLOGY. By ARTHUR P. LuFP, M.D., B.Sc. (Lond.), Physician 
in Charge of Out-Patients and Lecturer on Medical Jurisprudence and 
Toxicology in St. Mary's Hospital. With 13 full-page Plates (1 in colours) and 

33 Illustrations in the Text. 2 vols. Crown 8vo. , 241. 

PAGET.— EAiieA by STEPHEN PAGET. 

SELECTED ESSAYS AND ADDRESSES. By Sir JAMES 

PAGET. 8vo., zzs. td. net 

MEMOIRS AND LETTERS OF SIR JAMES PAGET, Bart., 

F.R.S., D.C.L., late Sergeant-Surgeon to Her Majesty Queen Victoria. With 
Portrait. 8vo., 6i. net. 

Tlff/ZZ/P^'.— MATERIA MEDICA, PHARMACOLOGY AND 

THERAPEUTICS : Inorganic Substances. By Charles D. F. Phillips, 
M.D., LL.D., F.R.S. Edin., late Lecturer on Materia Medica and Therapeutics 
at the Westminster Hospital Medical School ; late Examiner in the University 
of Edinburgh. New and Revised Edition {the Third). 8vo., 21J. 

/•/C^.— SURGERY : a Treatise for Students and Practitioners. 
By T. Pickering Pick, Consulting Surgeon to St. George's Hosphal ; Senior 
Surgeon to the Victoria Hospital for Children ; H.M. Inspector of Anatomy in 
England and Wales. With 441 Illustrations. Medium 8vo. , 255. 

POOLE.— COOKERY FOR THE DIABETIC. By W. H. and 

Mrs. Poole. With Preface by Dr. Pavy. Fcap. 8vo., 2i. bd. 

PROBYN-WILLIAMS.—K PRACTICAL GUIDE TO THE 

ADMINISTRATION OF ANESTHETICS. By R. J. Probyn-Williams, 
M.D., Anaesthetist and Instructor in Anaesthetics at the London Hospital; 
Lecturer in Anaesthetics at the London Hospital Medical College, etc. With 

34 Illustrations. Crown 8vo. , +r. 6rf. net. 

g[7^/iV.— QUAIN'S (Sir Richard) DICTIONARY OF MEDI- 
CINE. By Various Writers. Third Edition. Edited by H. Montague 
Murray, M. D. , F. R. C. P. , Joint Lecturer on Medicine, Charing Cross Medical 
School, and Physician, Charing Cross Hospital ; assisted by John Harold, 
M.B., B.Ch. , B.A.O. , Physician to St. John's and St. Elizabeth's Hospital; 
and W. Cecil Bosanquet, M.A., M.D., M.R.C.P., Assistant Physician to 
Charing Cross Hospital, etc. With 21 Plates {14 in Colour) and numerous 
Illustrations in the Text. 8vo., 2ii. net, buckram ; or 301?. net, half-morocco. 
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IVIEDICINE AND SMUQ^Wi—Conlinued. 

QVAIN.—Q}}3KIW% (JONES) ELEMENTS OF ANATOMY. 

The Tenth Edition. Edited by Edward AlSert Schafer, F.R.S. , Professor 
of Physiology in the University of Edinburgh ; and George Dancer Thane, 
Professor of Anatomy in University College, London. 



Vol. I., Part I. EMBRYOLOGY. 
By E. A. Schafer, F.R.S. With 
200 Illustrations. Royal 8vo. , gj. 

Vol. L, Part II. GENERAL ANA- 
TOMY OR HISTOLOGY. By E. 
A. Schafer, F.R.S. With 491 
Illustrations. Royal 8vo. , i2j. td. 

Vol. II., Part I. OSTEOLOGY^ 
ARTHROLOGY. ByG.D. Thane. 
With 224 lUus. Royal 8vo., lu. 

Vol. II., Part II. MYOLOGY— 
ANGEIOLOGY. ByG.D. Thane. 
With 199 Illustrations. Royal 8vo. , 
i6j. 

Vol. III., Part I. THE SPINAL 
CORD AND BRAIN. By E. A. 
Schafer, F.R.S. With 139 Illus- 
trations. Royal 8vo., \2s. 6d. 



Vol. III., Part II. THE NERVES. 
By G. D. Thane. With 102 
Illustrations. Royal 8vo., gs. 

Vol. III., Part in. THE ORGANS 
OF THE SENSES. By E. A. 
SchXfer, F.R.S. With 178 Illus- 
trations. Royal 8vo., gs. 



Vol. III., Part IV. SPLANCH- 
NOLOGY. ByE. A. Schafer, 
F.R.S., and JOHNSON SYMINGTON, 
M.D. With 337 Illustrations. Royal 
8vo., i6s. 



Appendix. SUPERFICIAL AND 
SURGICAL ANATOMY. By 
Professor G. D. Thane and Pro- 
fessor R. J. Godlee, M.S. With 
29 Illustrations. Royal 8vo., 6s. 6d. 



SCHAFER.— Works by E. A. SCHAFER, F.R.S., Professor of 
Physiology in the University of Edinburgh. 

THE ESSENTIALS OF HISTOLOGY. Descriptive and 

Practical. For the Use of Students. With 463 Illustrations. Svcgi. net. 

DIRECTIONS FOR CLASS WORK IN PRACTICAL 

PHYSIOLOGY : Elementary Physiology of Muscle and Nerve and of the 
Vascular and Nervous Systems. With 48 Diagrams and 24 pages of plain 
paper at end for Notes. 8vo. , 3s. net. 



SMALE AND COZ y.£'7?.— DISEASES AND INJURIES OF 

THE TEETH, including Pathology and Treatment. By Morton Smale, 
M.R.C.S., L.S.A., L.D.S., Dental Surgeon to St. Mary's Hospital, Dean of 
the School, Dental Hospital of London, etc. ; and J. F. Colyer, L.R.C.P., 
M.R.C.S., L.D.S., Dental Surgeon to Charing Cross Hospital and to the 
Dental Hospital of London. Second Edition Revised and Enlarged by J. F. 
Colyer. With 640 Illustrations. Large crown 8vo., 21J. net. 



SMITH {H. i^).— THE HANDBOOK FOR MIDWIVES. By 

Henry FlySmith, B.A., M.B. Oxon., M.R.C.S. 41 Woodcuts. Cr. 8vo.,5!. 
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ST£ FEATSOM— WOUNDS IN WAR: the Mechanism of their 

Production and their Treatment. By Surgeon-General W. F. STEVENSON, 
C.B. (Army Medical Staff), B.A., M.B., iVI.Ch. Dublin University, Professor 
of Military Surgery, Royal Army Medical College, London. With 127 Illustra- 
tions. 8vo., 151. net. 

TAPPEINER. — INTRODUCTION TO CHEMICAL 

METHODS OF CLINICAL DIAGNOSIS. By Dr. H. Tappeiner, 
Professor of Pharmacology and Principal of the Pharmacological Institute of 
the University of Munich. Translated by Edmond J. McWeeney, M. A. , M. D. 
(Royal Univ. of Ireland), L.R.C.P.I., etc. Crown 8vo., 3^. (>d. 

WALLEH.— Works by AUGUSTUS D. WALLER, M.D., 
Lecturer on Physiology at St. Mary's Hospital Medical School, 
London ; late External Examiner at the Victorian University. 

AN INTRODUCTION TO HUMAN PHYSIOLOGY. Third 

Edition, Revised. With 314 Illustrations. 8vo., i8j. 

LECTURES ON PHYSIOLOGY. First Series. On Animal 
Electricity. 8vo. , 5J. net. 



VETERINARY MEDICINE, ETC. 

FITZWYGHAM.—YiO'RS,^?, AND STABLES. By Lieut.- General 

Sir F. FiTZWYGEAM, Bart. With 56 pages of Illustrations. 8vo., 3J. net. 

STEEL.— Works by JOHN HENRY STEEL, F.R.C.V.S., F.Z.S., 
A.V.D., late Professor of Veterinary Science and Principal of 
Bombay Vetennary College. 

A TREATISE ON THE DISEASES OF THE DOG; being 

a Manual of Canine Pathology. Especially adapted for the use of Veterinary 
Practitioners and Students. With 88 Illustrations. 8vo. , loj. bd. 

A TREATISE ON THE DISEASES OF THE OX ; being a 

Manual of Bovine Pathology. Especially adapted for the use of Veterinary 
Practitioners and Students. With 2 Plates and 117 Woodcuts. 8vo., 15^. 

A TREATISE ON THE DISEASES OF THE SHEEP ; being 

a Manual of Ovine Pathology for the use of Veterinary Practitioners and 
Students. With Coloured Plate and 99 Woodcuts. 8vo., I2j. 

FOZZ^rr.— Works by WILLIAM YOUATT. 
THE HORSE. With 52 Wood Engravings. 8vo., Ts. 6d. 
THE DOG. With 33 Wood Engravings. 8vo., 6s. 
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PHYSIOLOGY, BIOLOGY, ZOOLOGY, ETC. 

(And see MEDICINE AND SURGERY, page 25.) 
JSI££y.—}^OTES ON PHYSIOLOGY FOR THE USE OF 

STUDENTS PREPARING FOR EXAMINATION. By Henry Ashby, 
M.D. Lond., F.R.C.P., Physician to the General Hospital for Sick Children, 
Manchester. With 148 Illustrations. i8mo., jj. 

BAJiN^rr.—THE MAKING OF THE BODY: a Children's 

Book on Anatomy and Physiology. By Mrs. S. A. Barnett. With 113 Illus- 
trations. Crown Bvo., is. gd. 

B£DDAJiB.—Kl.FMENTARY PRACTICAL ZOOLOGY. By 

Frank E. Beddard, M.A. Oxon. With 93 Illustrations. Crown 8vo. , zj. 6if. 

B/DGOOn.—A COURSE OF PRACTICAL ELEMENTARY 

BIOLOGY. By JOHN BiDGOOD, B.Sc, F.L.S. With 226 Illustrations. 
Crown 8vo., 4s. 6d. 

^(95^.— RESPONSE IN THE LIVING AND NON-LIVING. 

ByjAGADis Chunder Bose, M.A. (Cantab.), D.Sc. (Lond.), Professor, Presi- 
dency College, Calcutta. With 117 Illustrations. 8vo., lar. 6d. 

BRODIE. — THE ESSENTIALS OF EXPERIMENTAL 

PHYSIOLOGY. For the Use of Students. By T. G. Brodie, M.D., 
Lecturer on Physiology, St. Thomas's Hospital .Medical School. With 2 
Plates and 177 Illustrations in the Text, 8vo. , 6j. td, 

CHAPMAN.—IYiE FORAMINIFERA : An Introduction to the 
Study of the Protozoa. By FREDERICK Chapman, A.L.S., F.R.M.S. 
With 14 Plates and ^ Illustrations in the Text. 8vo. , 9J. net. 

FURNEA i/X— HUMAN PHYSIOLOGY. By W. Furneaux, 

F.R.G.S, With 218 Illustrations. Crown 8vo. , 2i. 6a;. 

HUDSON _ AND GOSSE.—TB.^ ROTIFERA, or ' WHEEL- 

ANIMACULES'. By C. T. Hudson, LL.D., and P. H. GossE, F.R.S. 
With 30 Coloured and 4 Uncoloured Plates. In 6 Parts. 4to., loj. td. each. 
Supplement lar. bd. Complete in 2 vols., with Supplement, 410., £,a, 4!. 

MACALISTER. — yNoxVs, by ALEXANDER MACALISTER, 
M.D. 
AN INTRODUCTION TO THE SYSTEMATIC ZOOLOGY 

AND MORPHOLOGY OF VERTEBRATE ANIMALS. With 41 
Diagrams. 8vo. , loj. td 

ZOOLOGY OF THE INVERTEBRATE ANIMALS. With 

77 Diagrams. Fcp. 8vo. , li. bd. 

ZOOLOGY OF THE VERTEBRATE ANIMALS. With 59 

Diagrams. Fcp. 8vo. , u. td, 

MACDOUGAL. — Works by DANIEL TREMBLY MAC- 
DOUGAL, Ph.D., Director of the Laboratories of the New 
York Botanical Garden. • 
TRACTICAL TEXT-BOOK OF PLANT PHYSIOLOGY. 

With 159 Illustrations. 8vo., 7J. 6rf. net. 

ELEMENTARY PLANT PHYSIOLOGY. With 108 Illustra- 
tions. Crown 8vo., y. 
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PHYSIOLOGY, BIOLOGY, ZOOLOGY, ETC. -Continued. 

MOORE.— EULUEWrKKY PHYSIOLOGY. By Benjamin 

Moore, M.A., Lecturer on Physiology at the Charing Cross Hospital Medical 
School. With 125 Illustrations. Crown 8vo. , 3J. 6d. 

MOJSGAN.—K'HIUAI^ BIOLOGY: an Elementary Text-Book. 
By C. Lloyd Morgan, F.R.S., Principal of University College, Bristol. With 
103 Illustrations. Crown 8vo. , 8j. 6d. 

^CiK4>^^.— DIRECTIONS FOR CLASS WORK IN PRAC- 
TICAL PHYSIOLOGY : Elementary Physiology of Muscle and Nerve and of 
the Vascular and Nervous Systems. By E. A. Schafer, LL.D., F.R.S., 
Professor of Physiology in the University of Edinburgh. With 48 Diagrams. 
Bvo., 3J. net. 

THORNTON.— Works by JOHN THORNTON, M.A. 

HUMAN PHYSIOLOGY. With 284 Illustrations, some 

Coloured. Crown 8vo., 6s. 

ELEMENTARY BIOLOGY, Descriptive and Experimental. 

With numerous Illustrations. Crown 8vo. , 3J. (>d. 



BACTERIOLOGY. 

CtTPrZS'.— THE ESSENTIALS OF PRACTICAL BACTERI- 
OLOGY : An Elementary Laboratory Book for Students and Practitioners. By 
H. J. Curtis, B.S. and M.D. (Lond.),F.R.C.S. With 133 Illustrations. &\o.,gs. 

Zi^y/iVGi?^.— ELEMENTARY BACTERIOLOGY. By M. L. 

Dhingra, M.D., CM. Edin., Diplomate in State Medicine, University of 
Cambridge, etc. With Coloured Frontispiece and 26 Illustrations in the Text, 
Crown 8vo., 3J. net. 

Ai?^7VZZ^iVZ>.— MICRO-ORGANISMS IN WATER. To- 
gether with an Account of the Bacteriological Methods involved in their 
Investigation. Specially designed for the use of those connected with the 
Sanitary Aspects of Water-Supply. By Percy Frankland, Ph.D., B.Sc. 
(Lond.), F.R.S. , and Mrs. Percy Frankland. With 2 Plates and Numerous 
Diagrams. 8vo. , 16s. net. 

JiRANKLAND.—EACT-EKlA IN DAILY LIFE. By Mrs. 
Percy Frankland, F.R.M.S. Crown 8vo., $5. net. 

GOADBY.—Tn^ MYCOLOGY OF THE MOUTH: A Text- 
Book of Oral Bacteria. By Kenneth W. Goadby, L.D.S. Eng., etc. ; 
Bacteriologist and Lecturer on Bacteriology, National Dental Hospital, etc. 
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